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Abstract—In this paper, we consider the design of globally
asymptotically stabilizing state-dependent switching rules for
multimodal systems, first restricting attention to linear time-in-
variant (LTI) systems with only two states for the switch, and
then generalizing the results to multimodal LTI systems and to
nonlinear systems. In all cases, the systems considered do not
allow the construction of a single quadratic Lyapunov function
and, hence, fall in the class of problems that require multiple
Lyapunov functions and thus are nonconvex. To address the
challenge of nonconvexity, we introduce probabilistic algorithms,
and prove their probability-one convergence under a new notion
of convergence. Then, to reduce complexity, we develop modified
versions of the algorithm. We also present a class of more general
nonconvex problems to which this approach can be applied. The
results are illustrated using two- and three-dimensional systems
with multiple switch states.

Index Terms—Multiple Lyapunov function, nonconvexity, ran-
domized algorithms, switched systems, switching rule design.

I. INTRODUCTION

MULTIMODAL systems, or switched systems, represent
a class of hybrid systems, and stability issues of such

systems have been a subject of much recent research. Consider
the linear case with two subsystems given by

(1)

where is the state, and is the state of
the switch. The matrices and are assumed to be non-Hur-
witz, that is, each , , has at least one eigenvalue with a
nonnegative real part. The problem of this paper is to construct a
state-dependent switching rule such that global asymptotic sta-
bility is achieved. We assume that there is no convex combina-
tion of matrices and that is Hurwitz because otherwise
it is well known that there is a single quadratic Lyapunov func-
tion, which ensures quadratic stability.

In designing a switching scheme, it is attractive to employ
a single Lyapunov function of a quadratic type because of its
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simplicity, but it is unnecessarily restricted. In the hybrid systems
literature,methodsthatmakeuseofmultipleLyapunovfunctions,
or piecewise Lyapunov functions, have been studied extensively
(see,e.g.,[5],[7],[12],[15],[25],[26],andthereferencestherein).
Most of them, however, are for analysis purposes and, hence, the
issue of design remains as a challenging problem.

In [17] and [24], one of the few such methods for constructing
switching rules was developed. The method employs a piece-
wise quadratic Lyapunov function and can be described as fol-
lows. Let the unit sphere in with center 0 be

. Given and positive–definite matrices
, suppose that for every

if and

if (2)

Then, we can construct a switching rule

(3)

Observe that the state–space is partitioned into two sets
and

1, and the switching signal is determined by
the set in which the state is (and, hence the term state-de-
pendent switching). It can be easily checked that, if there is no
chattering in the switching2, the piecewise quadratic function

decreases along trajectories of (1)
and, thus, global asymptotic stabilization is achieved.

The switched system problem above is nonconvex and,
hence, is computationally difficult to solve; for complexity
issues arising in control, see [3]. A conventional method for
constructing the matrices and is to use a bilinear matrix
inequality (BMI) condition which is equivalent to (2), through
the use of the so-called -procedure [7], [24]. Although this
method may simplify the problem to some extent, algorithms
generally have high complexity. Another drawback in this con-
text is that for switched systems with three or more subsystems,
the condition of this type becomes only sufficient and, thus,
conservative.

The objective of this paper is to develop a probabilistic, gra-
dient-based algorithm which directly deals with the condition in
(2). The proposed algorithm iteratively generates a pair

1Clearly, the boundary points of the two sets X (x), i = 1; 2, overlap, and
the term partition is used in a nonstrict manner.

2When the state x is on the boundary of X , the switching signal � may take
the value of either 1 or 2. This should not affect the solution of (1) under the
condition that there is no chattering, i.e., that there are only finite switchings in
finite time. We should note, however, that the switching rule (3) does not take
measures to prevent chattering. For details on related issues, see [15], [17], and
[24].
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and is guaranteed to converge in a probabilistic sense. The ad-
vantage of this approach is that it can be extended to the general
case without introducing the conservatism mentioned above.
On the other hand, a motivation for taking a probabilistic ap-
proach is the computational complexity of the problem. This
approach has been a subject of active research in robust control;
see, e.g., [22]. As mentioned above, the problem is nonconvex,
and the structure of the problem makes the complexity high.
For example, even to check deterministically whether given ma-
trices and satisfy (2) entails indefinite quadratic program-
ming, which is known to be NP-complete [4], [20]. In contrast,
the complexity of the proposed probabilistic algorithms does
not depend on the problem size such as the dimension of the
switched systems.

Here, in particular, we follow an approach based on stochastic
approximation algorithms [14], which was introduced in [21]
in the context of robust control. This approach has been found
useful in exploiting the structure of control problems and in de-
veloping low complexity randomized algorithms; for recent re-
sults, see, e.g., [9], [11], [13], [16], and [19]. These works, how-
ever, deal only with convex problems.

The novelty of this paper is in proposing a probabilistic algo-
rithm under this scheme for a nonconvex problem, by studying
the special structure of the condition (2). It turns out that the
switched system problem belongs to a class that can be viewed
as a generalization of the convex ones considered previously. As
a result, a broader notion of convergence is required in the pro-
posed algorithm: It is not possible to generate one sequence of

-pairs that is guaranteed to converge to a solution as in
earlier works. Instead, in this paper, the algorithm generates a
set of such sequences among which at least one is known to be
converging. To maintain the number of sequences at a practical
level, we also present its modified, heuristic version based on a
branch-and-bound type method.3 Furthermore, these techniques
are applied to switching rule synthesis for more general cases;
we consider switched linear systems with more than three sub-
systems as well as switched nonlinear systems.

This paper is organized as follows. In Section II, we state the
problem and give several preliminary results. In Section III, we
present the randomized algorithm together with the main the-
orem which shows its probabilistic convergence. This algorithm
is then modified to reduce its complexity first by relaxing the re-
quirement to probabilistic solutions in Section IV and further by
introducing a branch-and-bound method in Section V. The mul-
timodal case is presented in Section VI. In Section VII, we dis-
cuss the general class of problems to which the switched system
problem belongs. Finally, some numerical examples are given in
Section VIII, followed by concluding remarks in Section IX.

Notation: For , denotes its Euclidean norm. The
space of symmetric matrices in is equipped with the inner
product tr and the Frobenius norm

, where is the th entry of the matrix

. Let be the cone of nonnegative–definite matrices.

3In this paper, we use the term branch-and-bound with a slight abuse of termi-
nology. The proposed algorithm does not include pruning steps, whereas in the
standard branch-and-bound algorithms, only candidates that are not solutions
are eliminated; see, e.g., [1].

We define the projection of a symmetric matrix on
by .

We extend the inner product and the norm on the space
of symmetric matrices in to the product space

in a natural way. The inner product is de-
fined by and the

norm by . We also use

the notation for the set of nonnegative–definite
matrix pairs.

II. PROBLEM FORMULATION

In this section, we give the problem statement and study the
structure of the problem and in particular the solution set.

The problem of this paper is formally stated as follows: Given
a scalar , find positive–definite matrices and , if they
exist, such that for every the condition (2) is satisfied.

We first introduce some sets in the space . Let be the
solution set for the problem:

for every

if and

if (4)

For , define the sets , , by

(5)

These sets allow us to study the properties of the problem in
. First, there are two important facts about the problem; we

state them as a lemma in the following.
Lemma 2.1:

i) The sets , , partition the set for each
.

ii) The solution set can be written as
. In other words,

for each

(6)

Proof: i) This is obvious from the definition of . ii)
We must show that is in if and only if for every

, and
or and . For this,
we prove

a) If then and If not then

b) and or not and
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This is done as follows:

a) not or and or

not and or or and or

not and or not and or

and or and

not and or and or

and and or and and not

b)

Thus, we have . Now, (6)
is immediate.

We next make a few assumptions on the solution set . De-
fine a subset of the solution set as follows. Given a scalar

, let

for every

if and

(7)

Clearly, if , then . Furthermore, this set
is nonincreasing in the sense that for , we have

.
Throughout this paper, we assume that the following holds.
Assumption 2.2: The solution set is nonempty, and fur-

ther there exists a scalar such that is nonempty.
We note that in general, the existence of a larger in the as-

sumption means that the problem admits a larger solution set, as
we will see later. Moreover, in the main algorithm presented in
Section III, we will observe that the parameter has an influence
over the convergence rate: Larger implies faster convergence.
We also show in the numerical examples in Section VIII that
the solutions obtained in fact satisfy this condition and, thus, it
is not a vacuous condition.

Remark 2.3: Some technical comments on this assumption
on feasibility of the problem are now in order. In general, this
condition is difficult to check prior to running the proposed algo-
rithms, and we need to know the size of . However, we first note
that this assumption is standard in randomized algorithm tech-
niques as in [6], [9], [11], [13], [16], [19], and [21]. It is usually
stated in the form saying that the interior of the solution set is
nonempty; we can show that Assumption 2.2 is actually equiva-
lent to this (see also Lemma 2.4). Furthermore, several methods
are available to relax this assumption by studying probabilistic
solutions instead of deterministic ones; see, e.g., [6], [18], and
[22]. We have more discussions on this in Section IV.

In later sections, for more general classes of problems, we
introduce similar conditions in Assumptions 6.1 and 7.2. The
previous comments apply there as well.

In view of this assumption, take . We first
have a preliminary result, which we will make use of later. Here,

denotes the maximum singular value of a matrix and
denotes the minimum eigenvalue.

Lemma 2.4: Under Assumption 2.2, the following hold.

i) For and , if , then
, .

ii) For and , if , then
, , for any

, , satisfying

(8)

iii) For ,
for any , ,
satisfying

.
Proof: i) This is obvious from the definition of .

To show ii) and iii), take and satisfying the hypotheses
and fix . ii) Suppose , that is,

and . Then

The last inequality holds because ,
, and (8). Moreover, again by (8),

, Thus, the pair is in .
iii) First note that, as in ii), .

Next, we must show that if

(9)

then , and that if
then .

We show the first part here, as the second part can be proven in
the same manner.

Suppose (9) holds. Then, it follows that
, which can be shown easily through perturbation arguments

as those in the proof of ii) above. Now, since is in
, we clearly obtain . This implies that

is in as well using ii).
Note that because of iii) in the previous lemma, we can

always take sufficiently large that, in the same iii),
is larger than and ; in this way, the size

of would not depend on the matrices .
Several remarks are now in order. In Fig. 1, the sets of interest

in the space are sketched for a given ; this figure
summarizes the results obtained so far. First, by Lemma 2.1 i),

is partitioned into and ; the boundary of the
two sets is represented as a line because of i) in Lemma 2.4.
Second, the sets contain cones, as we see in Lemma 2.4
ii) and, hence, are unbounded. Third, the solution set too
contains a cone by iii) in the same lemma and, furthermore, is
in due to (6).

Now, to construct a gradient-based iterative algorithm, it is
important to address the following question: Starting from a
given with information about and ,
to which direction should we move to make it closer
to the solution set The best we know is that there are two
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Fig. 1. Sketch of the sets in C for x 2 @B .

possible directions, one toward and the other to-
ward . This is due to the fact that the problem is
not convex. We will make use of this idea in the algorithm pre-
sented in Section III.

We introduce some additional notation and a problem equiv-
alent to the switched system problem. For and

, let

These functions are convex in for fixed .
Clearly, we have for

(10)

In view of Lemma 2.1 ii), the problem of this paper can now be
expressed as the following equivalent one: Given , find

such that, for every

either or (11)

Condition (11) shows the nonconvexity of the problem more ex-
plicitly since each function is convex in the matrices. We
will say more on this structure of the problem and its general-
ization in Sections VI and VII.

For completeness, we give their subgradients, which are used
in the proposed algorithm in Section III, as follows:

(12)

As the arguments of the projection are scalars, the derivation
is straightforward.

III. A RANDOMIZED ALGORITHM FOR SWITCHED SYSTEMS

In this section, we present a randomized algorithm which
finds a pair to be used in the switching rule (3) for the
switched system (1), and state and prove the main theorem that
shows its convergence in a probabilistic sense.

The algorithm involves random generation of states in the
unit sphere . We introduce the probability density function

for the states. We assume that

(13)

since all on the sphere must satisfy the conditions in (2). One
possible choice would be the uniform density function. In partic-
ular, we prove that the proposed algorithm converges in a finite
number of steps with probability one, where the probability is
taken with respect to the sequence of random samples.

In the iterative algorithm, we employ two types of in-
dices. Square brackets are used to represent the step numbers:
At step , we have a state . On the other hand, round
brackets contain sequences of 1 and 2 whose lengths are equal
to the step number; these are used for the candidate pairs

, the scalars , , and so on; for example, at step 1,

we obtain the matrix pairs and ;

at step 2), we obtain , ,

, and and at step , we

obtain , .
Now we are ready to give the iterative randomized algorithm

for the switched system(1).
Algorithm 3.1:

0. Set an initial pair and set

(14)

1. At step 1, generate according to the density func-
tion in (13). Obtain two pairs , , as
follows:
For , set (15), as shown at the bottom of the page, where

, , and the step sizes
are given by

if

otherwise
(15)



758 IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 50, NO. 6, JUNE 2005

2. At step 2, generate according to the density
function in (13). Then, obtain four pairs ,

, 2, similarly to step 1, as follows. (For ,
replace and with and

, respectively.)
For , set (16), as shown at the bottom of the page,
where , , and

the step sizes are given by

...
k. At step , generate according to in (13). Obtain

pairs , ,

similarly to step 1. (For , replace

and with and

, respectively.)

We say that an update in occurs when a new pair is
obtained through any iteration in, e.g., (15) and (16). Note that
the choice of the initial pair is arbitrary.

Theorem 3.2: Suppose that Assumption 2.2 holds.
Then, Algorithm 3.1 converges to a solution in a fi-
nite number of steps with probability one. Specifically,
there exists such that at least one of the pairs in

is a solution.
The proof of the theorem is preceded by several technical

results. Take with

(17)

where is given in (14) in the algorithm. Let

(18)

Now, denote by the ball in with center and
radius

(19)
This ball has several properties.

Lemma 3.3:

i) .

ii) For every , one of the following conditions
holds:

a) ;
b) ;
c) .

Proof: i) This is a direct consequence of the choice of
in (17) and Lemma 2.4 iii).

ii) Fix . By i), the ball is contained in the
solution set . Thus, the property of in (6) implies that

. Hence, clearly either a) or
b) holds, or otherwise the ball is not contained in only one of

, . We must show that in the last case, c)
follows.

By i) in Lemma 2.1, the center of the ball must be

in either or . We claim that, in either case, every
in the ball satisfies .

To show this is straightforward using in (14); follow
perturbation arguments as in the proof of Lemma 2.4.

Here, observe that by definition, if a pair in
satisfies , then the pair necessarily is
contained in . By (i), the ball is a subset

of and, therefore, is in .
The next proposition is the key result for the proof of the

theorem. The idea discussed at the end of Section II is stated
in a formal way for the initial step in the algorithm. Recall
that in step 1), we start with and generate two pairs

, . It is shown that at least one pair is closer
to a solution if there were any updates in generating it.

Proposition 3.4: In Algorithm 3.1, suppose that
. At step 1, there exists such that

i) if there is no update in(15) in generating ,

then and

;
ii) otherwise,

.

Proof: Due to the definition of in (13), , and
hence with respect to the ball there are three cases a)–c)
as in Lemma 3.3 ii). We consider the three cases separately.

Case (a): Suppose . Then,
with , i) and ii) hold.

Proof: i) If there is no update, it follows that
by (10).

Moreover, the ball is in by Lemma 3.3 i), and, by the
hypothesis, the ball clearly intersects with .

ii) An update in (15) means that

(20)

if

otherwise
(16)
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Let

Notice that . Hence, by hypothesis,
, that is, by (10)

(21)

Now, by the update law (15) and by the properties of the projec-
tion (see, e.g., [11, Lemma 5.3] )

(22)

This last term can be written as

(23)

Here, because of the subgradients and and (21),
the first term in the right-hand side of (23) can be expressed as

(24)

On the other hand, the second term in the right-hand side of (23)
becomes

(25)

by the definition of . Then, substituting (23)–(25) into
(22) yields

Using (20), we now obtain the inequality in ii) with .

Case b): Suppose . Then, with
, i) and ii) hold.

This can be proven similarly to the Case a). Before we con-
sider the last case, notice that, by i) in Lemma 2.1, is
in either , .

Case c): Suppose . Let
be such that . Then, with this , i) and ii)
hold.

Proof: i) It follows from i) in Lemma 3.3 that the ball
is contained in the solution set . This together with

the hypothesis suggests that the ball intersects with
for both . Hence, if there is no update, that is,

if is in , then clearly i) holds.
ii) Since is in , if an update oc-

curs, it means that the pair is not in . Let
. Then, clearly,

and also, by (12),
for , .

The inequality in ii) can be shown as in the Case a), but by
replacing with ,
with , and similarly with the gradients.

Proof of Theorem 3.2: Observe that, in Algorithm
3.1, in the beginning of step , we have pairs

and that, during this step, for each
pair, we obtain two new pairs ,

.

Assume that, at step , .

We claim that there exists such that

i) if there is no update in obtaining
, then

and ;
ii) otherwise

Notice, however, that since the iterations in step are the same
as those in step 1, it is sufficient to prove this claim for the case

. This is shown in Proposition 3.4.
Applying this claim recursively, we have that for any

given there is at least one sequence, denoted by
in the sequel, satisfying the following: For each

, its truncated subsequence

gives a pair such that, if it is not a
solution, then with i) and ii) hold; moreover, the number
of subsequences for which ii) holds cannot be more than

, because otherwise the pair

is a solution.

On the other hand, while the pair corresponding to this se-
quence is not a solution, the probability of generating that
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forces an update to occur is nonzero, and hence the algorithm
cannot stop updating.

We have a corollary to this result, whose proof is contained
in that of Theorem 3.2. It gives an upper bound on the number
of updates for the algorithm to converge under the assumption
that a bound on the solution pair in (18) is known.

Corollary 3.5: Suppose that Assumption 2.2 holds and that
for some . Then, in

Algorithm 3.1, the number of updates that occur in obtaining
a solution pair from the initial pair

is smaller than . More specifically, there
are at most truncated subsequences ,

, whose corresponding pairs are obtained
after updates.

The convergence of Algorithm 3.1 relies on the convexity
of the functions for fixed . However, this conver-
gence is a generalization of that introduced in, e.g., [6], [21]
in the following sense: The algorithm generates a set of candi-
date -pairs, of which at least one has been moving to-
ward the solution set constantly each time there was an update;
as discussed in Section II, this convergence is due to the non-
convex nature of the problem. In contrast, in previous works in
which convex problems were considered, it would be only one
candidate that is generated at each step by an algorithm.

Remark 3.6: The advantage of the approach in this paper is
that it directly deals with the condition (2) and that the algorithm
can be extended to the general case for three or more subsys-
tems. We present results for this general case in Section VI. As
we mentioned in the Introduction, there is no conservatism in-
troduced in this extension. This is in contrast to the conventional
approach using the -procedure to reduce the problem to a BMI
condition [7], [24]; for the general case, this condition is con-
servative. We also note that the BMI formulation may reduce
the complexity to some extent and provide us with insights into
the problem. In general, however, BMI problems are nonconvex
and therefore finding a solution is computationally difficult; for
more discussions, see, e.g., [10].

IV. REDUCING COMPLEXITY: PROBABILISTIC SOLUTIONS

In this section, we relax the objective of finding a determin-
istic solution to that of finding a probabilistic one and obtain
an algorithm that converges in a finite number of steps. In par-
ticular, we employ the methods described in [18] and [22] and
extend them to the nonconvex problem of switched systems.

More generally, the notion of probabilistically robust solu-
tions has been studied in the field of robust control of uncer-
tain systems. It makes use of probabilistic information on the
system uncertainty and enables us to employ low-complexity
algorithms such as Monte Carlo simulation techniques at the
expense of introducing a small risk; for more on this general
subject, see [23] and [22].

In the setup of the switched system problem, such solutions
are defined as follows. First, for a matrix pair , let

Prob or

that is, is the probability that the pair satisfies the
condition (11) with respect to the probability density function

on in (13). Let . We say that a pair
is a probabilistic solution with probability if

(26)

The quantity cannot generally be computed ex-
actly, but only an estimate of it can be obtained by adopting
an empirical approach. More precisely, such an estimate can be
determined using a set of random samples generated
under . Let

or

(27)

where denotes the cardinality of a set. This estimate is usually
called the empirical probability. Notice that the estimate itself
is a random variable.

For an estimate of the above type to be reliable in a sequential
algorithm where such estimates are made repeatedly, the ques-
tion is how large the number of samples must be. For this
purpose, we introduce the function for sample size [18].
Let and let

(28)

We develop an algorithm which is a modified version of Al-
gorithm 3.1. This algorithm has a predefined termination crite-
rion for which the probability of not delivering a probabilistic
solution with probability is no greater than . In this sense,
we say that the pair that the algorithm produces is a
probabilistic solution with probability and confidence level
greater than . Moreover, another key idea is that the number
of candidate matrix pairs is reduced by making use of the bound
on updates in Corollary 3.5.

In the algorithm, we introduce a new variable and three
new sequences , , and .
These serve as counters to determine when to stop the algo-
rithm. The variable is a global counter and is the
number of updates that occurred in the algorithm up to that
point. Thus, it provides labels when new matrix pairs are gen-
erated, where the initial pair is labeled as 0. Each

matrix pair is given such a label as

the number . The counter rep-
resents the number of updates that occurred to obtain the pair

from the initial pair, while
is the number of steps after the last update for this pair. Also,

is a set of sequences whose corresponding
-pairs are being considered as candidates.

The following is the randomized algorithm for finding prob-
abilistic solutions.
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Algorithm 4.1:

0. Set the parameters , , the radius
of the ball in the solution set in (19), and the initial matrix pair

. Let , ,
and , . Also let .
1. At step 1, execute step 1 of Algorithm 3.1. Then, for ,
let

if
otherwise

and let if .
...
k. At step , execute step of Algorithm 3.1. Then, for

,
i) let the equation shown at the bottom of the page hold
and let if

.
ii) If , then return.
iii) If , then generate random vectors

and check whether the empirical probability
is equal to one. If it is, then return.
iv) If , then update the set by re-
placing it with

The next proposition gives a probabilistic statement on the
previous algorithm.

Proposition 4.2: Suppose that Assumption 2.2 holds and that
for some . Then, Algo-

rithm 4.1 terminates in a finite number of steps, and the pair ob-
tained is a probabilistic solution with probability [in the sense
as defined in (26)] and confidence level greater than .

Proof: Recall that in the proof of Theorem 3.2, the se-
quence denoted by has the property that the matrix
pairs corresponding to its truncated sequences move constantly
closer to the solution set after updates. We first claim that at any
step , the set of candidate sequences contains .
In step iii), if but the empirical prob-
ability is less than one, then the sequence cannot
be . In steps iii) and iv), sequences containing
this as a truncated subsequence are not included in

.
It is clear from the construction of the algorithm and the claim

above that the algorithm terminates in a finite number of steps.
In the worst case, there exists a finite such that
equals and, thus, by Corollary 3.5, it stops in step
iii).

We next show that the probability that the pair obtained at
termination is a probabilistic solution with is greater than

. For this, we follow arguments similar to that in [18] and
[22]. Notice that all distinct pairs generated in the algorithm are
labeled as ; these are kept in . Denote the pair
corresponding to the label by . We then
define the following two events:

1) is generated, and no update occurs

for the successive random samples;
2) is generated, and

.
Let Prob denote the infinite product of the probability mea-
sure induced by the density function , i.e., it is a measure for
an infinite sequence of random samples [2, Sec. 5.11]. Observe
that for any , Prob Prob Prob
Prob , where is the con-
ditional probability of given . Thus, the probability that
the algorithm terminates with a pair which is not a probabilistic
solution is

Prob

The previous statement evaluates the pair obtained at the
end of the algorithm in a probabilistic sense. For this reason, it
involves two probability measures: One is the measure induced
by the density function and is used for the probabilistic
solution defined in (26). The other is for the entire sequence

generated in the algorithm; the length is
finite but not fixed in advance (it is the step when the algorithm
terminates), and each sample is chosen independently based
on the first measure. As a consequence, the number of samples
used in the algorithm depends on two parameters and .

While the algorithm seeks for probabilistic solutions instead
of deterministic ones, an advantage is the explicit termination
criterion, which distinguishes the algorithm above from Algo-
rithm 3.1. We also emphasize that, as a probabilistic algorithm,
the convergence rate of the current algorithm does not depend on
the dimension of the -matrices. The problem of finding a rea-
sonable bound on the number of steps, however, remains open.

Another feature of this approach is that it may keep the
number of candidate pairs low by leaving out the pairs not
leading to a solution efficiently. In step iii), if the empir-
ical probability for the pair associated with the sequence

is smaller than 1, then all sequences of the form
are excluded from for . This

can be considered as a pruning stage in the algorithm, and is

if

otherwise
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effective if the bound is small and if updates occur often
so that the candidate pair set can be kept small throughout
the run. Nevertheless, in general, the number of such candidate
pairs still may increase exponentially, , with respect to .

Remark 4.3: The proposed probabilistic algorithm is based
on the techniques in [18] and [22] for convex problems. In these
references, further extensions are developed for the case without
an assumption on the existence of solutions (such as Assump-
tion 2.2). These employ criteria for termination when a solution
is unlikely to exist. As mentioned in Remark 2.3, these methods
can also be adapted for the nonconvex problem of this paper. To
avoid technical issues, however, we do not proceed along these
lines.

V. MODIFIED ALGORITHM USING A BRANCH-AND-BOUND

TYPE METHOD

We observed that in both Algorithms 3.1 and 4.1, the number
of candidate -pairs grows exponentially. This may not
be practical from a computational viewpoint, especially because
many pairs are not moving toward the solution set. In this sec-
tion, we propose a practical version of the randomized algo-
rithm, where the number of candidates is bounded by a fixed
number, based on a branch-and-bound type method.

In the next algorithm, as the one in the previous section, we
seek for probabilistic solutions with probability . The idea is
that, at each step, a fixed number (denoted by ) of candidate
pairs is generated using Algorithm 3.1, and among them the one
with the maximum empirical probability is chosen to be the next
candidate pair. Since parts of Algorithm 3.1 are called, to avoid
confusion, we denote the matrix pair generated at the th step by

. We also note that the indices are slightly different,
but they follow the rules mentioned before Algorithm 3.1. For
simplicity, we avoid the use of the counters and of Algorithm
4.1.

We now present the branch-and-bound type algorithm.
Algorithm 5.1:

0. Set an initial pair , and set and
.

. At step , from , obtain
as follows.
i) Set and generate pairs

, , fol-
lowing the steps up to in Algorithm 3.1. Then, set

(29)

where the maximum is taken over the pairs and is the
sample size function in (28).
ii) If the maximum empirical probability in (29) (i.e., the one
for ) is equal to one, then return.

For this algorithm, we have the following lemma.

Lemma 5.2: The pair obtained at the termination of
Algorithm 5.1 is a probabilistic solution with probability (in
the sense as defined in (26)) and confidence level greater than

.
Proof: This can be shown in a similar way as the proof of

Proposition 4.2 by following the arguments in [18] and [22].
A technical difference is that we label all the pairs generated
in the algorithm, that is, all ,

, obtained in each step i). At the end of
step , labels up to are given.

We have several remarks. First, the number of candidate
-pairs is at most at any step in the algorithm.

Hence, it is a more practical alternative for implementation of
the algorithms in the previous sections. Second, the probability
in the result is only for the pair that may be found in the
algorithm; even if Assumption 2.2 holds, there is no guarantee
for convergence. This is because the pruning stage in (29) is
based on empirical probability; thus, as indicated earlier, the
term branch-and-bound method is used in some approximated
sense (see, e.g., [1]). In the original Algorithm 3.1, we observed
that there is a sequence of -pairs which converges to
a solution in a monotonic way (i.e., the pairs corresponding to

in the proof of Theorem 3.2). Similarly, we may
expect that in the branch-and-bound algorithm, the empirical
probability increases as the step size grows. This, however,
is difficult to show in general. Even if the pair at one step is
contained in the set for some , the pair
at the next step may not be contained after an update.

VI. GENERAL MULTIMODAL SYSTEMS

In this section, we describe an extension of the main results
for the two subsystems case to the general subsystems case.

The switched linear system with subsystems is expressed
as

where and (30)

where is the index set. All matrices ,
, are assumed to be non-Hurwitz because otherwise the

problem becomes trivial. Further, we assume that these -ma-
trices do not have a convex combination which is Hurwitz. We
note that, unlike in the two subsystems case, this assumption
does not rule out the possibility that a quadratic Lyapunov func-
tion exists for the system. In other words, the existence of a Hur-
witz combination is only a sufficient condition for quadratic sta-
bility; see [8] for details.

We aim at finding an asymptotically stabilizing switching rule
, where ,

, are positive definite. That is, we would like to find
matrices such that for each and

then (31)

Once these matrices are found, we have a piecewise quadratic
Lyapunov function of the form for
(30).

Randomized algorithms similar to Algorithms 3.1, 4.1, and
5.1 can be constructed for this problem. In particular, we present
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one that is analogous to Algorithm 3.1 in the following. Here,
as the number of the functions increases, the complexity of
the algorithm increases; at step in the algorithm, candidate
sequences of matrices are generated.

Again, denote by the solution set, i.e., the set of all
sequences of nonnegative matrices satisfying the
condition (31). We introduce a subset for of the
solution set as

if then

(32)

To show convergence of the algorithm, we need to make a tech-
nical assumption similar to Assumption 2.2.

Assumption 6.1: The solution set is nonempty, and more-
over there exists a scalar such that the set in (32) is
nonempty.

With a slight abuse of notation, we write the sequence
of symmetric matrices as . In
the space of such sequences, we define the inner product by

and further the Frobenius norm

by . We also denote the pro-

jection of a sequence of symmetric matrices onto by
.

Now, we rewrite the problem into the form similar to (11).
Define functions , , by

for and (33)

These functions are convex in the parameters of the matrices
for any fixed . The problem (31) is equiva-

lent to finding such that

for every there exists

satisfying (34)

The equivalence of the two problems can be shown as in Lemma
2.1. This problem clearly is nonconvex in although it is stated
in terms of convex functions . We would like to exploit
this structure.

The iterative randomized algorithm for the switched system
problem for the subsystems case is given as follows.

Algorithm 6.2:

0. Set and set an initial sequence
.

1. At step 1, generate according to the density func-
tion in (13). Obtain sequences , , as
follows:

if
otherwise

where the step size is

...
k. At step , generate according to . Obtain

sequences , , as shown in
the equation at the bottom of the page,
where the second equation at the bottom of the page holds.

A result parallel to Theorem 3.2 can be developed showing
that, in this gradient-based randomized algorithm, under As-
sumption 6.1, the algorithm converges in a finite number of steps
with probability one, and more specifically, that at least one of
the matrix sequences at step is constantly moving toward
a certain ball with radius contained in the solution set . As
mentioned earlier, the proposed approach has the advantage of
not introducing the conservatism that arises in the bilinear ma-
trix inequality conditions.

VII. GENERALIZATIONS AND DISCUSSIONS

In this section, we discuss some directions regarding further
generalizations of the approach described in this paper.

The multimodal switched systems problem in (34) in the
previous section has a fairly general structure. Motivated by
this, we consider here a class of problems of the following type:
Given a bounded subset of and functions

, , suppose that is
convex for any fixed . Find such that, for every

, there is at least one such that .
The randomized algorithm in Algorithm 6.2 can be applied to

this class of problems with minor modifications, and the same
convergence properties hold as well. The case with is
special in that the problem is convex and basically is the class of
problems considered in, e.g., [6], [9], [11], [13], [16], [19], and

if
otherwise
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[21], following the probabilistic robustness approach. Hence,
the problem class presented before can be viewed as a non-
trivial generalization of them. This explains the need to intro-
duce the generalized notion of convergence for the switched
system problem as well as the previous problem.

We show in the following that the stabilization of switched
nonlinear systems through its switching rule design can be for-
mulated in this framework.

Example 7.1: Consider the switched system
, where and . Sup-

pose that , , is locally Lipschitz
with a bounded domain containing the origin
and that the origin is an equilibrium for each subsystem

. The problem is to find a switching rule of the
form (3) such that the origin of the switched system is locally
asymptotically stable. In particular, we look for a piecewise
quadratic Lyapunov function whose
time derivative along solutions of the system is negative;
that is, as in the linear case, for each , there exists

such that

, where , . Once
such a Lyapunov function is found, the origin is asymptotically
stable within a level set with some .
Variants of Assumption 2.2 and Algorithm 3.1 for the nonlinear
case can be developed in a parallel manner.

The formulation of this paper applies to problems outside the
context of switching rule synthesis for switched systems as well.
One such problem is the stability analysis of linear differential
inclusions using piecewise quadratic Lyapunov functions; see
[4], [25], and the references therein. To capture these extensions,
we introduce a technical assumption similar to but more general
than Assumption 6.1. Define

for , . (These correspond to in
the 2-modal switched system problem.)

Assumption 7.2: The solution set is nonempty and, further,
there exists a ball with center and radius
such that: i) the ball is contained in the solution set and that: ii)
for each , for some .

Under this assumption, we can construct a randomized algo-
rithm of the type in Algorithm 6.2 and prove its probabilistic
convergence. This assumption is mild and may be relaxed de-
pending on the problem, as we mentioned in Remark 2.3. For
the switched (linear) system problem for two subsystems, it was
assumed that the set in (7) is nonempty in Assumption 2.2;
this is equivalent to i) in the assumption above. Moreover, the
ball has the properties stated in Lemma 3.3 ii); we point
out that these properties resemble ii) in Assumption 7.2 as well.

Remark 7.3: We now discuss ellipsoid algorithm techniques
(see, e.g., [4]) and their limitations when applied to the class of
problems we have considered. The use of ellipsoid algorithms,
instead of gradient ones, is one way to improve the convergence
rate of the proposed algorithms in the probabilistic framework
as well. In [13], such an algorithm is proposed for a problem
with .

When applied to the general case in (31), however, such an
ellipsoid algorithm requires an additional assumption on top of
Assumption 7.2. To guarantee its convergence in a finite number

of steps, we need to assume that the ball , whose location
is usually unknown, is contained in the initial ellipsoid. This is
due to the nonconvexity of the problem and can be explained
as follows: The solution points contained in the initial ellipsoid
are distributed among the ellipsoids obtained at step , and
hence the volume of solution points in each candidate ellipsoid
may become smaller and smaller; thus, finite-time convergence
cannot be proven in general. The additional assumption stated
above guarantees that any ellipsoid containing solution points
contains the ball , and hence that the algorithm stops after
a finite number of iterations.

Another drawback of this additional assumption is that, in
practice, it requires the initial ellipsoid to be large, since the lo-
cation of the ball is unknown. This can make the branch-and-
bound version of the algorithm numerically unstable for the fol-
lowing reason. Generally speaking, in ellipsoid algorithms, after
an update the center of the new ellipsoid may not be closer to the
solution set than the previous one. Thus, at the bounding stage,
the chance of picking a wrong ellipsoid (i.e., one not containing
any solution points) may be high. Note that once this happens,
the algorithm does not converge.

VIII. NUMERICAL EXAMPLES

In this section, we present some numerical examples to illus-
trate the results.

We first applied the algorithm in Section V to construct a
switching rule for the two-dimensional system whose -ma-
trices are given by

(35)

Their eigenvalues are 0 for and for . This is one
of the typical examples in switched linear systems, where each
subsystem is unstable, but by switching between them asymp-
totic stability can be achieved. Moreover, there is no Hurwitz
convex combination of and . This particular example has
been studied in the literature; for instance, in [7], a multiple Lya-
punov function is designed through a sufficient condition which
involves linear matrix inequalities (LMIs).

In the simulation, we used Algorithm 5.1 with ,
, and the initial pair . Note that

this pair is not a solution because and is unstable.
For the computation of the empirical probability in (27), a set

of states with was generated according to
the uniform density function on . [By (28),
corresponds to, e.g., ,
which covers all the examples in this section.] Each time parts
of the original Algorithm 3.1 are called in the algorithm,

pairs , , 2, are
generated, that is, with . After five steps, we obtained a
satisfactory pair

(36)
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Fig. 2. Trajectory of the two subsystems (35).

Fig. 3. Empirical probability of (P ; P ) to be in P for (35).

There were eleven updates in total. We confirmed that, for this
pair, the equivalent bilinear matrix inequality condition holds;
thus, it is a deterministic solution of the problem.

We also found that this pair satisfies the technical condition in
Assumption 2.2. By checking an equivalent LMI condition, we
found that it is in with . Furthermore, a ball in
centered at this pair with radius 0.0005 seems to be contained in
this set ; we checked for 20 000 pairs randomly generated
in this ball.

The trajectory of the system for the initial condition
is plotted in Fig. 2. The previous pair is used in the switching
rule (3); it partitions the state–space into four regions, by the two
dashed lines in the plot, almost corresponding to the quadrants.
In the first and third quadrant, the subsystem 2 is used and in the
second and fourth the subsystem 1. The trajectory clearly goes
to the origin and there is no chattering in the switching.

The algorithm was run under the same conditions but with
. Satisfactory pairs were generated after 20 steps

and 12 updates for , 11 steps and 13 updates for ,
and 7 steps and 12 updates for . We note that in these
runs, each step requires random samples of and,
hence, these runs used 20 samples for , 22 samples
for , and so forth. The empirical probability of the

-pairs to be in the solution set is given in Fig. 3; here, to
make the comparison fair, the horizontal axis is taken to be the
number of samples used (and not the number of steps). In this

Fig. 4. Trajectory for the three subsystems (37).

example, the size of did not have much effect on the conver-
gence rates.

We next present an example with three subsystems. In addi-
tion to and in (35), we use the matrix given by

There is no Hurwitz convex combination of these three -ma-
trices. For this case, an obvious solution is to use the pair in (36)
and to take very small so that the system never switches to
the subsystem with . A branch-and-bound version of Algo-
rithm 6.2 was run using the parameters , the initial triple

, and ; other parameters
were the same. After 13 iterations and 17 updates, we arrived at
the solution triple

(37)

The trajectory is given in Fig. 4. It looks similar to the one in
Fig. 2, but the switching signal takes all three states. We note
that this solution does not satisfy the BMI condition and hence
exhibits its conservatism.

The algorithm works for higher order systems as well. How-
ever, the problem often encountered is that chattering can arise
easily. Because the algorithm itself does not take account of
chattering, the design can be difficult even for a simple example.
To illustrate this point, consider the three-dimensional system
with

(38)

The matrices and have an additional dimension to those
in (35) with eigenvalues 0 and , respectively. The state
corresponding to these eigenvalues is decoupled from the other
states and hence is nonincreasing for any trajectories. Therefore,
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Fig. 5. Results for the system with A-matrices given by (38). (a) A trajectory
(b) The Lyapunov function V (x(t)) and the switching signal �(t).

we can construct a -pair using the one in (36) to show
that the origin of the system is asymptotically stable under the
switching law; for example

Under this law, does not affect the switching. It is obvious
that this pair gives a solution for the problem.

We ran the branch-and-bound algorithm for this system in
almost the same way as above with the initial pair ,

, and . The solution we obtained after 6 steps
and 13 updates is

A time response for the initial condition is given in
Fig. 5(a). We see that goes to the origin. Also for this
trajectory, the plots for the Lyapunov function and
the switching signal are presented in Fig. 5(b). Note that

is decreasing, but there is chattering, or fast switching,
in ; in this case, the condition (2) does not guarantee
stability [17], [24].

IX. CONCLUSION

In this paper, we presented a probabilistic algorithm that gen-
erates a stabilizing switching rule for switched linear systems
for the two subsystem case. The algorithm is guaranteed to con-
verge with probability one under a broader notion of conver-
gence compared to those in earlier works on randomized al-
gorithms. We extended this algorithm to multimodal switched
systems and showed that this can further be applied to a spe-
cial class of nonconvex problems including a switched nonlinear
systems problem. Future research topics include the study of this
class of problems in control.
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