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Decentralized  Multicriteria  Optimization of 
Stochastic Systems Linear 

Absbact-By adopting a decision-theoretic  approach  and  under the 
noncooperative eqilibrirrm solution concept of  game  theory, deeentralized 
multicriteria  optimization of stochastic linear systems with qnasiclassical 
information  patterns is discus&. First, the  static M-persun quadratic 
decision problem is considered,  and  sufficiency conditions are derived  for 
existence of a unique eqilibrinm solution  when the primitive  random 
variables  have (I priori known but arb i tmy probability distributions with 
r i t e  second-order  moments. The optimal strategies are  given in the form 
of the limit of a convergent  sequence  which is shown to admit a dosed- 
form linear solation for  the special case of Gaussian distributions. men, 
this mult is generaked to dpnamic LQG problems,  and a general 
theorem is proven, which states that under the onestepdelay observation 
sharing pattern this dass of  systems  admit  unique affii equilibrium 
solntions. This result,  however, no longer holds true  under the one-stepde- 
lay sharing pattern, and  additional  criteria have to be introduced in this 
ease. These dts are then interpreted within the  context of LQG team 
problems, so as to generalize and  unify some of  the  results  found m the 
literature on team  problems. 

I. INTRODUCTION 

Y ADOPTING  a decision theoretic approach and 
under  the  noncooperative  (Nash) equilibrium solu- 

tion concept of game  theory, this paper develops a theory 
of multicriteria optimization of LQG systems under the 
one-step-delay observation sharing pattern which  provides 
each DM (decision  maker)  with the observations (but not 
the actions) of all the other DM’S with a one-step  delay. 

A special  version of the general problem to be treated 
in  this paper is characterized by a single criterion and a 
single DM having  access to classical information, and it is 
known as the standard LQG stochastic control problem 
for  which a complete theory has  been developed  in the 
early 1960’s [l].  The first decentralized result in that 
context has been obtained by Radner [2]  who has shown 
among other things that a static LQG team problem 
admits a unique team-optimal solution linear in the ob- 
servation of each DM. This result,  however, is to be 
interpreted with caution when the information structure is 
dynamic  and nonclassical. The famous  counterexample of 
Witsenhausen is indicative of this fact, that the team-opti- 
mal solution of a dynamic 2-member team  problem with 
2-step-delay information will in general not be linear [3]. 
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Ho and Chu have studied in [4H6] nonclassical but 
nested information structures and have applied within 
that context Radner’s  above cited result to dynamic  LQG 
team  problems. The first systematic formulation of de- 
centralized stochastic team problems  within a general 
framework has  been given in [7] where Witsenhausen  has 
also made several important assertions. One of these 
assertions  was team-optimality of linear solutions in the 
optimization of dynamic  LQG  team problems under the 
one-step-delay information sharing pattern. This assertion 
was then  considered almost independently in [8)-[lo], 
where the authors adopted  a  dynamic  programming  ap- 
proach  to derive a set of relations for the linear solution of 
a 2-member LQG  team problem to satisfy. 

For the other special  class of stochastic multicriteria 
optimization problems-the  zero-sum dynamic games- 
some of these structural properties might not hold true. In 
particular, it has been  shown  by Baqar and Mintz [ 1 lH12] 
that LQG  zero-sum dynamic games  with  2-step  delay 
observation sharing pattern could  admit unique linear 
saddle-point solutions. 

For the LQG multicriteria optimization problems and 
within the context of the noncooperative equilibrium solu- 
tion  concept, the first proof of existence of a  unique 
equilibrium solution was  given in [ 131 by directly making 
use of Radner’s  result and for a special  class of static 
problems  in  which the decision  variables are scalar. For 
the  most  general LQG multicriteria stochastic optimiza- 
tion  problem  with  two DM’S and static information struc- 
ture, an innovative approach was taken in [ 14H151 to 
prove  existence of unique linear equilibrium strategies by 
making  use of the fixed point of an appropriately struc- 
tured Banach  space. This result can  be considered as  a 
generalization of Radner’s  result on  LQG teams to multi- 
criteria problems; however, the sufficiency conditions ob- 
tained under which  the former result has been shown to 
be true imply, but are not exactly the same as,  Radner’s 
conditions of existence for the special  case of team prob- 
lems. In [15], existence and uniqueness of equilibrium 
strategies  have also been established under the most  gen- 
eral probability, distributions for the primitive random 
variables. These results have then been extended in [ 161 to 
a dynamic 2-member  2-criteria LQG decision  problem, 
and it has been shown that for  such problems there is a 
great difference between the one-step-delay observation 
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sharing pattern and  the one-step-delay sharing pattern. 
While the former results in unique equilibrium solutions, 
the latter allows nonunique “representations” and conse- 
quently gives  rise to essentially nonunique solutions. 

In this paper, we first present nontrivial generalizations 
of the results  given  in [ 141 and [ 151. In particular, for the 
2-person  case we obtain sufficiency conditions less restric- 
tive than those given in [ 151, which coincide with Radner’s 
convexity condition for the special case of a team prob- 
lem. For the non-Gaussian probability structure, we de- 
velop a convergent sequence that yields the unique 
equilibrium strategy of each DM. We then generalize 
these results to the M-person M-criteria ( M  >2) case to 
obtain similar  results  (i.e., we establish uniqueness under 
general probabilistic structure and prove existence of 
unique linear equilibrium strategies for the LQG case). 
Then, we consider the general M-criteria LQG problem 
with one-step-delay observation sharing pattern. In this 
context, we prove that the equilibrium strategies are 
unique and affine under certain nonvoid sufficiency con- 
ditions, but because of limitations on space we do not give 
the exact  expressions for the equilibrium strategies. Fi- 
nally, we establish nonuniqueness of the solution under 
the one-step-delay sharing pattern and provide an illustra- 
tive  example.  As a by product, we also obtain an existence 
and uniqueness result for the LQG M-member team prob- 
lem under either of the aforementioned two information 
structures. 

A precise mathematical formulation is  given in Section 
11. Section 111 is devoted to the static M-criteria decision 
problem, and Section IV is concerned with the dynamic 
multistage problem. 

11. PROBLEM FORMULATION 

Denoting the index  set (0, 1; . , N - I} by e,, the 
evolution of the state x ( - )  over  is described by the 
difference equation 

x ( n + l ) = ~ ( n ) x ( n ) +  2 %(n)u , (n)+w(n);  x(o)=x, ,  

(1) 

M 

; = I  

where x ( n )  denotes thep-dimensional state vector at stage 
n, uj(n)  denotes the ydimensional decision (control) vari- 
able of DMj (jth D M )  at stage n, x, is a Gaussian 
random vector with  mean To and covariance Q, and 
{ w(n), n E 0,) is a zero-mean Gaussian white  noise pro- 
cess statistically independent of x. and with a covariance 
function 

E [  w ( n ) w T ( k ) ]  =+(n)6, for n , k € e , .  

At every stage, each of the M decision makers (DMs)  
will make an independent linear observation of the state 
in additive Gaussian noise. This observation will be de- 
noted by the mi-dimensional vector zi(n) for DMj at stage 
n and will be given  by 

z,(n) = 4 ( n ) x ( n )  + ”jn); E e,, n E e,, (2) 

where d, denotes the index set {I;.. , M } ,  %(-) is an 
appropriate dimensional observation matrix, and { %(n),n 
E e,}. j E 8,. are statistically independent zero-mean 
Gaussian white  noise  processes  with covariance functions 
E[cj(n)cjT(k)]=Rj(n)6, , ,  for n,kEe,., jEe,, and with 
Rj( - )  >O. Furthermore, these random processes are also 
statistically independent of { w( -)} and x,. 

In a general situation, the information that is known to 
(and can be  utilized  by) DMj at stage n will be comprised 
of zj(n) as well as part or all of: i) his past observations; 
ii) other DM’S’ past observations; iii) other DM’S’ past 
actions. Unfortunately, at  the present, it is not possible to 
develop a general theory of multicriteria optimization for 
the most general information structure, since it is not 
known  yet  how to handle even the single-criterion 
single-DM LQG problems  with nonclassical dormation 
patterns [17]. Hence, our concern in this paper will be 
primarily with  quasiclassical information patterns in 
Witsenhausen’s [ 171 terminology as to be described below. 

Let Z,, denote the complete set of observations made by 
all DMs up to (and includmg) stage n, i.e., 

Z, = { ~~(0); ,z,(O),. ,zl(n),- - ,zM(n)}, ( 3 4  

and furthermore let qy, information available to DMj at 
stage  n,  be  given  by 

qy= { zn-l,z,(n)}. (3b) 

We will call  this kind of information pattern for each DM 
the “one-step-delay  obsercation sharingpattern” to differen- 
tiate it from the “one-step-delay sharing pattern” of 
Witsenhausen [7]  which also includes past actions of all 
the DMs. Even though these  two information patterns can 
be  shown to be essentially equivalent in the case of team 
problems,  this equivalence ceases to hold true in multi- 
criteria optimization problems as it will be more 
elaborated on in Section IV. Actually, the former informa- 
tion pattern will  allow us to obtain unique equilibrium 
strategies whereas the latter provides so much richness 
that the result  is a plethora of essentially nonunique 
equilibrium solutions. 

Letting am denote the Bore1 field generated by subsets 
of CRm? we assume the decision space of DMj to be 
( 5 1 r l ,  $ 5 )  and  a permissible decision law yy of DMj at 
stage n to be a real vector-valued Borel-measurable func- 
tion mapping (q?”, $9“) into ($5,93), where my 2 m,+ 
nZmi. This, however, does not characterize the possible 
strategy set of D M  completely, since as it d l  be clear in 
subsequent sections, we also have to require each decision 
function to be a second-order random vector  well-defined 
on a certain measurable space. This is done by basically 
constructing a Banach space as the permissible strategy 
set of each DM. For the zero’th stage a precise construc- 
tion has been  given in [ 151, and we then basically require 
i;o(q;) to possess a finite second-order moment under the 
probability measure TqY induced by q;, and denote the 

~~ ~~ 
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equivalence  classes of all such strategies by qo for DMj, 
which  is a Banach space. At  subsequent stages,  however, 
this construction is not as straightforward,  since the prob- 
ability measure  induced by qj" on 99" will be 
dependent  on the  previous  decision  laws for n > 1, which 
allows  only a recursive definition. The construction at 
stage n will then be as follows: 

Assuming $' to be  a well-defined random vector on 
(9im;,%yn) and to possess a finite second-order moment 
for each permissible strategy sequence {yy,  * * , 

ity  measure induced by qj" on 99" by 9;,;-' (which  is not 
necessarily the Gaussian measure). Then the permissible 
decision  law %n for DMj at stage n is required to satisfy 
the finite norm restriction 

y;, . . . , y ;  - 1,. . . ,y;-I} y n - l  , we denote the probabil- 

We denote the space of equivalence  classes of all such 
Bore1 functions by q" ( y " - ' )  for each  permissible 
sequence of strategies yd- '. It is  now not difficult to see 
that under (4), q " ( y " -  ') is a Banach space for  every  fixed 
sequence of strategies y"- ' .  Furthermore, since  the ob- 
servation equations are linear, it readily  follows that q;+' 
is a well-defined random vector and it possesses a finite 
second-order moment, for every i E d M .  This then implies 
that the assumption  made  concerning qn at the beginning 
of the construction is valid, and, hence,  this  concludes the 
recursive definition of the  permissible strategy space of 
every DM at every  stage of the  decision  process. 

The objective functional for DMj is defined  by 

J j"( ( . ; ( .> } )=X' (N)Cj (N)x(N)  

with Cj ( - )>O,  Dj.(.)>O, Djj ( - )>O.  For every  fixed {$E 
~ 0 , y ~ E E ~ ( y n - ' ) ,  n=l,..-,N-l,iEdM}, we define the 
expected  cost to DMj by 

J,({Y;})=E[JjO(lu,cn)})r(u;cn>=Y;c.)>], (5b) 

where expectation is taken with  respect to the statistics of 
all the primitive random variables. It can actually be 
shown that 7. is well-defined and finite for every  permissi- 
ble  sequence { y; }. 

In order  to introduce the (Nash) equilibrium concept 
within  the context of the stochastic optimization problem 
formulated above, we let 

{Y:,Y 2n,...,Ykn~,,Ykn+1,....Y~}, ( 6 4  

that is, 9; denotes the entire sequence Cy!} for fixed 
n E BN and with y$ missing. Without  any subscript, 9" will 
denote the entire sequence { xn} for fixed n E 0,. Further- 

more, we let 

g n k =  A {90,...,~-~,9;,...,9~-~}, (6b) 

and use the notation uj E Cs to imply the sequence 

[ yjO.e$y; E C?(y.-'), n =  1,. - * , N -  1) 

for  every j E 8,. Then, we have 
Definition I :  A set {*ujEl?y} constitutes a (Narh) 

equilibrium solution for the M-person M-criteria optimiza- 
tion problem (nonzero-sum dynamic game) formulated 
above if for  every j E dM 

for  all {x E Cy}, 
A solution concept  that is weaker than the one given 

above is the recursive equilibrium solution which we now 
define: 

Definition 2: A set {*uj E E:} is said to constitute a 
recursive (stagewise) equilibrium solution if for every j E dM, 
m E e,, 

f o r a l l ~ m E ~ o i f m = O a n d ~ m E ~ ~ ~ ( * y m - ' ) i f m > l .  
This completes the formulation of the stochastic multi- 

criteria optimization problem  which  will be the main 
concern of subsequent sections.  Our aim in  this paper is 
first to obtain the complete solution to the single stage 
(static)  version of this problem as  an extension and gener- 
alization of the results  given  in [ 141 and [15], and then to 
prove a general  existence and uniqueness  result concern- 
ing  the equilibrium solution of the N-stage  problem for- 
mulated  above. 

111. SINGLE-STAGE PROBLEM 

The single-stage problem is important in its own right, 
and the theory to be developed  in this section can  be 
considered as an extension of the theory of static teams 
developed  by Radner [2]. We  now take the objective 
functional of DMj to be quadratic and strictly convex in 
3, and redefine it in the most general context as (see 
Lemma A1 of [ 151) 

Jj ({ u;}) = 3'cjx + i qTDjq  + 2 3'Djiui (9) 
i # j  

with D,>O, and x a second-order random vector  with 
known (but not necessarily Gaussian) statistics. We also 
assume the observation vector zj of DMj to be function- 
ally related to x but not necessarily linear. Since  this  is a 
static problem, we have q zj. We now quote the follow- 
ing  two  results as direct extensions of those given in [15] 
for M = 2 :  

Lemma I :  The linear operator defined by 

E,li% E [  ~j(zji>Izi] ( 1 0 4  
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is a nonexpansive transformation from Cz into P;, i.e., for 
any Y, E E q >  

I IE , l iY  -E,l;Ell; Q IIY -<I15 (lob) 

where 

with r identifying the dimension of y,  and m the dimen- 
sion of z. 

Lemma 2: If ( ~ E Q ; j = l ; - - , M }  is an equilibrium 
solution, then the follo&ing M relations should be satis- 
fied: 

T-(Z-)= J J  - Dy'C,E[ XI.,] 
- DY' 2 Dj,E[yi(~,)l~,], j € e , .  (1  1) 

i#j 

Hence, proving existence of a unique equilibrium  solu- 
tion amounts to verifying  existence of a unique set { *y, E 
f?? ; j = 1,. . . , M }  satisfying (1 1).  Let us first consider the 
case M =  2, and substitute y2 obtained from  (1 1) into (1 1) 
with j =  1 to yield 

Y l ~ z l ~ = ~ l ~ ~ l ~ + ~ l Y l ~ z l ~  ( W  

where 

kl(zl)= - D,'C,E[xlz,] + D , ~ 1 D 1 2 D ; ' C 2 E [  E [  x1z2]1z1] 

(12b) 

and K ,  represents  the linear operator 

Concerning the solution of (I2a). we can now  prove the 
following  result  (which  is a generalization of Theorem 2 of 

Theorem I :  Let Si denote for each i= 1.2  the  class of 
ri x r, real matrices similar to 0,- IDu 0,' IDJi, j # i ,  J = 1,2. 
Then if there exists at least one member A of either Zl or 
S2 with  the property 

[151): 

;ITA < I ,  (13) 

there  exists a unique pair of yi E q, i= 1,2, that solves 
(1 1) with M = 2 .  Equivalently, under the above given 
condition, the two-person  version of the decision  problem 
of this  section,  with x ,  zI, z2 arbitrary second-order ran- 
dom  variables, admits a unique  equilibrium  solution. 

Proof: Let  us  assume, without any loss of generality, 
that (13) is satisfied  by an element of SI and with the 
corresponding real  similarity transformation matrix being 
rI. Premultiplying  (12a)  by II, we obtain the equation 

~ l ( z l ) = ~ l ( z l ) + ~ l ~ l ( z l )  = kyl (z l )  (14a) 

where 

T I ( * )  rIY,(.) (14b) 

il ( I I )  = I I k ,  (zl) ( 1 k )  

17, (-) = ~ I K l n - ' ( . ) = A E [ E [ . I ~ 2 ] I L , ] .  (14d) 

We  now note that to prove  existence of a unique solution 
yI  E e; to (12a)  is equivalent to proving  existence of a 
unique solution TI E e; to (14a). and thus we can consider 
the latter problem. Since &,(.)E q;L and fl is a linear 
operator mapping e; into e;, K (whose definition 
follows  from  (14a))  maps the linear space Q; into itself. 
Defining a metric d(y,() on, this space by the  norm 
l ly-(l l :;. we now  show that K is a contraction  mapping 
under (1 3):  

For every y , t  E e;, 
~ ~ ~ Y . ~ t ) = l l ~ Y - ~ t 1 1 5 : = I l ~ l ( Y - E ) l l : :  

< IIE[ ~[(Y-t)1z2]lzl]115:, 

where  the  last  inequality  follows from (13).  Now,  using the 
notation and result of Lemma 1. we can further bound  the 
last  expression  from above by 

II~2~IEl~2(Y-t)ll5:~ l l~, ,2(Y-t) l l ;  I lY-t l l : :=~(Y,t) .  

Hence, 

d ( & k t ) < d ( Y , t ) .  

and this  implies that k is a contraction mapping, which in 
turn establishes  existence of a unique fixed point of I? by 
direct application of Banach's contraction mapping prin- 
ciple.  since !$; is a Banach space [19].  Existence of a 
unique solution to  (14a) naturally also implies  exiktence of 
a unique solution to (12a),  since the transformation matrix 
rI is  nonsingular.  Moreover,  since there exists a unique 
one-to-one relation between y1 and y2 through (1 l), this in 
turn implies  existence of a unique solution pair to (1 1). 0 

CoroZlay I . ] :  Let  A,,,((A) denote a (possibly  complex) 
characteristic root of A with  maximum absolute value. 
Then. the condition 

1 = l ~ ( D , ~ ' D 1 2 D ~ ' D 2 1 ) 1  < 1 (15) 

is  sufficient for the static two-person  decision  problem to 
admit a unique solution.' 

Proof: If the matrix in question has real  eigenvalues 
and is diagonalizable, then under (15)  it  is  possible to  find 
a particular element :I in 2,. where ~1 is diagonal with 
eigenvalues of magnitude less than 1. This definitely also 
implies condition (13). If Dl;1D12D~'D21 has some  com- 
plex  eigenvalues and/or if it  is not diagonalizable, then 
given an E > 0 it is  possible to find an element A(€) in el, 
which  is  in the canonical form 

'The idea of the  proof given in the  sequel occurred to me after a 
conversation with Prof. Jan Wdlems. 

~ ~~~ ~ ~~~ 
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A( E) = 

... A, 0 e - .  0 0  0 0 
0 A, . - .  0 0  0 0 ... 
. . . . . . . . . . . . . . . . . . . . . . . . .  (j (j ... Ai 0 (j ... 0 

0 0 ... 0 A i + ]  0 I . .  0 
0 0 - . .  0 0 Ai+,  e * *  0 
Q (j ... 0 0  Q ... 4 

. . . . . . . . . . . . . . . . . . . . . . . .  

with A, through Ai taking the form 

proof of Theorem 41. This implies that the condition of 
Theorem 1 is tight, in the sense that it coincides  with 
Radner's  theorem [2]  for the special case of a  quadratic 
team  problem. 

In general it is not possible to obtain the unique solu- 
tion of (1 1)  [with M =  21 in closed-form.  However, the 
contraction principle that was  employed  in  the  proof of 
Theorem 1 does suggest that the unique solution can  be 
obtained as the limit of a sequence of Picard iterates [19].  
This idea is  now  formalized in the following Corollary to 

'A j  d 0 0 Theorem 1, which directly follows from the-Theorem  -and 
properties of Picard iterates in a Banach space: 

Corollury 1.2: Let the condition of Theorem 1 be satis- 
fied, without any loss of generality, for a member A* of 
e,, which  is related to D ~ ' D I 2 D ~ ' D 2 ,  via the similarity 

and A,+, through A, taking the form transformation matrix fi. Then, the unique equilibrium 
strategy of D M 1  is  given  by 

A , =  7 A j = (  -; ;) 0 Aj d ... 0 
1 . .  . . . . . . . .  

(j '0' i, ... 
4 ,  

. . . .  : ... where lim denotes the limiting operation under the e;- 
norm (1Oc) and <: denotes a convergent sequence  in @; 

where X, denotes a real eigenvalue, and 9 (w,) denotes the defined by 
real (imaginary) part of a complex  eigenvalue of n 
Dl;1D12DGlD21  [20J Now let {en} be  a strictly decreasing <; ( z , ) = k , ( z , ) + f i - '  x (A*E211E112)m(fikl(~I)) (18) 
positive  sequence  in 3 converging to zero, and consider m= I 

the sequence {An ' '(%)I in e,. It converges to a  unique where kl (  .) is defined by  (12b). The equilibrium strategy 
matrix A* which is not in since there is no of D M 2  can then be obtained by substitution of (17) into 
bounded similarity transformation matrix that yields A,. (1  1) for, =2 and with M = 2. 
We  now note that the eigenvalues  of AzA* are 52f Remark 2: As we have mentioned before, the conver- 
9 2 1 7  and thus AzA* < I  because of (15).  Moreover,  since gent  sequence {,$';} might not lead to a closed-form ex- 
eigenvalues of a symmetric matrix are continuous func- pression when x, zl, and z2 have arbitrary probability 
tions of its entries, given an arbitrary 6 > 0, we can find an distributions. men this is the it is quite that no such that a few terms of the sequence will  give quite a close ap- 

proximation  to the actual solution. Investigation of: 1) the 
conditions under which this will generally be true and 2) 

picking 6 = -~,(A:A*)= - x 2  > o, this then implies how many terms one  should take to  attain  a fairly good 

A,, for which condition (13) is satisfied. We note before One Of the few when (I7) admits a 

there is no loss in generality by looking at the characteris- Gaussian. Then it is clear  from (18) that [;(zl) will be 

values are the Same as the eigenvalues of matrix A and  an rI vector u. These parameters  can actu- 
D,   'D2 ,D{   'D l , .  ,--, ally  be  explicitly determined. To that  end, let 

decision problem is the two-member team  problem with z;= H i X +  wi, x - - N ( z 9  e>, "'i--N(o?Ri)? i= 1,2; 
the  objective functional (19)  

J =  uTC1x + uTC2x + u ~ D 1 2 u 2  with Ri > 0 and x, wl, w, independent. Then, we have 

IL(AZA*) -h , (ApJl< 6. 

that under (15) there exists an element of e, , in particular approximation is a promising avenue for future 

concluding the proof that in the statement of the corollary "lution is when x, '1, and '2 are taken to be jointly 

tic roots of only D , ; ~ D , , D G ~ D ~ ~ ,  since its noflzero  eigen- affine and, hence, limn t ' : (zI)=Azl+ for some ' 1  Xm1 

research* 

Remark I :  One special  version of the two-person static 

+ ~ u ~ D ~ ~ u ~ + ~ u ~ D ~ ~ u ~ ,  (16) Theorem 2: Assume that the condition of Theorem 1 is 
satisfied, and x, z,, z2 are related as given  by  (19). Then, 

if D,, = 0; in the general formulation (see Lemma A1 of the unique decision  laws of DM 1 and D M 2  are affine in 
[ 151). For this  special  case, the nonnegative definite matrix the observations and 
A = ( D ~ { 2 ) - 1 D , 2 D G 1 D ~ ( D ~ [ 2 ) - 1  can be  shown to  be in 
&?I [by picking the similarity transformation ll = y : ( Z 1 ) = A , x + B l  @,-x) (204 
( D : [ 2 ) - 1 ] ,  and, hence, condition (15)  implies A < I  is 
sufficient for existence and uniqueness,  But this is always 2i,T(y,Q) denotes the Gaussian dishbution with mean 2, covariance 
satisfied if J is  strictly  convex in the pair { ul ,u2}  [see [ 151, Q > 0. 
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y;(z2)=A2F+ B2 (Z2-F) (20b) 

with 

A ; =  - [I-D,i'D..D.-'Dj,]-ID,-l[ v u  C;-DuD&], 

i#j, i j=1,2,  (21a) 

9, = q x l z i ]  =x+ QH,T(H;Q~~+R,)-'(~;-H,~), 
i =  1,2. (21b) 

and B, is the unique solution of the Lyapunov-type matrix 
equation 

B,+PB,L=M (224 

where 

p g  -D,'D I2 D -  2 2 9 2 1  (22b) 

L 2 QHT(H,QHT+ Rl)-'H,QHT(H2QHT+ R 2 ) - ' H 2  

M =  - D -  II'Cl+D,;iD12D,iC2QH:(H2QH~+R2)-1H2 

(224 
and 

B2=-D~~D2,B,QH~(HlQH~+R,)-~Hl-D~'C2. 

W e )  

Proof: That the unique solution should be affine is 
obvious from (18). That (22a) admits a unique solution 
under the condition of Theorem 1 follows from a proof 
similar  to that of [15, theorem 31. Direct substitution of 
(20) into (1  1)  and verification of (21)-(22) completes the 
proof. 0 

We  now return to the general M-person static decision 
problem introduced at the begnning of h s  section and 
take Lemma 2  as the starting point. For M >2, it  is still 
possible to obtain  a uniqueness result, but the conditions 
and the  expressions  involved are not as neat as in the 
two-person  case. The main reason is that with M > 2 it is 
in general not possible  to eliminate all M- 1 decision  laws 
by recursive substitution and obtain an equation similar 
to (1 2a)  involving the decision variable of only one DM. 
Hence, derivation of a set of sufficiency conditions for the 
general static decision problem will be as follows. 

We first note that the set of relations (1  1)  can equiv- 
alently be written as 

y,(z,)= - Dh-'C,E[xlzj] -4Di' D,,y,(z;), jE8,, 
i+j 

(23) 
where P, A E [ .  It,] is the projection operator mapping C; 
into e?, and 9 {z,;. - ,z,}. These M relations can 
further'equivalently be written as a single relation 

Y (77) = k(77) - PKY (77h (244 

~ ~ ~ 

where 

K is an r X r matrix ( r  2 Zr,) comprised of blocks of r; X r j  
matrices with the ij'th  block  given by 

and P is an operator mapping e into itself, defined by 

P=diag(P,;..,P,). (24e) 

Note that P is a projection operator since it is both 
idempotent and self-adjoint. We thus conclude that  the 
operator norm of P is unity. Concerning existence of a 
unique solution to (24a), we can now  prove the following 
result. 

Theorem 3: Let e denote the class of r X r real 
matrices obtained from K through the similarity transfor- 
mation nKH-' ,  where II is structured as 

1T=diag(llI,; - ,n,) (25a) 

It; nonsingular and r, X r,. (25b) 

Then, if there exists at least one member A of e with the 
property 

A'A < I ,  (26) 

there exists a unique M-tuple y,E q, jEO,, that solves 
(1 1). Equivalently, under the above given condition, the 
static M-person decision problem, with {x, zj, jE8,) 
being second-order random variables with arbitrary prob- 
ability distributions, admits a unique equilibrium solution. 

Proof: Since P, as defined by  (24e),  is a projection 
operator, the theorem will  be established if  we can show 
that (24a) admits a unique solution y* E with the addi- 
tional property Py*(-)-y*(.), that is, y* should be in the 
subspace of e induced by P. To this end, let us first 
assume that (26)  is satisfied by an element of e and with 
the corresponding rea1 similarity transformation matrix 
being II. Premultiplying (24a) by H, we obtain 

7 (77) = /c (77) - PA7 (9) A K7 (77) (274 

where 

? ( e )  A rIy(*) (27b) 

L (77) rIk(77). (274 

In writing down (27a), we have made use of the im- 
portant property of II that it commutes with P. Further- 
more, since the subspace of induced by P is invariant 
under the nonsingular transformation n, the original ex- 
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istence and uniqueness question is now equivalent to 
investigation of existence of a unique solution ?* E to 
(27a),  with the property Pf* = y*. To establish the desired 
result, we first note that K (whose definition follows from 
(27a) maps the linear space i$! into itself. Defining a 
metric d(y , t )  on this space by the  norm lly-tll;, let us 
now consider the following sequence of inequalities: 

d(KY ,K~)=I IPR( t -Y ) I I :~  IlPll l I M t - Y ) l C  
< l l t - Y l l ; = 4 Y , t ) .  

Here, the first inequality is a standard  one  in the Banach 
space of operators (where 1 1  P 11 denotes the  standard oper- 
ator norm of P) [21], and the second inequality follows 
from  (26) and the property llPll= 1. This, therefore, im- 
plies that K is a contraction mapping and thus has a 
unique fixed point. It should also be clear from (27a) that 
this unique fixed point is in the subspace of i$! induced by 
P, since  every Picard iteration applied to (27a)  results in 
an element of that subspace. 0 

Unfortunately, we do not have a counterpart of 
Corollary 1.1 for the M > 2  case since K can never be 
diagonalized or brought to a canonical form within the 
class of similarity transformations characterized by (25). 
However, we do have a counterpart of Corollary 1.2, in 
the general  case, since under the condition of Theorem 3 
the unique solution of (27a) can be obtained as the limit 
of a convergent sequence of Picard iterates. The following 
Corollary thus follows directly from the proof of Theorem 
3. 

CorolZary 3.1: Let the condition of Theorem 3 be satis- 
fied  for a member A* of E?, which  is related to K via the 
similarity transformation matrix II*. Then the unique 
equilibrium solution of the decision problem is  given by 

Y*(d  = l ip? ( $ 9  (284 

where the limit is taken under the e-norm, and E n  de- 
notes a convergent sequence in Q defined by 

n 

E" (q) = k ( q )  +II*-' 2 (- PA*)"(lI*k(q)) (28b) 
m =  1 

where k ( - )  is defined by  (24c). 
Remark 3: As in the 2-person case, the limit of this 

convergent series cannot in general be  expressed in closed 
form. It should however be clear that when the random 
variables { x,zi ,  i E iM} are  jointly Gaussian, the limit of 
(28b)  is  necessarily affine in { z I ,  * * , zM} whenever the 
sufficiency condition of Theorem 3 holds. This result is 
given  below in Theorem 4: 

Theorem 4: Let the condition of Theorem 3 be satis- 
fied, and let x and { zi, i E 8,) be related as given by (19) 
for -all i E d M .  Then the unique decision law of DMi, 

and Bj satisfies uniquely 

= - Di; ICi, i E 8,. (29c) 

Proof: As in the proof of Theorem 2, it follows from 
(28b) that every Picard iterate that  starts with a linear 
function of q results in an affine function of Zi for yi(zi). 
Hence, substitution of the structural form (29a) into (11) 
and some manipulation results in the relations (29b) and 
(29c).  Existence and uniqueness follow from Theorem 3. 

0 

IV. THE MULTISTAGE PROBLEM 

After thus concluding investigation of the equilibrium 
solution of the single-stage prolem, we now return to the 
general M-criteria dynamic optimization problem of Sec- 
tion 11. 

Let us mention at the outset that for this general prob- 
lem it is  possible to verify  existence of unique affine 
equilibrium strategies and  to  obtain the corresponding 
expressions in closed form for each DM, under certain 
nonvoid sufficiency conditions, by employing the results 
of Theorem 3 in an appropriate way at every stage of the 
decision  process.  However, to write down the expressions 
for the equilibrium strategies and the conditions explicitly 
necessitates (inevitably) introduction of an excessive 
amount of notation, and limitations on space force us not 
to provide here the full account. Instead, the approach we 
will adopt in this section will be to give a proof of 
uniqueness and linearity without explicitly obtaining the 
equilibrium solution and the existence conditions, but  by 
explaining in detail how they can be obtained. We will 
also delineate the pitfalls of what  might at first seem to be 
a straightforward inductive procedure, especially  with re- 
gard to the given information structure. Exact expressions 
for the solution and sufficiency conditions for the M = 2  
case can be found  in [ 181. 

The main theorem of this section is the following: 
Theorem 5: Under the one-step-delay observation shar- 

ing pattern and under certain nonvoid  sufficiency condi- 
tions, the equilibrium solution of the multicriteria dy- 
namic LQG optimization (decision) problem is unique, 
and the corresponding strategy of every DM is affine in 
the dynamic information available. In other words, under 
certain conditions, the problem of Section I1 can only 
admit unique equilibrium strategies of the form 

i E 8,, is affine in this observation and M n - I  

*Y~(q~)=A, ( j , n ) z j (n )+  2 2 A,(i,k)zj(k)+Aj(n), 
Y : ( Z ~ ) = A ~ . F + B ~ ( ~ ~ - F ) ,  (294 i = l  k=O 

where Zj is  given  by  (21 b) for all i E dM, Ai is the unique (30) 
solution of where {Aj( i ,  k ) }  and {h,(k)} are appropriate dimensional 
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matrices and vectors, respectively, for each n E O N ,  j E 0,. 
ProoJ Since  every equilibrium solution is,  by defini- 

tion, also a recursive equilibrium solution, the desired 
result will have been established if we can show that 
under certain conditions inequalities (8) can only admit 
unique M-tuple of strategy sequences of the form (30). To 
achieve  this, we start with inequalities (8) at stage n = N - 
I and proceed inductively in a descending order by solv- 
ing a static problem (similar to that of Section 111) at 
every stage and by  carefully taking into account the 
interrelations between the static problems at two consecu- 
tive  stages. Details of this inductive argument are as 
follows: 

Step I: Without any loss of generality, we can start 
with inequalities (8) at stage n = N -  1 and fix the strate- 
gies of the DM'S at the previous stages as arbitrary 
elements of appropriate Banach spaces. The resulting set 
of M-tuple of inequalities defines a static M-person deci- 
sion problem similar to the one of Section 111 with x 
replaced by x ( N -  1)  which  is not necessarily Gaussian 
since the arbitrarily fixed  previous  decision  laws are  not 
necessarily affine. Furthermore, the quadratic objective 
functionals {Ji"-'} of this ,decision problem also include 
a w ( N -  1) term, but since  the additive state noise at stage 
N -  1 is independent of all other random vectors and has 
zero mean, it separates out and does not affect the solu- 
tion. Then, if the sequence of arbitrarily fixed  policies at 
previous stages is denoted by y N P 2  (as in  Section 11), a 
direct application of Theorem 3 implies  existence of a 
unique M-tuple { * ~ N - 1 E ~ ( y N - 2 ) , j E O M }  under an ap- 
propriate sufficiency condition which  is the counterpart of 
(26). This unique solution can further be realized as the 
limit of an  appropriate convergent sequence of the type 
given in Corollary 3.1.  We  now note that the conditional 
probability distribution of x ( N -  1) given q/-I and y N - 2  
is Gaussian for each j E  e,,,. This implies that E [ x ( N -  
1)1qN-',yN-2] is necessarily affine, and thus the limit of 
the said convergent sequence is also affine, since the state 
and observation equations are linear. Consequently there 
exist matrices { A / - ' ,  B / -  l( i ,n),  cj"- ' ( i ,  n), id E e,,,, n E 
0,- and vectors $ N - l  such that 

* y j y q ,  N - 1  )- z j ( N - l )  

i = l  n = O  

+ GN-' ( i ,n )y : (qy ) ]  +%"'- l ,  j E t W .  (31a) 

The crucial observation that has to be made here is that 
* u j  N - l ( - )  is  necessarily a linear function of z j (N-  1) with 
a unique coefficient matrix AjN- ' .  However, we cannot 
yet  say that *xN-'(.) is linear in the past observation, 
since its dependence on them  is also partly through y N - 2  
whose structure is not yet known. Now, if the previous 
decision  laws (i.e., y N - 2 )  were known to DMj (i.e., if his 
information pattern was the one-stepdelay sharing 
pattern), then (31a)  would constitute a well-defined opti- 

mal solution at stage N - 1, though not unique since any 
other function r ,"- ' ( - ) ,  with appropriate dimension and 
measurability properties and which  is identically zero at 
equilibrium, could be added to the right hand side (RHS) 
of (31a) without altering its equilibrium value. Under the 
one-step-delay observation sharing pattern, however,  (31a) 
does not yet constitute a well-defined strategy since  it  is 
not an element of C ; ( Y " - ~ ) .  What we know though is 
that regardless of what Y " " - ~  is, * Y J ~ - ' ( - )  will be a linear 
function of z j ( N -  1)  with  the unique coefficient matrix 
A;'-' computable independent of Y" -~ .  This implies that 
in  seeking  equilibria. y;"-' can be taken, without any loss 
of generality, in the structural form 

y y - ' ( q ; - - ) = A / - I z j ( N -   1 ) + k y - y Z x - 2 ) r  jE&, 

(3 lb) 

where kjN-l is an  arbitrary element of L??.+~(Y~-~) .  We 
note that the dependence of y / - ' (  -) on { $FP2, i E d,,,} is 
only through the first term, as it should be,  since $"-'(e) 

involves measurements of stages N - 2, N - 3,. . . , 1,O. 
Step 2: We  now consider inequalities (8) for n = N - 2, 

after substitution of  (3 lb) into the appropriate expressions 
and by assuming to  be  fixed a priori within the 
permissible  class.  Since 3 ( N -  1) is a linear function of 
{ y;v-2( e), i E e,,,}, the result  is again a set of M-tuple 
inequalities which define a static quadratic decision prob- 
lem of the type considered at Step 1, with N -  1 replaced 
by N -2 and with  each  cost function containing an addi- 
tional quadratic term  in { k / - ' , j € d , w } .  Consequently, at 
equilibrium, we have, as counterpart of relations ( 1  l) ,  the 
equation 

y;~- ' (q~~- ' )=E:"-2E[X(N-2)111Jh'-2]  
M 

+ x E,;T-'E[ vi"-2 ( q r - 2 ) I q ; + 2 ] ,  ( 3 h )  
;' 

T J  

where fi:-2(i). iJEdM. are  appropriate dimen- 
sional computable matrices. In solving  this  set of equa- 
tions, we also have to make  use of the optimal linear 
dependence of qV-l( -) on Y Y - ~ .  which can be obtained 
by comparison of (31a) and (3 lb). This property used in 
(32a) and rearranging terms  yields a relation of the form 

yy -2 (q / -2 )=  l3f-q x ( N - 2 ) l q y - 2 ]  

+ x l3F-q y , N - 2 ( . ) I q j N - q  

i #J 

+ x 2 [&-2( i ,n ) z ; (n )  
M h'-3 

i = l  n = O  

+ ~ ~ - 2 ( i , n ) y ~ ( ~ n ) ] + ~ N - 2 ,  j€d,,,, (32b) 

where the weighting matrices and the vector <?-* are 
appropriately determined. The last two  terms above can 
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be considered as constant under the information pattern 
qN-’ for DMj, and this  set of equations to  be solved for 
{ y i N - ’ , j ~ B , )  is similar to (11). Theorem 3 again applies 
under appropriate nonvoid sufficiency conditions as well 
as Corollary 3.1.  Since yN-3  is fixed apriori and E [ x ( N -  
2)(qjN-2,yh’-3] is affine, it follows, as in Step 1, that (32b) 
admits a unique solution of the form 

M N - 3  

+ 2 -2- [ By-2 (i,n)z,(n) 
i = l  n = O  

for  some matrices AjN-2, qN-’(i,n), qv-2(i, n)  and vec- 
tors qN-’. It should again be  noted that *yiN-2 is  neces- 
sarily a linear function of zj(N-2) with a unique 
coefficient matrix Aiv-’. Furthermore, (32c) substituted 
into (31a) indicates that * %N-’ is also a linear function of 
{zi(N- 2), i E &}. This then implies that, without any 
loss of generality, yjN-’ and % N - 2  can  be taken  in the 
structural forms 

IM 
y ~ v - ’ ( q N - ’ ) = A j N - l ~ , ( N - l ) +  x [qh’-’(i,N-2) 

i =  I 

+ qV-’ (i,N-2)A,‘V-’]z,(N-2) 

where k.N-2 and kj:i?’ are arbitrary elements of e?,. ( hJL? - ‘ 1. 
’J . -  
Step 3: The next step is to consider  inequalities (8) for 

n = N - 3 after substitution of (33) and by assuming yN-4  
to  be fixed a priori within the permissible  class. Then, the 
procedure applied on the  resulting static decision problem 
is no different than the procedure of Step 2, with only 
N - 2  replaced by N-3;  and this  results  in unique struc- 
tural forms for $-I ,  yiN-’, and vj”-3 linear in {z,(N- 
l ) , z j (n) ,  iEd,, n=N-2,N-3}, {zj(N-2),zi(n), i E e , ,  
n = N - 3)  and zj(N - 3),  respectively, as counterparts of 

If these steps are inductively  followed up to the initial 
state, then it should be clear that the equilibrium strate- 
gies  will  be unique and affine in the structural form (30). 
Appearance of the xi( a )  terms in  (30)  is a consequence of 
the assumption  that the mean of x, is not zero. 

Remark 5: The question that remains to be answered is 
what: happens if the information pattern is  taken as the 
one-step-delay sharing pattern, which  allows each DM to 
have access to also the past decisions of the other DM’S. 
In this  case, as we have mentioned  at Step 1, (3 la) will not 
be the only strategy representation of DMj at stage N - I ,  
and  at SteD 2 we mi& not take k?’(-) onlv as a 

(33). 

24 1 

function of {z,(n), i E 8 , ,  n € O N - , } .  It could also depend 
on yN-’ explicitly and this results in a different static 
problem to solve for every  permissible  choice of k j N - ’ ( - ) .  

It should  be  noted  that this construction of nonunique 
“representations” of (30)  is  within the spirit of the concept 
of nonunique representations introduced in [22]  within the 
context of deterministic nonzero-sum dynamic games, but 
not quite the  same.  Nevertheless, it can be shown that 
essentially nonunique equilibrium solutions emerge from 
this construction under the amended information struc- 
ture. We  now provide a specific  example to illustrate and 
verify our conjecture. 

Example 1: Consider (as a special case of the general 
problem) a scalar 2-stage 2-criteria optimization problem 
with  2DM’s and described by the state equation 

x(2)=x( l )+u , ( l j  

~ ( 1 ) = x , + ~ , ( o ) + u , ( O ) ,  x,-N(O,l) . (Ma) 

and objective functionals 

J , = X ’ ( ~ ) + U ~ ( ~ ) + U ~ ( ~ )  

J2= x’(2) + U ; ( o ) .  (34b) 

The observation equations are given by 

- z3 z,(1)=x(1)+q(1),  u1(l)-N(0,lj 

z, 2 z,(0)=xO+u,(Oj  (344 

z2 ~ z ~ ( O ) = X , + G ~ ( O ) ,  u~(O)-N(O,~),  i=1,2. 

Now,  under the original  “one-step-delay observation shar- 
ing pattern”, we follow  the procedure outlined in  this 
section to obtain the  unique equilibrium solution 

* Y ~ ( z , ) =  -(39/269)~1 

*Y;(Z,)= - (35/269)z2 (35) 

*~~(~~,~~,~~)=-(19/269)~~-(41/269)(1/2)~~-(1/8)~~~ 

Under the  “one-step-delay sharing pattern”, however, 
again  by  following the outlined procedure  and this  time 
taking nonunique linear representation for k : ( . )  at Step 2, 
we obtain the set of essentially nonunique equilibrium 
solutions4 

* y f ( z 1 ) =  - [(39+8~)/(269+88p)]zl 

*y;(z2)= - [(35+40p)/(269+88p)]~, 

*Y:(z,,z2,Z3rU2(0))=-~z3-[(19+8p)/(269+88p)]zl 

- [(41  -8p)/2(269+88p)]z2 

+ P [ U 2 ( 0 ) +  [(35+40P)/(269+88P)]Z,], 

(36) 

31t can  be  directly  verified that (35) satisfies inequalities (7). 
4Details of this construction can be found in 118. sec. 51. 
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where p > - 8/23 is the parameter characterizing the non- 
uniqueness. It  can actually be  tested  by direct substitution 
into (7) that for every p > -8/23 (36) is indeed an 
equilibrium solution under the amended information 
pattern; ths  implies that if DM 1 is  given  access to  the 
past action of DM2, the equilibrium solution is non- 
unique, and it can easily be made nonlinear by an ap- 
propriate choice of representation. We also note that (36) 
corresponds to (35) for a specific  value of p ,  which  is p = 0. 

Remark 6: When specialized to the case of dynamic 
M-member team problems, Theorem 5 implies that under 
certain convexity conditions the LQG team problems with 
one-step-delay observation sharing pattern admit unique 
team-optimal solutions affine in the available information. 
When the information structure is  one-step-delay sharing 
pattern, we have seen above that for the multicriteria 
problem a possibility of nonunique solutions emerges. For 
the special case of team problems,  however, the latter 
information structure cannot produce better solutions 
(with  lower average cost) than the former information 
structure, as the following argument validates: Assume 
the contrary for the moment, that is, there exists an 
M-tuple of strategies depending explicitly on past actions 
and yielding a lower average value for the team cost 
function. However, at equilibrium every action can 
uniquely be expressed in terms of corresponding observa- 
tion  vectors, and this produces a strategy M-tuple measur- 
able with respect to the field generated by the one-step-de- 
lay observation sharing pattern. This implies that  in  a 
team problem one can, without any loss of generality, deal 
with the original information structure. Hence, for the 
special case of a team problem, Theorem 5 provides a 
verification of the conjecture made in [7] concerning lin- 
earity of optimal team-solutions for this class of problems 
and under the one-step-delay sharing pattern. 

Remark 7: The deterministic version of the problem of 
Section IV, but with additive noise tern in the state 
dynamics and with closed-loop information for all 
players, has been considered in [22], and in this context 
uniqueness of Nash equilibria has been established. That 
particular equilibrium solution has the property that it is 
in Nash equilibrium at every stage of the game, in other 
words, at every stage one has to  solve a static Nash game 
whose objective functionals are the “cost to go”  expres- 
sions  in the sense of dynamic programming. Furthermore, 
the unique Nash strategies, at every stage, are completely 
determined from the solutions of those static games. This 
is definitely a very desirable property, and besides, the 
resulting strategies are computationally very  feasible. At 
this point one might  raise the question whether it is 
possible to obtain  a  Nash equilibrium solution for the 
stochastic problem of Section IV, with such a property. 
First of all,  it should be  clear that this  is not possible 
under the one-step-delay observation sharing pattern, 
since the equilibrium solution mentioned in Theorem 5 is 
unique and it  does not possess such a property. Under the 
one-step-delay sharing pattern, however, we have seen 
that there  exists nonunique equilibrium solutions, and  one 

of these could very  well possess that p r~pe r ty .~  Actually 
such a solution has recently been presented in [26] by 
applying dynamic programming arguments and by 
making repeated use of Theorem 3 of [ 151 at every stage. 
Though computationally feasible, such an equilibrium 
solution does not seem to have much of a sigmficance, at 
the present, since it is one of an infinite number of 
equilibrium solutions, and the property that we have out- 
lined above has not yet been made mathematically pre- 
cise. It should be noted that one possible approach is to 
take the delayed-commitment point of  view of [231-[24] 
under the one-step-delay sharing pattern. But ths  requires 
further investigation. 

V. CONCLUDING REMARKS 

Our aim, in ths  paper, has been to develop certain 
general results concerning the (Nash) equilibrium solu- 
tions of LQG multicriteria optimization problems and 
under quasiclassical information patterns. One of the 
main  results  is that under the one-step-delay observation 
sharing pattern, the equilibrium solution is unique and 
affine. Hence, in solving a problem of this type, one may 
without any loss of generality assume an affine strategy 
for each DM, and then optimize only on the coefficient 
matrices. Development of efficient algorithms to achieve 
that objective  is a problem that should be undertaken in 
the future. Under the one-step-delay sharing pattern, how- 
ever, it has been shown that the (Nash) equilibrium solu- 
tion concept alone does not make much  sense,  since such 
problems admit uncountably many solutions. In such a 
situation, one has to introduce some additional rational 
selection criterion, perhaps in the same spirit as the sensi- 
tivity and robustness criterion of [22, sec. Iv] or an 
extension of the delayed-commitment approach of [23] 
and [24]. Some further work  is definitely needed in  that 
context. 

For the static LQ multicriteria optimization problems, 
we have obtained a uniqueness result under rather relaxed 
sufficiency conditions; and the fixed-point approach 
adopted to prove the result has also  suggested the possibil- 
ity of detemining the optimal solution as the limit of a 
sequence of Picard iterates. This way  of representing the 
solution is  especially  useful  in the case of non-Gaussian 
distributions, when no closed-form solution can be ob- 
tained. Such a series solution approach has also recently 
been suggested  within the context of static team problems 
[25], where the approach taken involves  inversion of cer- 
tain operators and it results in somewhat more complex 
expressions  even for the team  problem. What should 
definitely be considered, in the future, withln that context, 
is determination of the speed of convergence of the Picard 
iterates for different probability distributions, and de- 
termination of the number of terms that should be taken 

particular  value of p .  
5Within  the context of Example 1, this will correspond to (36) for a 

~ ~ ~~ ~~ ~ 
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direction has been done in [27], but there are still several 
structural problems that require further investigation. In 
particular, the structural sensitivity of the stochastic 
Stackelberg solution to changes in the information pattern 
has not yet been fully explored. For a star t  in  that 
direction the reader is referred to r281. 

in each case SO as to achieve a fairly good approximation [ I  I] T.  Bagar and M.  Mintz,  “Minimax  estimation under generalized 
to the optimal solution. 

In some applications, the Stackelberg solution might be [I21 -, “On the  existence of .hear saddle-point  strategies for a 
than be ~~~h solution, and hence a two-person zero-sum stochastic game,” in Proc. 1972 ZEEE  Con$ 

thorough investigation of the properties of stochastic [I31 T. Bagar and Y. C. Ho, “Informakonal properties of the Nash 
Decision and Control, 1972, pp. 188-192. 

Stackelberg solutions of LQ multicriteria optimization solutions of two stochastic nonzero-sum  games,” J.  Ecan. Theory, 

problems  would be very desirable. Some work in that [14] T. Basar, “An extension of Radner’s  theorem to nonzero-sum 
games?’ in Proc. 12th A m  Allerton Con$ Circuit  and System 

[I51 -, “Equilibrium solubons in  twc-person quadratic decision 

mat. Contr., vol.  AC-20,  pp.  320-328, June 1975. 
problems with static information structures,” ZEEE  Trans. Auto- 

[I61 -, “Two-criteria  LQG  decision  problems  with  decentralized 
dynamic information patterns,” in Proc. ZFAC Symp. Large Scale 
System Theory and Applications, Guardabassi and Locatelli,  Ed., 
Udine, Italy, 1976,  pp.  457-465. 

[17] H. Witsenhausen,  “The intrinsic model  for  discrete stochastic 
control: some  open problem,” in Lecture Notes in Mathematical 

class of problems within the context of multicriteria Economics  and System Theory. no. 107, New  York. Springer 
stochastic optimization are those characterized by strictly [18] T. Baw, -Two-criteria Lw decision problem with one-step-de- Verlag,  1975,  322-335. 

nonclassical information patterns. Since the publication of lay  observation sharing pattern,” Marmara Research Inst., Applied 

Witsenhausen’s i 3 1 3  no re- [ 191  L. k Liusternik and V. J. Sobolev, Elements of Functional Analysis. 
search has been done in this area within the context of New  York: Ungar, 1961. 
team problems. On the other hand, as we have mentioned [20]  F. R Gantmacher, The Theory of Matrices. Vols. I and 11, New 

York:  Chelsea, 1959. 
before (in Section I), for zero-sum dynamic games of the [21] G. F. Simmons, Introduction to T~pologv and Modern Analysis. 

LQG  type, the strictly nonclassical information pattern 1221 T. B ~ ~ ,  -on the  uniqueness of the  Nash  solution in hear -  
New  York:  McGraw-Hdl,  1963. 

does not really create any major difficulties, since the quadritic differential  games,” Znt. J. Game Theory, vol. 5, no. 2/3, 
saddle-point solution is  still attained by affine strategies [ul R. J. and p.  MascHer, thou.& on the minimax 
[ 1 1]-[12]. This implies that for some class of LQG multi- principle,” in Management Science. vol.  18,  1972. 
criteria optimization problems with strictly nonclassical [24] Y. C. Ho, “On the minimax principle and zero-sum  ‘stochastic 

information patterns, it is  still  possible to obtain unique [25] J. F. Rudge,  “Series  solutions to static team control problems,” in 
differential games,” J. @t. Theor.  and Appl., vol.  13,  1974. 

linear equilibrium solutions. It is  still not known precisely [26] B. Kurtaran, ‘sDyn-c two-person two-ob,ective control problem Mathematics of Operations Research, vol.  1, no. 1, 67-81,  1976. 

how large this class is, and it constitutes a challanging with  delayed sharing information pattern,” ZEEE  Trans. Automat. 
problem awaiting further consideration via an innovative [271 D.  “Equilibria in dynamic games of stat- 
approach. A thorough investigation of this  class of prob- kelberg  type,  Ph.D.  dissertation,  Electron.  Syst.  Lab.  M.I.T., 
lems  will definitely also shed light on the solution of the [28]  T. Bas=, csInfomation and in dynamic 
LQG team problems with strictly nonclassical information games: in New  Trendrr  in Dynamic System Theory  and Economics. 
patterns. 

quadratic loss,” in Proc. 1971 ZEEE  Conf:  Decision and Control, 
1971,  pp.  456-461. 

V O ~ .  7, pp. 370-387,  1974. 

Theory, 1974, pp. 199-206, 

One of the most interesting, challanging and important 
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1976,  pp.  65-90. 
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