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[27] —, “Attitude control of underactuated spacecraffiiro. J. Contro]  of a single user on the congestion experienced by other users is negli-
vol. 6, no. 3, pp. 229-242, 2000. » _ . gible. Our focus here, however, éempetitive routingwhere the net-
e ot oo heaep o oLt oot o shared by several uses,withcach one having a nonnegigibl
and H. Sussmann, Eds. Boston, MA: Birkhauser, 1983, pp. 1-116, @mount of flow. This concept has attracted considerable attention in re-
[29] G.C.Walsh, R. Montgomery, and S. S. Sastry, “Optimal path plannirgent years, as reflected in the works [1], [11], [12], [15], [18], which
on matrix Lie groups,” irProc. 33rd Conf. Decision Contrplol. 2, Lake  will be our starting point here. These papers have presented conditions
Buena Vista, FL, Dec. 1994, pp. 1258-1263. for the existence and uniqueness of an equilibrium. This has allowed,
in particular, the design of network management policies that induce
efficient equilibria [15]. This framework has also been extended to the
context of repeated games in [16], in which cooperation can be enforced
by using policies that penalize users who deviate from the equilibrium.
. o ) . A desired property for an equilibrium is efficiency, i.e., social opti-
Competitive Routing in Networks With Polynomial Costs ity Itis well known that Nash equilibria in routing games are gener-
ally nonefficient. In particular, this nonefficiency can lead to paradox-
ical phenomena (e.g., the Braess’s paradox [4]) where adding a link
to the network could result in an increase of cost to all users. For spe-

Abstract—We study a class of noncooperative general topology networks cific examples of nonefficient behavior and paradoxes, we cite [8] for
shared by IV users. Each user has a given flow which it has to ship from a road-traffic, [7], [15] for telecommunications, and [12], [13] for dis-
source to a destination. We consider a class of polynomial link cost functions tributed computing.
athPted origrinally in ‘hel,comeXt Of,roa‘:] "ETfﬁCdmOde"g_gv ab';d Shgwé,hf,“ In this note, we study the equilibria that arise in networks of gen-
e e o™ eraHopology under Some polynomialcost functions introduced orig-
and is moreover efficient. These properties make the polynomial cost struc- nally in the context of road traffic by the US Bureau of Public Roads,
ture attractive for traffic regulation and link pricing in telecommunication and we obtain conditions for the uniqueness of the equilibrium. The
networks. We finally discuss the computation of the equilibrium in the spe-  yniqueness result is important, since to date there is not much known
cial case of the affine cost structure for a topology of parallel links. on uniqueness in the case of general topologies; only for a few special

Index Terms—Networks, noncooperative equilibria, nonzero-sum games, cases the uniqueness has been established, see [1], [12], [18]. We fur-
routing. ther present in the note conditions under which the NE is efficient.

The fact that under a class of nonlinear costs the equilibrium is
unique and efficient for general-topology networks may be especially
useful for pricing purposes; indeed, if the network operator chooses

We consider in this note a routing problem in networks where noprices that correspond to a unique and efficient equilibrium, it can
cooperating agents, to whom we refer topdyersor users wish to  enforce a globally optimal use of the network.
establish paths from agent-specific sources to agent-specific destinan the context of communications, an example of an architecture
tions so as to transport a fixed amount of total traffic (per agent). #dhere our routing framework (and the specific results obtained) would
the context of telecommunication networks, players correspond to dife of particular use is MultiProtocol Label Switching (MPLS) [2], [3].
ferent traffic sources which have to route their traffic over a sharedhe of the most important traffic engineering problems in MPLS, as
network. A similar setting has also been studied in the context of rogtkntified in [3], is how to partition traffic into traffic trunks, or equiv-
traffic networks [11], where a player can be viewed as a transportatigiently, how to distribute the arriving traffic over a given set of links.
company which is to ship a flow of vehicles. This problem has recently been studied in the framework of a single cri-

A natural framework within which this class of problems can be anerion that is optimized globally [10], but our framework here is more
alyzed is that of noncooperative game theory, and an appropriate s@uitable for MPLS, since in practice routing decisions are made (and
tion concept is that of Nash equilibrium (NE) [4]: a composite routingmplemented) locally by each source, and typically in a noncooperative
policy for the users constitutes a NE if no user can gain by unilateraliyanner.
deviating from his own policy. In the next section, we introduce the general model considered in this

There exists a rich literature [8], [14], [17], [19] on the analysis ofiote. In Section IIl, we establish conditions for the uniqueness of the
equilibria in networks, particularly in the context of the Wardrop equiNE. In Section IV, we establish the existence ofedficientNE under
librium [23], which pertains to the case of infinitesimal users (e.g., &propriate conditions. We then focus, in Section V, on the computation
single car in the context of road traffic). In such a framework, the impaet the equilibrium for the special case of affine costs and parallel links.

The note ends with the concluding remarks of Section VI.
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of Public Roads [22], which we thus call the BPR cost. The additive  Proof: Introduce the gradient column vector
termd; here could be interpreted as an additional fixed toll per packet

. ) . . . T
(or per unit traffic) for the use of link. a(\) = [Vljll F ) 5o VTN (A;M,\,O] (4)
In the model we adopt here, there afeusers, where userc A :=
{L...., N} has a fixed amount" of flow to ship from a source(i) \hereV, denotes the gradient operator with respectitoand); :=
to a destinatior(¢). Each uset has to determine how to distribute Sy = 1,...,] N}, which we will also view as adV-dimensional
flow over the available links (connectingi) to d()). Introduce: row vector. Then, it follows from [21, Th. 2], in view of [18, Cor. 3.1]

(which translates Rosendsagonal strict concavitgondition to a sim-

Ai == the rate of traffic user sends on link, ilar condition applied to individual links), that the NE is unique if for

A;;' := the total rate of traffic sent on link any set of vectord, and;, I € L (\; # A,V € L, in the vector
excluding the traffic from source sense), satisfying the flow constraints, we have
Thus > =) (g = @A) > 0.

el

We will show that in fact, for any for which \; # A, every term in
the summation above is positive, i.e.,
We visualize this problem as a noncooperative network, i.e., a net-

N
A = ZA;, A= A= AL
j=1

work in which the rate at which traffic is sent is determined by selfish (A= A" (gi(M) = gi(A)) > 0. 5)
players, each having its own utility (or cost). The cost for player i ) ) o )
given by We first consider the cagel) = 1, for which the expression in (5) is
quadratic in(A; — A;). Then, all we need to show is that the Jacobian,
J (Af, Nl € L) _ ZJ;' (/\;7 )\H) @) Gi(h), of gi(\r) with respect to\, is positive—definite. Simple calcu-
er lation yields
whereJ; (A5, A\ir) = A fi(A\0). It should be noted that, witf as given , *Ji (A1, M) i ,
by (1), J* is a convex function of the flow vector of usierwhich is a G\ = ONION =11 +Da
property we shall henceforth make frequent use of. Also, by a slight - i
abuse of notation, we will occasionally writ€ (A\;, iz, € L) @s  wherel denotes theV-dimensional vector with entries all 1, add
JUA) or JUALATY), whered' := {Aj;1 € L}, AT = {N;j # s the identity matrix.G; is clearly positive—definite, and hence the
i,j € N} andX == {N;j € N'}. positivity condition (5) holds. Therefore, the NE is unique (for this
‘The flows of each user have to satisfy the feasibility conditions: special case of(l) = 1).
Aj > 0,andvVv € V Next, we consider the case of a gengrél) € (0,p"),p(I) # 1.
r,-(v) 4 Z No— Z A 3) The Jacobian of;(A;) in this case is:
€m() - 1€0u() Gi(M) = ap(D)A)™ 72 (Gr + M)
where . T ; . .
) whereG; = ¢1°, q; := M\ + (p() — 1))}, andg; is an N -dimen-
‘ A if e =s(i), sional vector whoséth entry isq; . It follows from Theorem 6 of [21],
r(v) = —A" if v =d(i), brought to the link level in view of Corollary 3.1 of [18], that a suffi-
0 otherwise cient condition for (5) is for the symmetric mati@ (\;) +G:(\)” to

] ) ) ] ) be positive—definite for all nonnegative. A careful look at the proof
andIn(v) (respectivelyOut(v)) is the set of links which are input ¢ 51 Th_ 6] will actually reveal that it will be sufficient to require
(respectively, output) to node _ _ ositive definiteness for all but isolated values\of and in particular

The solution concept adopted is NE, i.e., we seek a feasible muﬁs—r all \; such that the total flow over that link is positive (that is, at
policy A = {A",i € A’} such that least one of the components.xfis positive). In accordance with this,
Ji()\) — JiN AT = -~ Ji(;i‘ )\ﬂ')’ e N it will be sufficient (for uniqueness)Tto show that_f/_b;r,, > O,the_ eigen-
X values of(G; + A\ D) + (G + A\ )" are all positive, or equivalently
Z = ql1" 4+ 1¢] > —2X; I, which is what we do next. Note that
being the sum of the outer product of two vectors and its transpose, the
symmetric matrix=; can have rank at mostvo, and its rank is pre-
iselytwoif ¢; is not a multiple ofL (thatis,\}’s are not all equal). For
the case when the rankdse the only nonzero eigenvalue &f is its
trace, which is clearly positive (and hence larger thax;). In view
Ill. UNIQUENESS OF THENE of this, we henceforth assume (for the remainder of the proof)gthat

Having settled the question of existence of a NE, we now establi8Rd1 are linearly independent. _
its uniqueness under appropriate conditions. Let us first introduce théVe now first show that the two nonzero eigenvalue&ofire = +

where the minimum is taken over all polici®swhich lead to a feasible
multipolicy together withA ¢,

For the game model just introduced, we know from [18] that a N
indeed exists.

quantity r— 2X\;¢ andz — r — 2N, where
pi=(BN-1)/(N-1) 2= 1 g+ 20 = (N + 1+ p(1)Au,
=1/ NqTlyq,.
and note thap* > 3 forall N > 2. A

Theorem 1: For the general topology network with cost (2), where 1iNgte that ford,, > 0 andp(l) = 1, the expression fof;();) below is
0 < p(I) < p*, the NE is unique. consistent with the one obtained earlier for this special case.
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Since =; is symmetric, the eigenvectors corresponding to its two The global optimization problem is the minimization, over all total
nonzero eigenvalues have to be linear combinations of its columiisk flows {\;;,71 € L} =: \; and subject to the feasibility constraint
and therefore have the formgq; + 31, wherea and 3 are some (3), the total additive cost:
constants. Hence, if is an eigenvalue, we have the equation

T(A) = Ji(Aa) 7

(@2" + 147 ) (aqr+ 1) = w(aq + A1) ’GL

whereJ;(M\i:) = A\ f1i(Air). Note that the total cost (7) depends only
for somea andb’ Since,ql andl are |inear|y independent’ their co- on the total flows over each link and not on the flows of the individual

efficients in the equation above should separately vanish, yielding theers, and hence to make the feasibility constraints (3) compatible with

pair of equations this, we can take instead of (3) its sum over all usethat is
o L r(v) + Z A = Z A (8)
af(L @) — =] + N3 =0, lE€Tn() 1€0ut(v)

o (quqz) + 7 [(q?l) - r] =0.

In order for a nontrivial solution to exist far and 3, the determinant
of their coefficient matrix in the above set of equations has to be zero
i.e.,(17q —x)? — N(¢] @) = 0. This is a quadratic equation in terms
of the unknown eigenvalues, whose solutions are » — 2)\;; and

z =71 —2\q.

To complete the proof of the theorem, we now finally have to sho
thatz, andz. are both greater than2\;;. Sincez; > z», it suffices
to show thatro > —2X\;:, or equivalentlyz — » > 0. Toward this end,
note that

where we have also made use of the assumptior-thaj is indepen-
dent ofi (and, hence, is denoted byv)). Therefore the global opti-
mization problem is

n)l\in J(A¢) such that8) holds 9
t

winceJ (.) is strictly convex over a linear constraint set, this mini-
mization problem admits a unique solution, which we denotébs
{Ai,1 € LY. Now, to bring this solution down to the level of an indi-
vidual user, we distribute the total flow;., on a link/ among the users
in proportion with their total flows, that igX{)/(X/) = (A%)/(A7).

2 N This leads to

- ‘ N2
F\l e )z n );) A=aidy; i€N; leLl, o :=A /Z A. (20)
= (N = i)+ (Ane)”

J=1
N \ 2
+ -1 (A{) 200’ (p() = 1) It should be noted that the flows (10) satisfy the flow feasibility con-
j=1 straints (3) whenevey, satisfies (8). We now show that (10) is, in fact,
< (N — D(M)? + (\)? aNE (and the unique one, by Theorem 1), and hence the NE is efficient.

2 2 20 Theorem 2:Let )\, be the globally optimal solution, and
(p(1) = 1" (Ne)” + 2(Ne) (p(D) = 1) A = ;A\, as in (10). This also constitutes the unique NE, with the
(N — 14+ (1)) (A)” (6) corresponding cost for usébeing.J* (A, A;) _Aa,J(/\f).

Proof: Let us first note that a flowV -tuple is in NE if and only
It then follows from (6) that —r > 0if 2> > N (N —14p(1)*)(\i,)?, ifitis feasible and the following holds for al| for any feasible\* (see
or equivalently if( N + 1 +p(1))®> > N(N — 1 + p(1)*), which can [11])
be rewritten as L
aTi (,\;, A,t)
0< 143N +2(N+1)p)+(1—N)p)? s oN;
=—(p)+1)((N—-1)p()— (BN +1)).

- (X;' - x;') <0. (11)

On the other handy; is globally optimal if and only if it is feasible

For anyp(l) € (0.p"), the above indeed holds, thus proving that (i.e., it satisfies the traffic constraints (3), or equivalently (8) in this

> 0. case) and the following holds for any feasible
Hence, the sufficient condition (5) holds fpfl/) € (0,p*), and O
thereby the NE is indeed unique. o > 0’)\ (A =) <0. (12)
it
leL
IV. EFFICIENCY OF THENE For the cost adopted, the partial derivative in (11) is
We consider in this section the special case dicenogeneous e
link cost for a general topology network. That j&,is now given by aJ{ (/\lv )\u) < \peti o
fi(Aw) = ar - (\e)?,p > 0,a; > 0, where the powep is a constant. N =@ (PO‘“) A+ (Are) ) : 13)

As mentioned eatrlier, this is the BPR cost which was studied earlier in

[9] (see also [5]). It was shown in these references that under this cpetting 5\;' = a; Ay in (13) above, we have

the Wardrop equilibrium and the globally optimal solution coincide.

Our result here complements this earlier one. We show that when g 7; (/\l 5\“) » ‘

all users have the same source and the same destination, the N Is————~ . (A; - /\;)

globally optimal (with respect to a single cost function) and that the .. A

corresponding link flows of different users are proportional to their = ai(pa; + 1) Zalo\“ e — Ai)  (14)
total input traffic. =y
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where), i := Ai/a;. Note that in the global optimization problem  Dividing by «; and summing over all the links, we get
3 2N (3 ) = 0+ D () G = ) €0 N Z . ADIES
= It tel —|—1 aq 1Jev e ar’

where the inequality follows from (12). By combining this with (14) Hence
we conclude that (11) holds with= X, and this establishes the preof. 1 _
A w9 3

V. COMPUTATION OF THENE: AFFINE COSTS JEN

In this section, we consider the case of a network consistinyf of - 1 Z — R(i). (21)
parallel links and with affine cost function for all linkg;(\;) = Dorer (1) V +1 a :

ai i + bi. This is a special case of the BPR cost fgf) = 1. A

possible interpretation for this type of cost in the context of teleconthen, from (20), a)\i =  R@GE) — bi/(N+1). Thus, if

munication systems is that it is the expected delay of a packet in a lightu; (i) > max; b//(N + 1), the equilibrium is given by

traffic regime. For example, the expected value of the délajn link A7 = ([R(i) — b/(N + 1)]/a;) > 0, which is compatible with the

I foranM/G/1 queue is given by initial hypothesis on positivity. O
Corollary 1: If all b,’s are equal, the unique NE is

E[D] = %Au + i ‘
Under a light traffic regime, i.e., with;;3; < 1, this can be approxi- @ ker @

o _ 2
mated bya A + (1, wherea; = (51)°/2. We next consider some further properties of the NE.
It follows from standard nonlinear (convex) programming theory Lemma 2:

that the following Kuhn—Tucker conditions are both necessary and suf-

ficient for a solution\ = {A}},.; to constitute a NE i) Consider a NE which dictates a particular user to send all its
= {1

traffic over a single link. If there is some other user who sends

KN =ady +bi+aX,=p' ifX >0, Vil (15) all its traffic also over a single link, then these two links are the
KiN) =ady+b >p' ifA=0, Vil 16 . Same. o : . .
T’( ) =i tbezp ! " (16) i) All users send their traffic over a particular lirkf and only if
Z)\;‘, — A Vi )\;' S0 Vil 17) A+ b + max; aiA' < min, 2 by, WhereA := Zze NZ Al

o - o Proof:

i) Consider a NE where playéruses only link and playerj uses
only link m, with I # m. From (15), we gety’ = a;Ai +
b+ A, andy’ = = amAmt + bm + @, A’. From (16), we get:
< a—1Ig+by, andp’ < amAmt + by, . Combining the last
two relationships, we obtain the following contradiction:

Since (15)—(17) constitute a system of linear equalities and inequal-
ities, they can be solved by standard LP methods. We present below
an alternative approach that yields explicitly the equilibrium when the
bias terms or their variability are relatively small.
Lemma 1:
i) If at equilibrium each user sends a positive amount of flow on arhi 4+ b+ A’ :ui < dmAmt + bm
each link, the unique NE is =17 — am N < a4+ b — a7

A= 71/(” A Z b = b . Vli. (18) ii) By (15)—(16), all users send their traffic to linkif and only if
> jer(l/a;) \ +1< w = A+ b +a A, andp’ < b, VI # m, which then leads
to the desired result. o

i) At equilibrium, each user sends a positive amount of flow on

L . Lemma 3: Consider the case of two links.
each link if and only if

Let 7 be a nonempty set of players who at equilibrium send all their
min R(i) > max bi/(N +1) (19) traffic on link 2. Then the equilibrium flows for the remaining players

i ¢ T are given by, fol, k = 1.2;k # I, and WithA(Z) := 3°,_, A
where
1 br — b1 + (1»2A(I)> (22)

i ak i
Al = A
. 1 ! ay + az </ + JV+1 as
R(Y) = Z (l/aj) N+1 Z aj ) P T
JeL jeL Proof: Let\i(Z9) := 35,47, b3 = b2 +a2A(Z). Each player

Proof: We will initially assume that at equilibrium all users sencf ¢ 1 faces the problem of minimizing the cost

positive flows on all links. This will allow us to obtain an equilibrium Ji(\) = A (aidie +01) + Aé(a»)m +bo)
which is consistent with this assumption, which in turn will be unique ; - ; o .
by the result of Section I1l. Now, by summing (15) over all users =A@ A (T7) +01) + Az (“2/\215(1 )+ bZ) .
This is equivalent to the original game where users ffodo not par-
N(aidy +b0) + aidy = (N +1)(adi) + Nby = Zl’ - ticipate, and the corresponding valuehofis changed téZ . It follows
from Lemma 2 that each user in this new game sends positive flow over
Thus, adie + b = (X, 1" +b)/(N + 1). Substituting in the both links at equilibrium. Using Lemma 1 then completes the proof.
Kuhn—Tucker condition (15), we obtain By comparing (18) and (22), we finally arrive at: R
Corollary 2: Consider a two-link game withy > b. LetZ be the
a\i + ’bl = . Z . (20) setof users for which] in (18) is negative. Thefi C 7, whereT is
N+1 \ L= as defined in Lemma 3.
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VI. CONCLUSION [21] J. B. Rosen, “Existence and uniqueness of equilibrium points for
oncaveN -person games Econometricavol. 33, no. 3, pp. 520-534,

c
We have studied the problem of static competitive routing to parallel 1965.

queues with polynomial link holding costs. We have established th¢22] Traffic Assignment Manual964. US Bureau of Public Roads. ‘

uniqueness of the NE for a general topology with the BPR cost [22] ant®3] J. G. Wardrop, “Some theoretical aspects of road traffic research,” in

have obtained a simple relationship with the globally optimal solution.

Proc. Inst. Civ. Eng.vol. 1, 1952, pp. 325-378.

We have further obtained some explicit results for the special case of
affine link costs.

The results of this note should prove useful for the analysis of net-
works with source-determined routing, when the link cost functions can

be approximated by polynomial (and in particular affine) costs of the
type considered here. The fact that the NE was shown to be efficient
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