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AFFINE INCENTIVE SCHEMES FOR STOCHASTIC
SYSTEMS WITH DYNAMIC INFORMATION*
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Abstract. In this paper we study the derivation of optimal incentive schemes in two-agent stochastic
decision problems with a hierarchical decision structure, in a general Hilbert space setting. The agent at
the top of the hierarchy is assumed to have access to the value of other agent’s decision variable as well
as to some common and private information, and the second agent’s loss function is taken to be strictly
convex. In this set-up, it is shown that there exists, under some fairly mild structural restrictions, an optimal
incentive policy for the first agent, which is affine in the dynamic information and generally nonlinear in
the static (common and private) information. Certain special cases are also discussed and a numerical
example is solved.
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1. Introduction. Consider the general class of two-agent stochastic dynamic
decision problems with a hierarchical decision structure, wherein one of the agents
(called the leader) has access to both the decision value and observation of the other
agent (called the follower), and the objective is verification of existence and derivation
of optimal strategies for the leader under which the follower’s optimal response (based
on the minimization of his expected cost function) leads to a desired ‘“optimal”
performance for the leader. Such problems are known as Stackelberg problems [1]-[5]
or incentive design problems [8], [20]-[23] and have recently attracted considerable
attention in the literature, because of the nonstandard nature of the optimization
problem faced by the leader, when he has access to dynamic information [6]-[18];
for a survey and unification of some of the available results in the literature on
deterministic and stochastic dynamic Stackelberg problems we refer to [8], [12] and
[19], and also to [26] for a general discussion.

A recent reference [15] has shown that in deterministic dynamic incentive prob-
lems with perfect or partial dynamic information, and when the follower’s cost function
is strictly convex (but not necessarily quadratic), there exists an optimal incentive
strategy for the leader which is affine in the dynamic information. The object of this
paper is to provide a nontrivial extension of this result to stochastic decision problems
in which there is available some common information on the unknown state of Nature
to both agents as well as some private information to the leader; the leader has also
access to the value of the follower’s decision variable. The problem is formulated in
general Hilbert spaces with the follower’s loss function taken to be strictly convex in
both agents’ decision variables. In this general framework, we establish existence of
an optimal incentive strategy for the leader, which is affine in the dynamic information,
and in general nonlinear in the static (common and private) information; we also
obtain an analytic expression for the optimal solution and consider some special cases
of the general problem.
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Section 2 provides a precise problem formulation for the case when only common
information is available to the leader, whose solution is obtained in § 3 (cf. Proposition
1). Section 4 extends the formulation and results of §§ 2 and 3 to the more general
case when the leader has also access to some private information, and a characterization
of the complete affine solution is provided in Proposition 2. Section 5 contains a
numerical example that serves to illustrate some salient aspects of the solution, and
the paper ends with the concluding remarks of § 6.

2. Problem formulation. Let (), #, ) be an underlying probability space, on
which are defined two random variables x and z taking values in R" and R™ respectively.
Let U and V be given Hilbert spaces, denoting the decision spaces of DM1 (the
leader) and DM2 (the follower) respectively, and let T'; and T'; be the corresponding
strategy spaces defined as

(1) T', = {measurable y,:R™ - V, such that E {(y.(z), y2(z))} <o},

) I’y = {measurable y;: V X R™ > U, such that
]:: {(yaly2(2), 2], yily2(2), zDu} <00 Vy, €L}

Furthermore let I'] = I'; denote the set of all static policies for the leader, i.e.

3) I'l ={measurable y; : R™ - U, such that E {{(yi(z), y1(z)).} <0}

Here, (-, - ), (respectively, (-, - ),) denotes the inner product associated with the Hilbert
space U (respectively, V), and the measurable transformations are restricted by the
further (implicit) condition that the expectations of the related expressions are well
defined. With this construction, I';, I'{, and I';, become Hilbert spaces under the natural
inner products derived from those defined on U, V, and V, respectively. Note that,
to each pair (yi, ¥2) in T'; XTIy, there corresponds an unique element B; € I'}, defined
by B1(z) = vi[ya(2), z].

We now introduce two functions, L;:R" XU XV >R, L,:R" XU X V >R, as the
loss functions of DM1 and DM2 respectively, and further introduce

Ji:R" XTI XTI » R, i=1,2,
as

4) Ji(z,y1, 72 = E {L1(x, u, ) |u =10, 2), v =72(2)},

where E,|, denotes expectation over the statistics of x with conditioning on the
observed value of z. Finally, we let J;(y1, v2), i =1, 2, defined by

(5) -fi(yl’ 72) =€{J,(Z, Y1, ‘YZ)}’

denote the expected cost of DM, under the policy pair y; €I'y, y,€T'>. We assume
at this point that the follower’s loss functional L,(x, u, v) is strictly convex on U X'V,
for every x e R".

The problem faced by the leader is to find a strategy (synonymously, an incentive
scheme) which, by also taking into account rational (expected-cost minimizing)
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responses of the follower, leads to a most favorable performance for the leader. This
performance may be defined as the global minimum value of J;(y1, y,) over I'y XTI,
or equivalently over I'] XT'; [assuming that it exists]:

(6) Ji= (Yx,vrzl)lei{]fxrz Ji(y1, v2) =J1(y1, v2)

which corresponds to some specific choices of y; € I'] and y, €I, (in this case, y; =y}
and vy, = y3); or, more generally, there may exist some pair in I'{ X', (denoted again
(v, ¥%)) which is chosen according to some criterion and is considered to be most
favorable to the leader. The question we address, in the next section, is the existence
and derivation of an “optimal” incentive scheme y € I'; for the leader, under which
the best (J,-minimizing) policy for the follower is y5 € I', and a corresponding element
in T for the leader is y} =vy}[y5(z), z]. Note that this is a meaningful problem
because, given a pair (y}, y2)€ '} XTI, there exists a plethora of elements y; in 'y
with the property y1[y5(z), z]= v (z). Furthermore, vy} € 'y, in this case, is clearly a
Stackelberg strategy for the leader [12].

3. Optimal affine incentive schemes for the leader. Let us first introduce, for
each z e R™, the set

(7) Qt(z)={(u’ U)e UXV|j2(Z, u, U)éjZ(za utz, vtz)}
where
8) Jo(z, u,0) 2 E {La(x u, v)|z}

and (u, v) are taken as (deterministic) elements in U X V. Since L,(x, -, -) was taken
to be strictly convex on U XV, Q,(z) is also strictly convex for each z € R", with
{u: =v1(z), vy =7v5(z)} being a boundary point. This implies that, for each z € R™,
there exists a hyperplane passing through (u%, v%), and if, further, J5(z, -, - ) is Fréchet
differentiable on U X V, for each z € R™, the equation of this supporting hyperplane
can be written as

) (VoTalz, ul, v8), u—ubdy +(V,Jo(z, ub, v8), v —0), =0

where V,J,(z, ul, vt) e U* is the Fréchet derivative of J, with respect to u, evaluated
at the point (1%, v:), and U* is the Hilbert space adjoint to U; V,J, is analogously
defined as an element of the adjoint space V*. Now, assuming that, for every z € R™,
V. Ja(z, ut, v) #0, it follows by utilizing the Hahn-Banach theorem [25] (see also
[15, Lemma 1]) that there exists a bounded linear operator Q¥: U*-> V*
satisfying

(10) Q,zkvujl(z, utz7 vtz)=vvf2(za utz’ U;),
so that
(11) u,=u;—Q,(v—v;)

lies, for each z € R™, on the hyperplane described by (9) and passes through the point
(u, v3). Here, Q,: V- U is the bounded linear operator that is adjoint to QF, for
each fixed z e R™.

The next question is whether (11) is a well-defined strategy for the leader, i.e.
whether it belongs to I'y, which requires Q, to be a measurable function of z. We
now establish an even stronger regularity property for Q, under some regularity
conditions on J,, u’ and v':
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LEMMA 1. Let V,Jo(z,ul, vt) and V,Ja(z, u', v’) be weakly continuous® in z.
Then, there exists a linear bounded operator Q,: V - U, weakly continuous in z, whose
adjoint satisfies the linear equation (10).

Proof. For brevity in notation, let V. J(z, u’, v.)2 i¥*, and Vo Jo(z, ul, v') 2 5%,
For each fixed z € R™, introduce a bounded linear operator P,: U* » V* by

_ AT u ) o

(12) Pu*= TR 0%, with u*eU*,
z {lu*

which clearly satisfies (10), when substituted for Q¥. Now, for any u*e U* andv e V,

e 3
(U, qu*)v = (a’zk’ u*)u“‘ <L:PZT>v’
[l %
and the latter expression is a continuous functional of z by virtue of the weak continuity
of ii¥ and #¥. This then implies that P, is weakly continuous in z, and thereby P¥ is
also weakly continuous in z [24]. Now, taking Q, = P¥, it readily follows that there
exists a version of Q, (satisfying (10)) that is weakly continuous in z. 0

The following proposition now summarizes the solution to the incentive problem
formulated in § 2.

PrROPOSITION 1. For the incentive problgm of 82, if (i) Ja(z, u, v)_is Fréchet
differentiable on U X V, (ii) for every z e R™, V. J12(z, u% v3) # 0, and (iii) V., Ja2(z, us v%)
and V,J,(z, u, v') are weakly continuous® in z, there exists an optimal incentive strategy
i, z) for the leader, in the form

(13) uy =y (v, z)=u} - Q. (v —v}),

where the linear operator Q,: V - U is chosen according to (10) and is weakly continuous
in z.

Remark 1. If U and V are finite-dimensional spaces, U *=U and V*=V, and
consequently V,J, and V,J, are (column) vectors of appropriate dimensions for each
z € R™ Then Q, becomes a matrix-valued function of z, and can be chosen as

(14) Q. =V, Iz, ut, v)[VoToz, ul, 00/ IVuda(z, ul, v
Note that, under the hypotheses of Proposition 1, every element of Q, will be a
continuous function of z.

As a special class of problems, let us consider now the case when L,(z, u, v) is
quadraticon R"x U x V.

(15)  La(x, u, v) =3, A1), + Uy A1)y +3(0, Apv)y {1, C1x)y + (v, Cax )

where A;; and C; are linear bounded operators, A, is strongly positive, and A,;—
A12(Az) 'A% is also strongly positive. Then,

fz(Z, u, v) =%<u, All“)u +<u, AlZ”)u +%(U, A220>v +<u9 Cle>u +<U, C2xA>v

! See [24] for a definition of weak continuity.
2 A set of sufficient conditions for this is that i) J5(z, u, v) be continuously Fréchet differentiable in u
and v, and be continuous in z, and ii) u} and v} be weakly continuous in z.
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where £ = E[x|z]. Given a point (u}, v;) € U X V, for each z € R™, the Fréchet deriva-
tives at this operating point can easily be determined to be (-, i#.), and (-, 7,),, where
U,eU and 0,€ V are

(16a) u, =A11u;+A1202+C1f,
(16b) 61 =A>1k2utz+A22'U;+C2f.

This then leads to the following Corollary (to Proposition 1) in view of (12).
COROLLARY 1. Let L, be given by (15), and 4, and G, be defined by (16a) and
(16b), respectively. If us, v are weakly continuous in z, ¥ = E[x|z] is continuous in z,
and, for every z € R™, ii, #0, there exists an optimal incentive strategy for the leader
which is affine in v and weakly continuous in z, and is given by
U,

(17) Y, z)=us -
(U, Uz )y

<6z’ [ vtz>v'

Proof. In view of the discussion preceding Corollary 1, the proof will be complete
if we show that Q,: V - U in (13) (and (10)) is given by [(5,, - )o/|lii;/|2]i,. Towards
this end, we first observe from (12) that a possible solution of (10) is given by

kol %
U, u o .
qu*=<—|-|z—d’—*”2—i“tv§" with u*e U*,
z llu

where ¥ and ¢ are the Fréchet derivatives belonging to U* and V*, respectively.
Since U* and V* are Hilbert spaces, corresponding to #i¥ and ¥ there are unique
elements i, € U and ¢, € V, with the property (¥, u*),« = (ii,, u*), and ($%, v*) =
(6, v*), for all u* e U*, v*e V* and every fixed z € R™ (see [25]). These elements &,
and 0, can explicitly be determined in our case (because of the specific structure of
L,) and are given by (16a) and (16b), respectively. Hence, we have

W u™)u, .
(v, QFu*), =—"ZI’Z B “(v, 0, )» =(Q.0, u*),
zllu

whereby

(0, 52)0 -
~ 12 uz9
”uznu

Q=

which establishes the desired results. 0O

4. A more general formulation: Leader acquires private information. We now
extend the analysis and results of the previous section to a more general class of
incentive problems wherein the leader observes, in addition to z, the output of a
second random variable y (taking values in R”). This random variable will in general
be correlated with x and z; however, we assume (for technical reasons) existence of
a measurable transformation f: R™ X R® > R, so that the random variables y =f(y, z)
and z are statistically independent, and the sigma fields generated by (y, z) and (y, z)
are the same. (For example, if y and z have a joint Gaussian distribution, f(§, z) 2 y —
E[¥|z]).) Therefore, we henceforth assume that u =y:(v, z, y), v = y2(z), and z and
y are statistically independent.
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For this problem, we now first modify the definitions of the strategy sets (2) and
(3) to read

I'; = {measurable y;: V xR™ xR’ > U, such that
(18) E {vily2(2), 2, y1, vilya(2), 2, y Du} <0 Yy, €T}

and

(19) Tj={measurable y;:R™ xR’ > U, such that ZEy {vi(z, ¥), v1(z, y))u} <o}

Furthermore, we redefine J; and f, as
(20) Ji(z,v1,v2)= E {Li(x, u, o)lu=y1(v, 2, y), v =v2(2)},
(21) Ji(y1, ) = E{i(z, v1, 2,
and let {u’,, =7v1(z, y), v: = y2(z)} denote a pair in I'; XT', that (globally) minimizes
J1. For each fixed z € R™, we let
(22) B(z) ={measurable B.: R’ - U, so that l;? {B:(y), B2 (y))u} <o},
ylz
and note that to each y;€I'{ and for fixed z € R™ there will correspond a unique
B: € B(z) such that yi(z, ) =8.(*).

Now utilizing the statistical independence of z and y, let us introduce as a
counterpart (7), and for each z € R™, the set

(23) Qu(2) ={(B, v) € B(z) X V|Jo(z, B, v) =Ja(z, BL, v1)},
where
24) oz, 8,0)= E {Ls(x, B(y), v)lz},

and B is the restriction of v} €TI'} to B(z). It is worth to note, at this point, that

E{i(z, L v} =E{ E {La(x, 820, v )z}
2s)
= E {Ly(x, v1(x, vi(2 ), v2 (2} = L(¥1, 73).

X, ¥,z
We can now proceed with the derivation of an optimal incentive scheme by following
the analysis of § 3, with U replaced by B(z), where the latter can be made a Hilbert
space under the inner product

(B1, B2)s =1§{(B1(Y), B2(y))u}s BieB(z).

It ig easy to see that strict convexity of Ly(x, -, ) on U X V implies strict convexity
of J»(z, -, -) on B(z) X V, for each z € R™, and hence assuming that the latter is Fréchet
differentiable on B(z) X V,, the equation of the hyperplane supporting Q,(z) at (85, v53)
is

(26) (VaJo(z, BL v4), B—Bi)s +(VuJalz, Bl vh), 0 —05), =0
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where VgJis(z, B, vi)e B(z)* is the Fréchet derivative of J, with respect to 8, and
evaluated at the point (8}, v;). Since there is a natural counterpart of Lemma 1 in
this framework, validity of the following counterpart of Proposition 1 can readily be
established:

PROPOSITION 2. For the incentive problem formulated in this section, if (i) Tz, B, v)
is Fréchet differentiable on B(z)x V, (ii) for every z € R™, VgJa(z, B2, v2) #0, and (iii)
VJa(z, B3, v2) and V,J5(z, B, v3) are weakly continuous in z, there exists an optimal
incentive strategy v3 (v, z, y) for the leader, given by

(27 usy=v1(v,z,y)=ut, — Q. (v —vi)(y),

where Q,:V - B(z) is a linear bounded operator which is weakly continuous in z, and
whose adjoint satisfies the linear equation

(28) Q¥VeJs(z, BL v8) =V, Ja(z, BL 1),

which is defined on V*. 5
For the special case when L, is quadratic, as given by (15), J,(z, B, v) can be
written as

I2(z,8,0)= E {(B(y), AuB(y)u+(B 1), Arzo)

+%<U, A22v>v + <B (Y), C1x>u + <U, sz)v}
(29)

=3E{(B(y), AuiB(y)u}+(B, A120)u

y

+3(v, A0), +xﬁz {B(y), Cix)u+ (v, C2x),}

where

A

B: =YE'Z{Bz(y)|z}=I§{ﬂz(y)},

)?(z)éxﬁZ {xlz}=£:;{x|z}.

For fixed z € R™, the Fréchet (or Gateaux) differential [25] of J, with respect to S,
and at the point (8%, v}) is

8pTa(z, B, 045 h) = EXBL(Y), Aniha(y)hu}
(A% A+ E {Cix, (),

where ki, € B(z) is an admissible variation and £, 4 E, {h.(y)}. Since
g (y=-£{ £ (1},
x,ylz y Uxly.z

this expression can be written as

8a(z, Bl vt hs) =€{(A1lﬁ;(y)+Auvtz +Cif, b (y))}

where

i(z, y)& E fxly.z}
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and it readily follows from this expression that the Fréchet derivative of J, with respect
to B, €B(z)is (-, B.)s where B, € B(z) is given by

(30) B.=AuBL+A L +Cii(z, ).

The Fréchet derivative with respect to v € V, on the other hand, readily follows from
(29) to be (-, 0,), where 0, € V is given by

(31) 0. =AL E{B:(y)}+Anv; +Cof(2).
y
In view of these relations, a possible solution for Q,, whose adjoint satisfies (28), is
(,0:)0 5
(32) Qz ( : ) = Bz,
IIB:II2

which follows by following the arguments used in the proof of Corollary 1 in § 3. This
then leads to the following corollary (to Proposition 2):

COROLLARY 2. Let L, be given by (15), and B. and vZ be defined by (30) and
(31), respectively. If vi(z, y) is weakly continuous in z and y, v3 (z) is weakly continuous
inz, £(z, y) is continuous in z and y, #(z) is continuous in z, and, for every z € R™ LB, #0,
there exists an optimal incentive strategy for the leader which is affine in v, and weakly
continuous in z and y, and is given by

B.(y)

A A

(33) Y, 2, y)=vi(z,y)—

Remark 2. An important observation that can be made from (33) is that the
dynamic part of the leader’s optimal policy depends not only on the common informa-
tion z (about x) but also on the leader’s ‘‘private” information y.

5. A scalar example. To illustrate Corollary 2, and especially the structural
dependence of y? on the common and private information (z and y), we consider in
this section a structurally simple numerical example. Letn =m =p=1,and U =V =R.
Let x, w; and w, be independent zero-mean Gaussian random variables with variance
1. Define z =x +w; and y =x + w,, in which case

y=y—El[ylz]=y-2
Assume that y1(z, y) and y3(y) are in the structural form (where a1, a,, a3 are known
scalars)

ytl(za y)=a12+a2y’ ‘Ytz(Z)=013Z, a1, a3, aSER,

which would constitute a globally minimizing solution to a quadratic cost function for
the leader.
Now let L, be given as

Lo(x, u, v) =3u)’ +uv +2(v)* + ux +2vx,

which is strictly convex in the pair (u, v). Then éz (y) and 0, can be computed to be
[from (30) and (31), respectively]

éz(y)=alz +asy +asz +E[x|z, y]=(a1+a3+%)z +(a2+%)y A @1z +dyy,

UV, = E' [CV]Z +a2y]+4a32 +2E[xlz]=(a1+4a3+1)z éa_3Z.
ylz
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Under the parametric restriction a, # —3, all the hypotheses of Corollary 2 are satisfied;
and since

E 8.0y =aiz*+3a3,

an optimal incentive scheme for the leader is

(&12 +&2y)&32
-2 _2 -2
aiz"+3as/2

Note that this policy is nonlinear in the common information z, and the private
information y also enters the gain term multiplying v. We show in Appendix 1, by
direct verification, that (34) indeed constitutes an optimal incentive scheme for the
leader, forcing the follower to the desired solution y5(z) = asz.

An important question that can be raised at this point is whether (34) constitutes
a unique solution to the problem under consideration within the class of incentive
schemes that are affine in v, or equivalently, whether the gain term in (34) solves (28)
uniquely. We address this question in the sequel and show that the affine solution is
not unique.

Towards this end, let us first assume that there is no private information for the
leader, and v (z) = a;z. Then, an optimal solution can be obtained from Corollary 1
as

(35) v?(v,2)=alz—(g—?) [v—asz]

(34) Yi(v, 2, y) =1z +azy — [v—asz].

which is in fact the unique one in the class of affine policies, and is linear also in the
static information z, thus corroborating a result obtained in [16] for linear-quadratic
problems with hierarchical decision structure. Now, if an additional information y
comes in to the leader, which is statistically independent of the random variable z
characterizing the common information, there seems, at the outset, no particular
reason for the gain term in (35) to change, since v is measurable only with respect
to the sigma field generated by z. Hence, intuitively, one expects the policy

(36) y1° (0, z,y) = aiz +a2y—(;?) [v—asz]
1

to constitute an optimal incentive scheme when both z and y are acquired by the
leader. This is indeed true, and the validity of this intuitive result has been established
in Appendix 1 by showing that

argmin E {L(x, Y1 (v, 2, y), v)z} = v3 (2).

Hence, the conclusion is that the scalar example of this section admits at least two
affine optimal incentive schemes one of which is also linear in the static information

(z,y).

6. Concluding remarks. By adopting a functional analytic framework, we have
obtained optimal incentive strategies (for the leader) in a general class of hierarchical
two-agent stochastic Stackelberg problems in which the leader has access to the
follower’s decision, to some common information, and also to some private informa-
tion. The main conclusion of this analysis is that, under some fairly mild structural
restrictions, there exists an optimal incentive policy for the leader, which is affine in
the dynamic information and generally nonlinear in the static (common and private)
information.
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Even though we have used a general Hilbert space setting for the control (decision)
spaces, we have assumed the random variables to take values in finite-dimensional
spaces. We have chosen this framework in order to display salient features of the
derivation without being distracted by the additional technical restrictions that would
be required otherwise. However, our results (embodied in Propositions 1 and 2) are
valid in a more general framework which allows the random variables to be weak
random variables (cf. [24]) defined on (infinite-dimensional) Hilbert spaces, which
includes, for example, the case of stochastic processes.

Appendix. In this appendix we show, by direct verification, that both y{ and
y(i’o, given by (34) and (35), respectively, solve the stochastic incentive problem of
§5.

Starting with the functional form

u=a1z+ay—Qlz, y)v—asz],
which is clearly a dynamic representation of the static policy v](z, y) at the desired
equilibrium (y}, y3), we substitute this into L,(x, u, v) and take the expected value

conditioned on z, with Q being an arbitrary function measurable in z and y. The
result is the function

J(U’Z):x,ly;‘z Blu'—Q—-v")P+[u'—Q—0v")]w+x)+20v°+2vx|z}
=2E{Q%|z}(v ~v')’ ~E[u'Q|z](v —v")
+3E{u? |z} +ayz0 +%22+E{a2yx|z}
~E{Q|z}(v —v")v —E{Qx|z}(v —v") + 20>+ vz,
where u‘ =vi(z,y), v =v32(2).
Since 3E{Q*|z}-E{Q|z}+2>0 a.e. ?,,J(v, z) is strictly convex in v a.e. ?,,

and hence v =0’ constitutes the unique minimizing solution to J if and only if
aJ(v', z)/8v = 0 a.e. ?,. This leads to the following equation to be satisfied by Q(y, z):

[a;— E[Q(y, 2)|z](ast+ a;) +das+1]z

(A - a, E[yQ(y, 2)|z]— E[xQ(y, 2)|z]=0.

Let us now consider the following two choices for Q:
1) Q(y,z)=ds/dy;
2) Q(y, z)=(a:z +ayy)dsz/[aiz’+3a3/2].

In the former case, (A1) reads

o n _
[al——————%(‘“ “1)+4a3+1—“—_3]z =0,
aq 20(1

which can easily be shown to be an identity, by making use of the definitions of a;
and a@;. Hence y{° given by (35) is indeed an optimal incentive scheme.
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In the latter case, (A-1) reads

—E[xQ(y, 2)|2]=0

- - 2 - -

[d3_(dl_%) et ]Z‘ 362“62!26!322
-2 - - -
@iz’ +3a3/2 2aiz°+3a;3

[ _ 3 R -
aslarz +az’] o302 A2003Z -0

— _2 T A=2_2 2 A -2_2 —2 =
2a2z%+3a@s  2aiz’+3a: 2aiz*+3as

since E[x|z]=3z and E[xy|z]= 3. The latter equation is an identity, thus corroborating
the optimality of the incentive strategy y| given by (34).
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