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Competitive Routing in Networks With Polynomial Costs

Eitan Altman, Tamer Bas¸ar, Tania Jiménez, and Nahum Shimkin

Abstract—We study a class of noncooperative general topology networks
shared by users. Each user has a given flow which it has to ship from a
source to a destination. We consider a class of polynomial link cost functions
adopted originally in the context of road traffic modeling, and show that
these costs have appealing properties that lead to predictable and efficient
network flows. In particular, we show that the Nash equilibrium is unique,
and is moreover efficient. These properties make the polynomial cost struc-
ture attractive for traffic regulation and link pricing in telecommunication
networks. We finally discuss the computation of the equilibrium in the spe-
cial case of the affine cost structure for a topology of parallel links.

Index Terms—Networks, noncooperative equilibria, nonzero-sum games,
routing.

I. INTRODUCTION

We consider in this note a routing problem in networks where non-
cooperating agents, to whom we refer to asplayersor users, wish to
establish paths from agent-specific sources to agent-specific destina-
tions so as to transport a fixed amount of total traffic (per agent). In
the context of telecommunication networks, players correspond to dif-
ferent traffic sources which have to route their traffic over a shared
network. A similar setting has also been studied in the context of road
traffic networks [11], where a player can be viewed as a transportation
company which is to ship a flow of vehicles.

A natural framework within which this class of problems can be an-
alyzed is that of noncooperative game theory, and an appropriate solu-
tion concept is that of Nash equilibrium (NE) [4]: a composite routing
policy for the users constitutes a NE if no user can gain by unilaterally
deviating from his own policy.

There exists a rich literature [8], [14], [17], [19] on the analysis of
equilibria in networks, particularly in the context of the Wardrop equi-
librium [23], which pertains to the case of infinitesimal users (e.g., a
single car in the context of road traffic). In such a framework, the impact
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of a single user on the congestion experienced by other users is negli-
gible. Our focus here, however, iscompetitive routing, where the net-
work is shared by several users, with each one having a nonnegligible
amount of flow. This concept has attracted considerable attention in re-
cent years, as reflected in the works [1], [11], [12], [15], [18], which
will be our starting point here. These papers have presented conditions
for the existence and uniqueness of an equilibrium. This has allowed,
in particular, the design of network management policies that induce
efficient equilibria [15]. This framework has also been extended to the
context of repeated games in [16], in which cooperation can be enforced
by using policies that penalize users who deviate from the equilibrium.

A desired property for an equilibrium is efficiency, i.e., social opti-
mality. It is well known that Nash equilibria in routing games are gener-
ally nonefficient. In particular, this nonefficiency can lead to paradox-
ical phenomena (e.g., the Braess’s paradox [4]) where adding a link
to the network could result in an increase of cost to all users. For spe-
cific examples of nonefficient behavior and paradoxes, we cite [8] for
road-traffic, [7], [15] for telecommunications, and [12], [13] for dis-
tributed computing.

In this note, we study the equilibria that arise in networks of gen-
eral-topology under some polynomial cost functions introduced origi-
nally in the context of road traffic by the US Bureau of Public Roads,
and we obtain conditions for the uniqueness of the equilibrium. The
uniqueness result is important, since to date there is not much known
on uniqueness in the case of general topologies; only for a few special
cases the uniqueness has been established, see [1], [12], [18]. We fur-
ther present in the note conditions under which the NE is efficient.

The fact that under a class of nonlinear costs the equilibrium is
unique and efficient for general-topology networks may be especially
useful for pricing purposes; indeed, if the network operator chooses
prices that correspond to a unique and efficient equilibrium, it can
enforce a globally optimal use of the network.

In the context of communications, an example of an architecture
where our routing framework (and the specific results obtained) would
be of particular use is MultiProtocol Label Switching (MPLS) [2], [3].
One of the most important traffic engineering problems in MPLS, as
identified in [3], is how to partition traffic into traffic trunks, or equiv-
alently, how to distribute the arriving traffic over a given set of links.
This problem has recently been studied in the framework of a single cri-
terion that is optimized globally [10], but our framework here is more
suitable for MPLS, since in practice routing decisions are made (and
implemented) locally by each source, and typically in a noncooperative
manner.

In the next section, we introduce the general model considered in this
note. In Section III, we establish conditions for the uniqueness of the
NE. In Section IV, we establish the existence of anefficientNE under
appropriate conditions. We then focus, in Section V, on the computation
of the equilibrium for the special case of affine costs and parallel links.
The note ends with the concluding remarks of Section VI.

II. THE MODEL

The topology is given by a directed graphfV; L; fg whereV is the
set of nodes,L is the set of directed arcs, andf = (fl; l 2 L) where
fl : IR! IR is the cost function of linkl, which gives the cost per unit
traffic as a function of the total load�lt on that link. We take it as

fl(�lt) = al � (�lt)
p(l) + bl; l 2 L (1)

whereal; bl; p(l) are link-specific positive parameters. The special
structure wherep(l) does not depend onl has been widely used in road
traffic studies, such as [6], [20]. It is the cost adopted by the US Bureau
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of Public Roads [22], which we thus call the BPR cost. The additive
termbl here could be interpreted as an additional fixed toll per packet
(or per unit traffic) for the use of linkl.

In the model we adopt here, there areN users, where useri 2 N :=
f1; . . . ; Ng has a fixed amount�i of flow to ship from a sources(i)
to a destinationd(i). Each useri has to determine how to distribute its
flow over the available links (connectings(i) to d(i)). Introduce:

�il := the rate of traffic useri sends on linkl;

��i
lt := the total rate of traffic sent on linkl;

excluding the traffic from sourcei:

Thus

�lt =

N

j=1

�jl ; ��i
lt := �lt � �il:

We visualize this problem as a noncooperative network, i.e., a net-
work in which the rate at which traffic is sent is determined by selfish
players, each having its own utility (or cost). The cost for playeri is
given by

Ji �il; �lt; l 2 L =
l2L

Ji
l �il ; �lt (2)

whereJi
l (�

i
l; �lt) = �ilfl(�lt). It should be noted that, withfl as given

by (1),Ji is a convex function of the flow vector of useri, which is a
property we shall henceforth make frequent use of. Also, by a slight
abuse of notation, we will occasionally writeJi(�il; �lt; l 2 L) as
Ji(�) or Ji(�i; ��i), where�i := f�il ; l 2 Lg; ��i := f�j ; j 6=
i; j 2 Ng, and� := f�j ; j 2 Ng.

The flows of each useri have to satisfy the feasibility conditions:
�il � 0, and8v 2 V

ri(v) +
l2In(v)

�il =
l2Out(v)

�il (3)

where

ri(v) =

�i if v = s(i);

��i if v = d(i);

0 otherwise

and In(v) (respectively,Out(v)) is the set of links which are input
(respectively, output) to nodev.

The solution concept adopted is NE, i.e., we seek a feasible multi-
policy � = f�i; i 2 Ng such that

Ji(�) = Ji(�i; ��i) = min
~�

Ji(~�i; ��i); i 2 N

where the minimum is taken over all policies~�i which lead to a feasible
multipolicy together with��i.

For the game model just introduced, we know from [18] that a NE
indeed exists.

III. U NIQUENESS OF THENE

Having settled the question of existence of a NE, we now establish
its uniqueness under appropriate conditions. Let us first introduce the
quantity

p� := (3N � 1)=(N � 1)

and note thatp� > 3 for all N � 2.
Theorem 1: For the general topology network with cost (2), where

0 < p(l) < p�, the NE is unique.

Proof: Introduce the gradient column vector

gl(�l) = r1J
1
l �1l ; �lt ; . . . ;rNJN

l �Nl ; �lt
T

(4)

whereri denotes the gradient operator with respect to�il , and�l :=
f�il; i = 1; . . . ; Ng, which we will also view as anN -dimensional
row vector. Then, it follows from [21, Th. 2], in view of [18, Cor. 3.1]
(which translates Rosen’sdiagonal strict concavitycondition to a sim-
ilar condition applied to individual links), that the NE is unique if for
any set of vectors�l and~�l; l 2 L (�l 6= ~�l; 8l 2 L, in the vector
sense), satisfying the flow constraints, we have

l2L

(�l � ~�l)
T (gl(�l)� gl(~�l)) > 0:

We will show that in fact, for anyl for which�l 6= ~�l, every term in
the summation above is positive, i.e.,

(�l � ~�l)
T (gl(�l)� gl(~�l)) > 0: (5)

We first consider the casep(l) = 1, for which the expression in (5) is
quadratic in(�l � ~�l). Then, all we need to show is that the Jacobian,
Gl(�l), of gl(�l) with respect to�l is positive–definite. Simple calcu-
lation yields

Gl(�l) :=
@2Ji

l �il; �lt

@�il@�
j

l i;j

= (1 1T + I)al

where1 denotes theN -dimensional vector with entries all 1, andI
is the identity matrix.Gl is clearly positive–definite, and hence the
positivity condition (5) holds. Therefore, the NE is unique (for this
special case ofp(l) = 1).

Next, we consider the case of a generalp(l) 2 (0; p�); p(l) 6= 1.
The Jacobian ofgl(�l) in this case is:1

Gl(�l) = alp(l)(�lt)
p(l)�2(Gl + �ltI)

whereGl = ql1
T ; qil := �lt + (p(l)� 1)�il , andql is anN -dimen-

sional vector whoseith entry isqil . It follows from Theorem 6 of [21],
brought to the link level in view of Corollary 3.1 of [18], that a suffi-
cient condition for (5) is for the symmetric matrixGl(�l)+Gl(�l)

T to
be positive–definite for all nonnegative�l. A careful look at the proof
of [21, Th. 6] will actually reveal that it will be sufficient to require
positive definiteness for all but isolated values of�l, and in particular
for all �l such that the total flow over that link is positive (that is, at
least one of the components of�l is positive). In accordance with this,
it will be sufficient (for uniqueness) to show that for�lt > 0, the eigen-
values of(Gl + �ltI) + (Gl + �ltI)

T are all positive, or equivalently
�l := ql1

T + 1qTl > �2�ltI , which is what we do next. Note that
being the sum of the outer product of two vectors and its transpose, the
symmetric matrix�l can have rank at mosttwo, and its rank is pre-
ciselytwo if ql is not a multiple of1 (that is,�il ’s are not all equal). For
the case when the rank isone, the only nonzero eigenvalue of�l is its
trace, which is clearly positive (and hence larger than��lt). In view
of this, we henceforth assume (for the remainder of the proof) thatql
and1 are linearly independent.

We now first show that the two nonzero eigenvalues of�l arez +
r � 2�lt andz � r � 2�lt, where

z := 1T ql + 2�lt = (N + 1 + p(l))�lt;

r := NqTl ql:

1Note that for� > 0 andp(l) = 1, the expression forG (� ) below is
consistent with the one obtained earlier for this special case.
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Since �l is symmetric, the eigenvectors corresponding to its two
nonzero eigenvalues have to be linear combinations of its columns,
and therefore have the form�ql + �1, where� and � are some
constants. Hence, ifx is an eigenvalue, we have the equation

ql1
T + 1qTl (�ql + �1) = x(�ql + �1)

for some� and�. Since,ql and1 are linearly independent, their co-
efficients in the equation above should separately vanish, yielding the
pair of equations

�[(1T ql)� x] +N� = 0;

� qTl ql + � qTl 1 � x = 0:

In order for a nontrivial solution to exist for� and�, the determinant
of their coefficient matrix in the above set of equations has to be zero,
i.e.,(1T ql�x)2�N(qTl ql) = 0. This is a quadratic equation in terms
of the unknown eigenvalues, whose solutions arez + r � 2�lt and
z � r � 2�lt.

To complete the proof of the theorem, we now finally have to show
thatx1 andx2 are both greater than�2�lt. Sincex1 > x2, it suffices
to show thatx2 > �2�lt, or equivalently,z� r > 0. Toward this end,
note that

r2

N
=

N

i=1

�lt + (p(l)� 1)�il
2

= (N � 1)(�lt)
2 + (�lt)

2

+ (p(l)� 1)2
N

j=1

�jl
2

+ 2(�lt)
2(p(l)� 1)

� (N � 1)(�lt)
2 + (�lt)

2

+ (p(l)� 1)2(�lt)
2 + 2(�lt)

2(p(l)� 1)

= (N � 1 + p(l)2)(�lt)
2: (6)

It then follows from (6) thatz�r > 0 if z2 > N(N�1+p(l)2)(�lt)
2,

or equivalently if(N + 1 + p(l))2 > N(N � 1 + p(l)2), which can
be rewritten as

0 < 1 + 3N + 2(N + 1)p(l)+ (1�N)p(l)2

= �(p(l) + 1)((N � 1)p(l)� (3N + 1)):

For anyp(l) 2 (0; p�), the above indeed holds, thus proving thatz �
r > 0.

Hence, the sufficient condition (5) holds forp(l) 2 (0; p�), and
thereby the NE is indeed unique. �

IV. EFFICIENCY OF THENE

We consider in this section the special case of ahomogeneous
link cost for a general topology network. That is,fl is now given by
fl(�lt) = al � (�lt)

p; p > 0; al > 0; where the powerp is a constant.
As mentioned earlier, this is the BPR cost which was studied earlier in
[9] (see also [5]). It was shown in these references that under this cost
the Wardrop equilibrium and the globally optimal solution coincide.
Our result here complements this earlier one. We show that when
all users have the same source and the same destination, the NE is
globally optimal (with respect to a single cost function) and that the
corresponding link flows of different users are proportional to their
total input traffic.

The global optimization problem is the minimization, over all total
link flows f�lt; l 2 Lg =: �t and subject to the feasibility constraint
(3), the total additive cost:

J(�t) =
l2L

Jl(�lt) (7)

whereJl(�lt) = �ltfl(�lt). Note that the total cost (7) depends only
on the total flows over each link and not on the flows of the individual
users, and hence to make the feasibility constraints (3) compatible with
this, we can take instead of (3) its sum over all usersi, that is

r(v) +
l2In(v)

�lt =
l2Out(v)

�lt (8)

where we have also made use of the assumption thatri(v) is indepen-
dent ofi (and, hence, is denoted byr(v)). Therefore the global opti-
mization problem is

min
�

J(�t) such that(8) holds: (9)

SinceJ(�t) is strictly convex over a linear constraint set, this mini-
mization problem admits a unique solution, which we denote by��t �
f��lt; l 2 Lg. Now, to bring this solution down to the level of an indi-
vidual user, we distribute the total flow,�lt, on a linkl among the users
in proportion with their total flows, that is(��il)=(��

j

l ) = (�i)=(�j).
This leads to

��il = �i
��lt; i 2 N ; l 2 L; �i := �i

N

j=1

�j : (10)

It should be noted that the flows (10) satisfy the flow feasibility con-
straints (3) whenever��t satisfies (8). We now show that (10) is, in fact,
a NE (and the unique one, by Theorem 1), and hence the NE is efficient.

Theorem 2: Let ��t be the globally optimal solution, and
��it = �i

��lt, as in (10). This also constitutes the unique NE, with the
corresponding cost for useri beingJi(��i; ��t) = �iJ(��t).

Proof: Let us first note that a flowN -tuple�̂ is in NE if and only
if it is feasible and the following holds for alli, for any feasible�i (see
[11])

l2L

@J i
l �̂il; �̂lt

@�il
� �̂il � �il � 0: (11)

On the other hand,��t is globally optimal if and only if it is feasible
(i.e., it satisfies the traffic constraints (3), or equivalently (8) in this
case) and the following holds for any feasible�::

l2L

@Jl(��lt)

@�lt
� (��lt � �lt) � 0: (12)

For the cost adopted, the partial derivative in (11) is

@J i
l �̂il; �̂lt

@�il
= al p(�̂lt)

p�1�̂il + (�̂lt)
p : (13)

Letting �̂il = �i
��lt in (13) above, we have

l2L

@J i
l �̂il ; �̂lt

@�il
� �̂il � �il

= �i(p�i + 1)
l2L

al(��lt)
p(��lt � ~�l;i) (14)
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where~�l;i := �il=�i. Note that in the global optimization problem

l2L

@Jl(��lt)

@�lt
� (��lt � �lt) = (p+ 1)

l2L

al(��lt)
p(��lt � �lt) � 0

where the inequality follows from (12). By combining this with (14),
we conclude that (11) holds witĥ� = ��, and this establishes the proof.�

V. COMPUTATION OF THENE: AFFINE COSTS

In this section, we consider the case of a network consisting ofM
parallel links and with affine cost function for all links:fl(�lt) =
al�lt + bl: This is a special case of the BPR cost forp(l) = 1. A
possible interpretation for this type of cost in the context of telecom-
munication systems is that it is the expected delay of a packet in a light
traffic regime. For example, the expected value of the delayDl in link
l for anM=G=1 queue is given by

E[Dl] =
(�l)

2

2(1� �lt�l)
�lt + �l:

Under a light traffic regime, i.e., with�lt�l � 1, this can be approxi-
mated byal�lt + �l, whereal = (�l)

2=2.
It follows from standard nonlinear (convex) programming theory

that the following Kuhn–Tucker conditions are both necessary and suf-
ficient for a solution� = f�ilgl;i to constitute a NE

Ki
l (�) = al�lt + bl + al�

i
l = �i if �il > 0; 8i; l (15)

Ki
l (�) = al�lt + bl � �i if �il = 0; 8i; l (16)
M

l=1

�il = �i; 8i; �il � 0 8i; l: (17)

Since (15)–(17) constitute a system of linear equalities and inequal-
ities, they can be solved by standard LP methods. We present below
an alternative approach that yields explicitly the equilibrium when the
bias terms or their variability are relatively small.

Lemma 1:

i) If at equilibrium each user sends a positive amount of flow on
each link, the unique NE is

�il =
1=al

j2L(1=aj)
�i +

1

N + 1
j2L

bj � bl
aj

; 8l; i: (18)

ii) At equilibrium, each user sends a positive amount of flow on
each link if and only if

min
i
R(i) > max

l
bl=(N + 1) (19)

where

R(i) :=
1

j2L(1=aj)
�i +

1

N + 1
j2L

bj
aj

:

Proof: We will initially assume that at equilibrium all users send
positive flows on all links. This will allow us to obtain an equilibrium
which is consistent with this assumption, which in turn will be unique
by the result of Section III. Now, by summing (15) over all users

N(al�lt + bl) + al�lt = (N + 1)(al�lt) +Nbl =

N

i=1

�i:

Thus, al�lt + bl = ( i �
i + bl)=(N + 1). Substituting in the

Kuhn–Tucker condition (15), we obtain

al�
i
l +

bl
N + 1

= �i �
1

N + 1
j2N

�j : (20)

Dividing by al and summing over all the links, we get

�i +
1

N + 1
l2L

bl
al

= �i �
1

N + 1
j2N

�j

l2L

1

al
:

Hence

�i �
1

N + 1
j2N

�j

=
1

l2L(1=al)
�i +

1

N + 1
l2L

bl
al

= R(i): (21)

Then, from (20), al�il = R(i) � bl=(N + 1). Thus, if
miniR(i) > maxl bl=(N + 1), the equilibrium is given by
�il = ([R(i) � bl=(N + 1)]=al) > 0, which is compatible with the
initial hypothesis on positivity.

Corollary 1: If all bl ’s are equal, the unique NE is

�il =
1

al
k2L

1

ak
�i; i 2 N :

We next consider some further properties of the NE.
Lemma 2:

i) Consider a NE which dictates a particular user to send all its
traffic over a single link. If there is some other user who sends
all its traffic also over a single link, then these two links are the
same.

ii) All users send their traffic over a particular linkl if and only if
al� + bl +maxi al�

i � minn6=l bn, where� := i2N�i.
Proof:

i) Consider a NE where playeri uses only linkl and playerj uses
only link m, with l 6= m. From (15), we get:�i = al�lt +
bl + al�

i, and�j = am�mt + bm + am�j . From (16), we get:
�j � a� l�lt+ bl, and�i � am�mt + bm. Combining the last
two relationships, we obtain the following contradiction:

al�lt + bl + al�
i =�i � am�mt + bm

=�j � am�j � al�lt + bl � am�j :

ii) By (15)–(16), all users send their traffic to linkl if and only if
�i = al�+ bl+ al�

i, and�i � bm; 8l 6= m, which then leads
to the desired result. �

Lemma 3: Consider the case of two links.
Let I be a nonempty set of players who at equilibrium send all their
traffic on link 2. Then the equilibrium flows for the remaining players
i =2 I are given by, forl; k = 1; 2; k 6= l, and with�(I) := i2I �

i

�il =
ak

a1 + a2
�i +

1

N + 1

bk � bl + a2�(I)

a2
: (22)

Proof: Let�l(Ic) := i=2I�
i
l ; b

I
2 := b2+a2�(I). Each player

i =2 I faces the problem of minimizing the cost

Ji(�) = �i1(a1�1t + b1) + �i2(a2�2t + b2)

= �i1(a1�1t(I
C) + b1) + �i2 a2�2t(I

C) + bI2 :

This is equivalent to the original game where users fromI do not par-
ticipate, and the corresponding value ofb2 is changed tobI2 . It follows
from Lemma 2 that each user in this new game sends positive flow over
both links at equilibrium. Using Lemma 1 then completes the proof.�

By comparing (18) and (22), we finally arrive at:
Corollary 2: Consider a two-link game withb1 > b2. Let Î be the

set of users for which�j
1

in (18) is negative. ThenI � Î, whereI is
as defined in Lemma 3.



96 IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 47, NO. 1, JANUARY 2002

VI. CONCLUSION

We have studied the problem of static competitive routing to parallel
queues with polynomial link holding costs. We have established the
uniqueness of the NE for a general topology with the BPR cost [22] and
have obtained a simple relationship with the globally optimal solution.
We have further obtained some explicit results for the special case of
affine link costs.

The results of this note should prove useful for the analysis of net-
works with source-determined routing, when the link cost functions can
be approximated by polynomial (and in particular affine) costs of the
type considered here. The fact that the NE was shown to be efficient
under a class of nonlinear costs can be usedas a starting pointfor de-
signing pricing mechanisms so as to obtain a socially optimal use of
the network.
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A New Approach to State Observation of Nonlinear
Systems With Delayed Output

A. Germani, C. Manes, and P. Pepe

Abstract—This note presents a new approach for the construction of a
state observer for nonlinear systems when the output measurements are
available for computations after a non negligible time delay. The proposed
observer consists of a chain of observation algorithms reconstructing the
system state at different delayed time instants (chain observer). Conditions
are given ensuring global exponential convergence to zero of the observa-
tion error for any given the delay in the measurements. The implementation
of the observer is simple and computer simulations demonstrate its effec-
tiveness.

Index Terms—Delay systems, nonlinear systems, state observation, state
prediction.

I. INTRODUCTION

In many engineering applications a process to be controlled, or
simply monitored, is located far from the computing unit and the
measured data are transmitted through a low-rate communication
system (e.g., in aerospace applications). In the above cases the
measured outputs are available for computations after a non negligible
time delay. In some applications (e.g., in biochemical reactors) the
measurement process intrinsically provides an out-of-date output. In
both cases the reconstruction of the present system state using past
measurements may be significant. This is a classicalstate prediction
problem. An important engineering application of state prediction
occurs when the control variable can be applied to the system with
a non negligible delay after its computation. In this case it is clear
that a state feedback control law can be used only if computed on the
predicted state. In the case of linear systems, such a control problem
is solved by the so-calledSmith Predictor[18], which is not exactly
a predictor: it is apredictive model-based control schemerequiring
state-prediction. Many other algorithms for predictive control of
systems with input delay have been proposed in the literature (see
e.g., [3], [5], [17], and [19]), and all of them include a state predictor.
However, in such schemes little attention is devoted to the predictor
implementation, often realized in open-loop, under the assumption
of stability of the process. In [7], different implementations of the
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