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Multiuser Rate-Based Flow Control
Eitan Altman,Member, IEEE, and Tamer Ba¸sar, Fellow, IEEE

Abstract—Flow and congestion control allow the users of a
telecommunication network to regulate the traffic that they send
into the network in accordance with the quality of service that
they require. Flow control may be performed by the network,
as is the case in asynchronous transfer mode (ATM) networks
(the available bit rate (ABR) transfer capacity), or by the users
themselves, as is the case in the Internet [transmission control
protocol/Internet protocol (TCP/IP)]. We study in this paper both
situations using optimal control and dynamic game techniques.
The first situation leads to the formulation of a dynamic team
problem, while the second one leads to a dynamic noncooperative
game, for which we establish the existence and uniqueness of
a linear Nash equilibrium and obtain a characterization of the
corresponding equilibrium policies along with the performance
costs. We further show that when the users update their policies
in a greedy manner, not knowinga priori the utilities of the other
players, the sequence of policies thus generated converges to the
Nash equilibrium. Finally, we study an extension of the model
that accommodates multiple traffic types for each user, with the
switching from one type of traffic to another being governed by
a Markov jump process. Presentation of some numerical results
complements this study.

Index Terms—High-speed networks, linear-quadratic control,
linear-quadratic differential games, multiuser rate-based flow
control, Nash equilibria.

I. INTRODUCTION

W E CONSIDER users that share a common bot-
tleneck queue in a telecommunications network. The

input flow of information from the users is controlled so as
to achieve the best quality of service. As is the case in many
proposed flow-control schemes [2], [16], we assume that there
is some target value of the queue length which the users try
to track; this value and the control policies are chosen on
one hand to avoid the buffer being full (in order to minimize
losses) and on the other hand to avoid the queue being empty,
which would lead to loss in the potential throughput. A second
objective of each user is related to the input rate—we assume
that some fraction of the available bandwidth is allocated to
each user, and the user tries to minimize deviation from this
allocated bandwidth.
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Flow control is typically performeddynamically:some feed-
back information on the congestion or on round trip delay is
used to update the input rate. For example, in the Tahoe version
of transmission control protocol/Internet protocol (TCP/IP)
congestion control [19], congestion is detected through losses
or through time-out mechanisms. In the Vegas version of
TCP/IP [11] the available bandwidth is also used as feedback
information (it is obtained through estimation of round-trip
delays). More detailed queue length information may also
be available as feedback information. In the available bit
rate (ABR) transfer capacity of asynchronous transfer mode
(ATM), both queue length information as well as information
on the rate may be conveyed from the switches to the sources
through special information cells that are called resource
management (RM) cells.

Flow control is often performed in a decentralized way in
telecommunication networks—each user controls its own flow.
This is the case in the Internet (see [19]) or in some best-
effort-type traffic in ATM (the unspecified bit rate transfer
capacity; see [1]). This gives rise to a noncooperative dynamic
game—each user has its own objectives, but the actions of
the different users influence the quality of service of other
users. Controllers that have been implemented in large scale,
such as the TCP/IP, have heretofore typically been designed
using heuristic techniques based on growing experience (and
on simulation studies) and have not involved a game-theoretic
analysis.

On the other hand, there has been some work on the
use of noncooperative game-theoretical techniques to design
simple flow controls. The problem of choosing fixed (nonstate-
dependent) rates has been investigated in [10], [12], [14], [15],
[26], [30], and some of the references therein; in this context
the existence and uniqueness of Nash equilibrium have been
established and convergence of synchronous and asynchronous
implementations of the flow control have been obtained. For
state-dependent flow control, on the other hand, only structural
results on the Nash equilibria have been established [17],
[22]. Another type of noncooperative flow control occurs
when a central controller seeks a globally optimal performance
measure which is a function of utilities declared by the users.
The true utilities of the users are, however, private information,
and the declared utilities may not coincide with the true ones.
In that case the game aspect of the problem arises in the
revealing policy of the utilities. The design of a (nonstate-
dependent) flow control that induces a truthful revealing policy
for all users has been obtained in [13] and some of the
references therein. For other references on networking games,
see [23]–[25].

In this paper we studystate-dependentdecentralized control
and game problems. For both the noncooperative problem
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(that occurs when the controls are at endpoints) as well
as the team problem (occurring when the controllers are at
the switches), we obtain explicitly the unique optimal (or
equilibrium) controllers and the associated values. We then
study asynchronous and synchronous update algorithms that
the users might implement in order to compute their policies
on-line since, in practice, a user may not have access to full
information on the utilities of other users and, thus, may not
be able to construct its own Nash equilibrium solutionoff-line.
Instead, it is natural to assume that such a user would follow a
“greedy approach” of optimizing from time to time its response
against the current policies of other users. We present four such
algorithms, establish convergence properties for two of them,
and present numerical results illustrating convergence as well
as its rate for three of the algorithms.

The balance of the paper has been organized as follows. In
the next section we introduce and motivate the basic math-
ematical model and obtain characterizations of equilibrium
policies under both team and noncooperative game scenarios.
We then introduce, in Section III, four algorithms for on-line
computation of Nash equilibria and present some convergence
analysis. Section IV deals with an extension of the basic
model to the case where users have different traffic types,
with switching from one type to another governed by a
Markov jump process. For this case, we obtain the linear
Nash equilibrium. Section V is devoted to presentation of
some numerical results, and Section VI to a discussion on
the asymptotic behavior of various solutions as the number
of users grow and comparisons between the Nash and the
team solutions. The paper ends with the concluding remarks
of Section VII.

II. THE MODEL AND BASIC EXISTENCE

AND UNIQUENESS RESULTS

The basic model we work with in this paper is based on
three simplifying (but realistic) assumptions.

1) Fluid Approximation: We replace a discrete number of
packets by a continuous fluid. The fluid approximation is
justified by the fact that in today’s technology, buffering
capabilities are very large (several thousands) in terms of the
number of packets that they can store, so that the error of
replacing an integer number of packets by a real number is
small relative to the size of buffers. This type of approximation
is common both in the design of controllers in high-speed
telecommunication networks (see, e.g., [8]) as well as in
performance evaluation of existing controllers [27], [29].

2) Linearized Dynamics:It is assumed that the network
has linearized dynamics for the control of queue length; see
(1). This means, in particular, that we neglect losses when
the buffer is full and we neglect the boundary effect of an
empty queue. To motivate this linearization, we use the fact
that the controllers that we derive operate in a region close
to (full throughput utilization) so that the queue will
almost never empty. Operating at is common in the
control of ABR switches; see, e.g., [20]. The full utilization

is possible byregulating the (controlled) input rate
and adapting it to the available capacity. As discussed below,

we set some desirable threshold on the queue length which we
attempt to track, precisely so as to avoid large queues (which
might result in losses) or empty queues (which might result in
loss of potential throughput). When a control mechanism has
a full utilization, then the nonlinearity around zero disappears.
For similar models with a single controller, simulations have
confirmed [3], [2] thatcontrolled linearized models lead to
trajectories that are very close to the original one. The fact
that the other boundary is ignored is motivated by similar
arguments, since our optimal control will be shown to be
symmetric with respect to positive or negative deviations
around the target queue value.

3) Bottleneck Assumption:We assume that all performance
measures (such as throughput, delays, loss probabilities, etc.)
are determined essentially by a bottleneck node. This assump-
tion admits theoretical as well as experimental justifications;
see [7].

We now introduce the model that we adopt in this paper.
Let denote the queue length at a bottleneck link and let

denote the total effective service rate available at that link.
Assume that each user is assigned a fixed proportion of the
available bandwidth; more specifically, the traffic of source
at that link at time has an available bandwidth of We
assume throughout that We let be arbitrary
but assume that the controllers have perfect measurements of
it. Let denote the (controlled) rate of sourceat time

, and let
be its shifted version. Consider the following dynamics for
the queue length

(1)

which is idealized because the endpoint effects have been
ignored. The objectives of the flow controllers are: 1) to ensure
that the bottleneck queue size stays around some desired level

and 2) to achieve good tracking between input and output
rates. In particular, the choice of and the variability around
it have a direct impact on loss probabilities and throughput.
We therefore define a shifted version of
in view of which (1) now becomes

(2)

An appropriate local cost function that is compatible with
the objectives stated above would be the one that penalizes
variations in and around zero—a candidate for
which is the weighted quadratic cost function. Associated with
user is a positive constant appearing in its immediate
cost, as described below.

We shall first consider two noncooperative scenarios, for-
mulated as noncooperative differential games, in which each
user minimizes its own individual cost function. Then we
shall study two cooperative scenarios, formulated as team
control problems, in which all users have the same (common)
objective.

We fix an initial state and assume that the actions of
controller are determined by a control policy
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, where Here,
is taken to be piecewise continuous in its first argument

and piecewise Lipschitz continuous in its second argument.
We denote the class of all such policies for userby It
will soon turn out that it will be sufficient to restrict attention
to a subclass of , comprising policies that are linear in the
current value of ; by an abuse of notation, we will denote
such policies also by , i.e.,

The two noncooperative cases are defined as follows, where
.

N1) The individual cost to be minimized by controller
is

(3)

N2) The individual cost to be minimized by controller
is

(4)

Note that in case the “effort” for keeping the deviations
of the queue length from the desired value is split equally
between the users.

The solution concept we adopt for and is the Nash
equilibrium—we seek a multipolicy that
no user has an incentive to deviate from, i.e.,

(5)

where is the policy obtained when for each ,
player uses policy , and player uses The definition
of a Nash equilibrium for is similar.

We next introduce two related team problems.
T1) The common (team) cost to be minimized is

(6)

T2) The common (team) cost to be minimized is

(7)

We first have the following result for and .
Theorem 1: For the noncooperative differential game

, there exists a state-dependent Nash equilibrium
policy given by

(8)

where

(9)

for cases and , respectively, where

are the unique solutions of

(10)

Moreover

(11)

The costs accruing to user under the two Nash equilibria
above, when the initial state is, are given by

For each case, (8) is the unique equilibrium solution among
linear memoryless stationary policies and is time consistent.
In particular

1) for the symmetric case for all ,
we have

(12)

2) in the case of , with general ’s, we have for

and if, moreover, , then

Proof: We prove the result only for ; its counterpart
can be proven similarly. Also, for ease of notation, we

drop all superscripts pertaining to the case considered.
We first choose a candidate solution of the form (8) for

each player and consider the optimal response of an arbitrary
player to the fixed policy of the other players.
Let Player is then faced with a
linear-quadratic optimal control problem with the dynamics

, and cost that is strictly convex
in By a standard result in optimal control [5], there
exists a unique optimal response for player of the form

, where is the unique positive solution of
the quadratic equation

(13)

The optimal cost to player is then Introduc-
ing , we obtain from (13)

(14)
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A necessary and sufficient condition forto be in equilibrium
is then that or, equivalently, that
This yields the expressions (9) and (10) [(10) is obtained by
summing (9) over ]. The fact that (10) admits a unique
solution follows from the fact that the left-hand side minus
the right-hand side of (10) is strictly decreasing inover the
interval , it is positive at ,
and it tends to as 1) and 2) are obtained by
solving for from (10) for these various cases.

Remark 1: The function defined in (14) has the interpre-
tation of the optimal response of userto the rates of all other
users. As seen here, the actions of all other users determine this
response only through their sum. This feature appears quite
frequently in the literature on networking games; see [10],
[14], [15], [17], [22], and [28]. In practice, the users need not
exchange information on their ’s; a possible way for a user to
estimate is to infer it from the queue length information.
Indeed, we have by substitution into (1),
A possible way to estimate the queue length is by estimating
the round trip delay, as was done in [11].

Corollary 1: Let

(15)

Then, in (9) can be approximated by

and the Nash equilibrium costs per userare approximated by

which are independent of
Proof: We again consider only ; the result for

then follows from (11). Furthermore, as before, we drop the
superscripts identifying the two cases. Assume that (15) holds.
Then, (9) can be written as

(16)

where is a function that satisfies The

right-hand side of the expression for in (10) can be written
as

Substituting this in (10) yields

(17)

A solution of (17) [and thus of (10)] is

(18)

Since, by Theorem 1, the solution of (10) is unique, this is
indeed the required expression for Substituting this into
(16) yields the approximation for

Theorem 2: Consider the problems and For each
case, there exists a unique state-dependent optimal policy
which is stationary and is given by

(19)

where

(20)

The optimum team cost values for an initial stateare given
by

(21)

Proof: Consider case What we have here is a stan-
dard linear quadratic regulator problem with cost

and state dynamics

Since controllability and observability conditions are satisfied,
this problem admits a unique solution

, where is the unique positive so-
lution of the algebraic Riccati equation (which is scalar in this
case) This immediately
leads to the expression for in (21). The corresponding
optimal team cost is , which verifies
the first expression of (21). Counterparts for follow by
appropriate rescaling of ’s (by replacing by , and
by dividing the cost by ).

III. GREEDY DECENTRALIZED ALGORITHMS

Although the Nash equilibrium is a natural solution con-
cept for the noncooperative decentralized control problem
formulated here, its computation might yet require some
coordination (and thus centralization and cooperation) between
the users since it involves the individual utilities of all players,
as captured by the constants In practice,
however, these utilities are typically private information and
communicating these might result in unacceptable additional
complexity. It is thus natural to investigate whether simple
greedy“best-response” algorithms could be used for updating
the users’ control policies in a decentralized way, thus avoiding
the need for communication, coordination, and computation
of the Nash equilibrium. We show in this section that this is
indeed the case and, moreover, that sequences generated by
two such algorithms converge to the Nash equilibrium.
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A general greedy best-response algorithm is defined by the
following four conditions [6].

1) Each user updates from time to time its policy by
computing the best response against the most recently
announced policies of the other users.

2) The time between updates is sufficiently large, so that
the control problem faced by a user when it updates
its policy is well approximated by the original infinite
horizon problem.

3) The order of updates could be arbitrary, but each user
performs updates infinitely often.

4) When the th update occurs, a subset
of users simultaneously update their policies.

Hence, assuming that an initial set of policies is linear, a
general greedy best-response algorithm will have the form

if

otherwise
(22)

where is as defined in (14). What distinguishes one
particular algorithm from another one is the choice of the set

We identify here four such choices.

1) Parallel Update Algorithm (PUA):
for all

2) Round Robin Algorithm (RRA): is a singleton for all
and equals , where is an arbitrary

positive integer.
3) Random Polling Algorithm (RPA): , where

is an independent discrete random process,
where, for each fixed , the random variable takes
values in with every possible outcome
having positive probability, uniformly bounded away
from zero. Hence, here only one user acts at every update
time, and this user is picked according to the outcome
of a chance mechanism.

4) Stochastic Asynchronous Algorithm (SAA): ,
where is an independent set-valued random
process, where, for each fixed, the random quantity

takes values in the set of all subsets of, with the
property that every player is in an outcome with positive
probability, uniformly bounded away from zero. Hence,
here more than one user is allowed to act at every update
time, but the users (as well as their number) are picked
randomly.

We present a numerical analysis of the first three of these
algorithms in Section V. Below we study the convergence of
PUA and RRA.

Theorem 3: Consider PUA.

1a) Let for all Then monotonically
decrease in and monotonically increase in

, for every player , and thus the following limits
exist:

1b) Assume that (defined as above, with
for all ). Consider now a different initial condition
satisfying either for all , where is as

given in (9), or for all Then for all ,

2) Global Convergence:If

2a) , and either for all or
for all ; or if

2b) and are the same for all then
the sequence converges to the unique
equilibrium

3) Local Convergence:For arbitrary , there exists some
open neighborhood of , where is the unique
solution of (9) such that if , then converges
to the unique equilibrium

Proof:

1) We note that for all , is positive and is strictly
decreasing in its argument

(23)

Consider first the case when for all
Since is positive, for all so that

for all Equation (23) then implies that

and By an inductive argument,
it then follows that is a decreasing sequence and

is an increasing sequence infor all This
leads to the result 1a) for the initial condition
Denote by the above sequence when obtained
with the initial condition Consider now an
arbitrary initial condition , satisfying
for all This condition on implies that

and, hence, by (23), Proceeding by induction,
we obtain for all integers and for all

(24)

On the other hand, since , we have by
(23) and, thus, Proceeding
by induction, we get for all integers and for all

(25)

Combining (24) with (25) establishes 1b).
2a) Let and assume first that

Then it follows that both as well as
(defined in the first part of the theorem) are

in Nash equilibrium (since for any integer,
is the optimal response against , and is
the optimal response against ). Since the Nash
equilibrium is unique, we have The proof of
2a) (for nonzero initial conditions as well) now follows
from part 1b) of the theorem.

2b) Assume first that for all Due to the
symmetry, is given by
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Hence, both and satisfy

Since these two equations are identical, this leads to

the conclusion that , where satisfies

, whose only

positive solution is , which
corresponds to the Nash equilibrium solution in
(12). Hence, for all 2b) is now established
by applying the result of part 1b).

3) Let for all integers and for
all players The proof is established by showing that
there exists some open neighborhoodof such that

is a contraction on , where is
defined in (14) [and is used in (22)]. In other words,
we have to show that there exists some matrixwhose
eigenvalues are in the interior of the unit disk, such that

(26)

where is the -dimensional vector ,
is some function satisfying

, and is an -dimensional vector whoseth
component is Using (14) and (22), is obtained
as follows. The th entry of is given by

(27)

where

(28)

and is the Dirac delta function. A sufficient condi-
tion for all eigenvalues of to be in the interior of the
unit disk is that , which follows directly
from Gersgorin’s Theorem (see [18, p. 344]). This
condition is indeed satisfied, as

Remark 2 (Rate of Convergence):Numerical experimenta-
tion has shown that PUA has a slow rate of convergence to
the Nash equilibrium. To illustrate this (analytically), consider
the symmetric case, where for all players, and the
initial are the same. Combining (26)–(28) yields

Thus, the difference between and its limit decreases
in a neighborhood of the equilibrium approximately by a
multiplicative factor of and changes sign at each
iteration.

Theorem 4: Consider the RRA. Then given in Theorem
1 is locally stable, that is, there exists some open neighborhood
of such that for any initial multipolicy in this neighborhood,
RRA converges to

Proof: Define In order to establish the
convergence of RRA, it suffices to show (as in the proof of
part 3) of Theorem 3 that thelinearizedversion of the updating
rule (14) in a small open neighborhood of is asymptotically
stable. This update (14) can be represented as

(29)

where for both cases and
Let denote the value of at the th time that it

is updated. Assume, without any loss of generality, that the
first to iterate at time is user 1. Then the linearized
dynamics for the iteration are given by

where We can write it in matrix form as

where

The matrix is invertible, so that
In order to establish the asymptotic stability of

the linearized system it suffices to show that the eigenvalues of
are in the interior of the unit disk or, equivalently,

that those of are in the interior of the unit
disk. We have

and the entries of are



946 IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 46, NO. 7, JULY 1998

(and ). Some extensive but rather straightforward
manipulations lead to the result that for all

This implies that the eigenvalues of are in the interior of
the unit disk and, hence, is a locally stable equilibrium for
RRA.

IV. M ULTITYPE TRAFFIC

We consider in this section the following extension of
the model described in Section II. As before, each user has
to control its own transmission rate; however, the type of
traffic to be transmitted is not fixed anymore. Different traffic
classes may correspond to different applications that may have
different performance requirements. The state of the system,
which determines the dynamics and upon which users base
their control decisions, will now include not only the queue
length but also the traffic types. Each user transmits just one
traffic type at a time.

To make this precise, we now introduce some notation and
make some simplifying assumptions. Source
may have several types (say ) of possible traffic, with
different kinds of requirements on the performance measures.
Associated with type traffic of user , we have -dependent
positive constants appearing in the immediate cost
(instead of the constants we had before). Typically, traffic
requiring higher quality of service (QoS) might have a larger

, which reflects the fact that it might require lower
loss probabilities and higher throughput. It could be receiving
a higher priority from the network in the sense that larger
variations in will be tolerated so as to achieve the
required QoS.

The occurrence of these different types of traffic is governed
by a continuous-time Markov jump processtaking values in a
finite state space ; an element in describes a possible
traffic constellation of the different sources. Transition in
this underlying Markov chain may reflect the beginning and
the end of sessions of different types. The rate matrix (of
transitions within ) is , where the ’s
are real numbers such that for any , and for all

Fix some initial state of the Markov chain Consider the
class of policies for controller , whose elements
are of the form Here,

is taken to be piecewise continuous in its first argument
and piecewise Lipschitz continuous in its second argument.
Then, we have the following counterpart of Theorem 1, with
the cost per user being of type The counterpart of this
result for follows by an appropriate rescaling of the ’s.

Theorem 5: Consider the noncooperative framework,
where user minimizes the cost

where denotes the expectation operator under multipolicy
Then, we have the following.

1) There exists a Nash equilibrium in state-dependent poli-
cies, given by

(30)

where

(31)

and is a positive solution of
the coupled set of equations

(32)

2) satisfies the bound

(33)

3) The cost for player , corresponding to the Nash
equilibrium above, for an initial state, is given by

Proof: We first show that a Nash equilibrium exists
among policies of the form (30). To see this, first note that
since is positive-quadratic in and , and is linear in

for each fixed , the costs
are strictly convex in for each user. This implies, in
particular, that the cost of user is strictly convex in
We shall show, next, that can be restricted, without any loss
of generality, to a compact set.

Assume now that all players other than playeruse policies
of the form (30), where ’s are positive. Then player
is faced with a linear quadratic control problem with jump
parameters and has an optimal response given by (30)–(32)
(see [21]). We show that this response satisfies the bound (33).
First note that under (31), (32) can be rewritten as

which yields

(34)

Let be the state for which is maximized.
We have , so that (34) yields

This implies [since
] that From the definition

of , we have, for each

from which we obtain
This implies that the optimal response of player also
satisfies (33).
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Fig. 1. PUA versus RRA forM = 10:

Fig. 2. PUA versus RRA forM = 4:

Consider now a constrained version of the game in
which player is restricted to use ,
where is an arbitrary constant larger than the bound

Since the cost of a typical player in
this constrained game is strictly convex in the policy of that
player and since the policy space is now compact and convex,
there exists a Nash equilibrium by a standard existence
result for static games (see [6, Th. 4.3, p. 179]). This turns
out to be, however, an equilibrium in the unconstrained game
as well because, as shown above, the unique response of any
player to any set of policies of the other players picked as
in (30) is also of the form (30), satisfying the bound (33).
Hence, this establishes the existence of a Nash equilibrium
of the form (30) for the original game, which satisfies (31)
and (32).

V. NUMERICAL RESULTS

We present in this section results of a numerical study on
the behavior of the first three greedy decentralized algorithms
presented in Section III. As pointed out in Remark 2, the rate
of convergence of PUA becomes slower as the number of
users become large. We have therefore tested the convergence
of the algorithms for two cases: moderate and
relatively large We have focused on the symmetric

Fig. 3. RPA forM = 4:

Fig. 4. RPA forM = 10:

case for all , and started the iterations with zero
initial conditions. All three algorithms converged.

Figs. 1 and 2 depict a comparison between the convergences
of PUA and RRA for and , respectively. In
both figures we have focused on user 1 and have computed
its after each cycle, i.e., each time all users have updated
their policies. The PUA is seen to converge quite slowly—it
takes around 40 cycles for convergence and it takes longer
as the number of users grow. The RRA converges almost
instantaneously to the Nash equilibrium.

Figs. 3 and 4 pertain to RPA for four and ten users, respec-
tively. The user that updates at a given iteration is chosen with
equal probabilities, and the choices are independent. Thus, the
time between updates of user are geometrically distributed
with parameter Fig. 3 depicts the behavior of each of
the users, whereas Fig. 4 depicts the behavior of only players
1, 3, 5, 7, and 9. The basic unit of theaxis is one iteration.
We can see that there are iterations where no update occurs;
this happens when the random mechanism picks the same user
at two consecutive iterations. The rate of convergence is seen
to be faster than PUA and slower than RRA.

VI. A SYMPTOTIC BEHAVIOR AND COMPARISONS

We present in this section some observations on the asymp-
totic behaviors of the various solutions obtained as the number
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of users grow, as well as the relative rates of convergence of
the proposed algorithms—all for the single-type traffic.

A. Asymptotic Behavior for Large

In order to come up with meaningful comparisons between
systems with different numbers of users, we have to make
some unifying assumptions on the cost functions. Natural
assumptions in this context are:

(A1) tends to infinity as ;
(A2) Assumption (A1) holds and the rate at which

is at least linear in (which would be the case if ’s are
uniformly bounded away from zero).

By Theorem 2, assumption (A1) implies that the equilibrium
value goes to zero as grows to infinity. If assumption
(A2) holds, then remains bounded as grows to infinity.
The fact that, for large , the value is very low in and
possibly in might mean that the resources are underused
in some sense—we have very small deviations from the target
queue length, which is obtained by minor effort on the part of
the controllers (both the term that corresponds toand the
term corresponding to are small when the total cost is low).
This behavior is due to the fact that the dynamics of the queue
length depend only on the sum of the ’s; however, the total
cost takes into account the sum of thesquaresof the ’s.
For the same (fixed) value of the sum of ’s, the sum of the
squares of the ’s decreases as the number of users grow.

A problem that may arise due to this situation is that the
users might choose nonoptimal policies, which might cause
an overall inefficient use of the network (for example, large
variations of the sum of ’s) and still have a correspondingly
low cost. A way to circumvent this situation is to choose a
network pricing policy that does not satisfy (A1) and, hence,
(A2). In other words, the individual costs may be chosen
by the network according to the expected number of users; if
the network is designed for a large number of users, then the

should be smaller than those used in pricing in a network
with a smaller expected number of users.

The situation is different, however, in the noncooperative
case—the total cost (summing over all users) need not go
to zero, as can be seen from Corollary 1. Assume that
grows linearly with , i.e., In the case the
sum of the values of the individual users goes to infinity as

goes to infinity, whereas in case it converges to a
constant

Yet, even in the noncooperative case, we see that the cost
per usertends to zero as tends to infinity if This
again may result in the problems discussed above for the team
case, but a way to circumvent this situation is again to choose
a network pricing policy for which does not grow linearly in

For example, if we chooseto be constant in , then the
value per user in case will tend to a constant as goes to
infinity. For the case , has to be chosen to be decreasing
(like ) in order to achieve this same behavior of the value.

B. Comparing Values and Gains in , , , and

We first note that the optimum (equilibrium) costs in cases
and are, as can be expected, larger than those in

the corresponding cases and , with the multiplicative
factor being in each case. If we want to make a valid
comparison between the team and the Nash cost value, on the
other hand, say between and , we have to sum
over all users. This is because, for a fixed policyfor all
users, A comparison of Corollary 1
and Theorem 2 reveals that when

As can be expected, the value is indeed higher under the
noncooperative mode of play.

For the symmetric case, where for all , this
conclusion is also confirmed

A comparison of the control gains in the symmetric team
and Nash equilibrium solutions also reveal a consistent pattern,
but this time in the opposite direction. Team control gains are
now higher in both cases by the same factor

VII. CONCLUDING REMARKS

We have presented a fairly simple model of a commu-
nication network where users control their individual rates
of transmission. This has led to very simple and appealing
transmission policies under both team and noncooperative
dynamic game scenarios, and has allowed us to prove powerful
existence, uniqueness, and convergence results in the latter
case, which are reported for the first time in the literature. The
simplicity of the model adopted has, inescapably, also led to
some limitations in the direct application of these results to real
communication networks. These limitations are as follows.

1) We have not taken into account delays, and the presence
of noise in the information available to the users; taking
these into account would have required incorporating
into the model some stochasticity assumptions on the
fluctuations of the available bandwidth (or consideration
of robust controller design). The first steps in this
direction have been taken in [3] for the case of a single
controller and in [4] for a team situation (where only
a suboptimal control policy has been derived). Another
feature that was ignored here is the fact that information
might not be available continuously, but only at some
sampling instants (such as the arrival of RM cells to a
source), unless the control is performedby the bottleneck
switch.

2) We have not taken into account here constraints such
as peak cell rate (PCR) and minimum cell rate (MCR).
The latter is a feature that can be offered in the ABR
service 1, although it does not exist on the internet.
When considering saturated sources, one can ignore the
MCR and apply the analysis of this paper only to the
part that exceeds it.

3) As explained at the beginning of Section II, we have
ignored the nonlinearities in the dynamics due to the
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boundary effects (empty or full buffer). We have further
used a fluid model approximation and have restricted the
analysis to a simple bottleneck node.

Incorporating all of these features into the model would
lead to a much more complicated model and, naturally, to
more complex control policies. Nevertheless, this is a direction
worth pursuing under the guidance of the results presented in
this paper.
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