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Systems With Output Measurements an arbitrarily small average risk-sensitive cost.
The previous work on this general topic has not addressed, however,
Giirdal Arslan and Tamer Bas the problem of adaptive control of strict-feedback systems for tracking

in the face of additive random disturbances as well as time-varying
uncertainty, which is what we do in this note, where we take
Abstract—This note investigates the control of stochastic nonlinear the time-varying unknown parameters enter the system dynamics
systems with parametric uncertainty. The class of systems considered linearly. The note can also be viewed as one extending the results
are single-input-single-output and in strict-feedback form, with the of [12] to strict-feedback systems with additional uncertainty in
performance measured with respect to a risk-sensitive cost criterion. . - . -
The uncertainty in the system description is assumed to be linearly the form of known functions multiplied by tlme-varylng_upknown_
parameterized, where the unmeasured parameters are generated by parameters and output measurements. We note that it is possible
stochastic differential equations. By employing the backstepping design to construct identifiers, which are stochastic counterparts of those
technique on the estimates of the unmeasured states, provided by a simplepresented in [11], to estimate the unknown parameters based on the
state estimator, an output-feedback adaptive controller is constructed relationship between risk-sensitive stochastic designs and stochastic
which maintains an arbitrarily small average value for the risk-sensitive . -
cost. The controller designed achieves boundedness in probability for games. One can then_ attempt to use these gstlmate_s_ to design an
all closed-loop signals and, under certain conditions, the tracking error adaptive controller which makes a relevant risk-sensitive cost for
converges to zero almost surely. the closed-loop system bounded. Nevertheless, for simplicity and
Index Terms—Adaptive backstepping, risk-sensitive control, stochastic to aVQId technical d.lfﬁCU|tles’ We.WIH not fOHO.W that path in this
systems, strict-feedback systems. note; instead, we will construct simpler adaptive controllers so that
a meaningful average risk-sensitive cost for the closed-loop system
becomes arbitrarily small; see [12] for our preliminary results on
|. INTRODUCTION the latter approach. Since we consider the case where only the

A recent research topic has been the design of feedback con%}putt_ IS tavg:lable for feed;aiki WeTl;]se a ?'mﬁf state tgstlTator
laws to achieve stabilization or tracking for uncertain nonlineap estimate the unmeasured states. Then using these estimates, we

systems where the additive uncertainty is assumed to be random; ign an output feedback adaptive controller that maintains an

the literature, the most common mathematical model used for sut itrarily small (which could be zero, under certain conditions)

Jygrage risk-sensitive cost; see [13] for the case where the system

systems consists of a set of stochastic differential equations interpr . :
2} no unknown parameters. The controller design technique used

in the 1td sense; see [1] and [2]. Simply because of the extra quadr. . .
variation terms resulting from the 1td differentiation rule (see [3])In the note_ is based on the well-known back-step_pmg methodology.
Tlae adaptive controller keeps the closed-loop signals bounded in

a control law designed for a deterministic system does not lead tcEJrobabiIity and under certain conditions make the tracking error
asymptotically approach the origin with probability one.
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action, these controllers could involve high gain, particularly when Assumption 1:The reference trajectoryy.(t) is r times
the performance specifications on state variables are tight. Howewsntinuously differentiable, wherey;(¢) and its derivatives
since the design procedure offers substantial flexibility in choosing tlj)g”(t), yﬁl") (t) are known and uniformly bounded by some
weights on the state variables, a judicious choice of these parametgjgstant, sayM,; > 0. We also use the notatioynEj] to denote

would lead to an acceptable tradeoff between good transient resp%ey(l) y 17
i sYg s e Yy .
of the states and boundedness of the control action. Assumption 2:sup,= Te[G(H)GT ()] < Mg, for some known
constantMa > 0.
Il. PROBLEM FORMULATION Assumption 3:There exists a knowmMy > 0 such that
2 L T
A nonlinear system described by the following Ito differential equaPyer Tmax(H (y)) < My, whereH (y) = [h(y). ... ke (y)]".
tions is considered: This technical assumption is necessary to bound the variance of the

. . filtering error by appropriate terms, which will be clear later.
day = [wir1 + Fi(y) + 0F (98] dt+ 1] (y) duw
Ill. THE ESTIMATOR

i=1,...,r—1
) . " Sincelxs, ..., x,]" isnotmeasured, it has to be estimated using the
de, = [b(y)ll + fr(y) + o, (9)9] dt 4+ h, (y) dw available online information, which ig. For this purpose, we rewrite
) the plant dynamics (1) as
A0 =G(t)dw — mn (|0| ) 6 dt. )
dv = [Azx + F(y) + ®(y)0 + B(y)u] dt + H(y) dw

Here oy

w:=[r:,...,x]" state vector; b =G(t)dw —my (|°) 6] dt. &)

u scalar control input; Let us assume for the moment tifais known. Then, to construct the

yi=m sca_lar OUFPUI: _ stater in (3), we introduce the following two deterministic filters from

0 d-dimensional stochastic process generated4], which equally apply to the stochastic system here

by the previous third equation; o § ‘ o

w R valued standard Wiener process; dx = [Aox + ky + F(y) + B(y)u] dt, x(0) = xo

and the initial condition(z(0), #(0)) is fixed. All the functions in- de =[A.& + B(y)] dt, €(0) = & (4)

volved in the plant model (1), and the functiarib, are known and

— oo SRV i
are sufficiently smooth. The time-varying parameter veétas not where C' == [L, O1x,a]", k := [k, ... k] is some gain

A = Yol Pt Hona
measured, and the model describing the dynamiés®f generaliza- vec_torz_io T 4= ]‘C » and the initial condltlonsm_and Lo are
9 y 9 bitrarily picked. Since® and H are smooth functions, we can

tion of the constant unknown parameter model. One of the most int L1 constants? > 0. 40 > 0 and nonnegative-valued functions

esting cases captured by this dynamic uncertainty structure is the cas ,S“q’ < B VYH = T g/o 9
. . . ) ?zl, Ya), Y (21, ya) such thatlr[®PP ] < vg + 21¢a (21, ya),
where the unknown time-varying parameters experience small fluctuya: o 0 5, . :

: . . andTr[HH" ] < ¥ + zivu (21, ya), Wherez; is the tracking error
tions around their mean values. The second terinon the right-hand .~ "~ o Th N ok | T ked i h hat th !
side of the dynamics af guarantees the stochastic boundedness of Sz =y~ ya. 1N gan vectof: is picked in such a way that there

. o X exists a positive—definite matrik that satisfies
(arelaxation of the usual assumption in the literature that the unknown .

parameters are bounded by some known bounds), and is defined as PA+ A, P+2pMy PP+ P <0
mn(16]*) = m(|8]*/N — 1), whereN > 0 is a known constant, i
and the increasing switching function(p): R — [0, 1] satisfies o
m(p) = 0forp < 0,andm(p) = 1forp > 1. (P) = L, if vy =0

The objective is to design a feedback controller such that the states e o R/(R+24%), otherwise.

of the plant (1) remain bounded in probability, and the following risk- ) ‘ '

sensitive performance inequality holds: The stater of (3) is now reconstructed as

F=1x+E0 (5)
which contains the unknown paramefeAgain, assuming knowledge
wherey, is the reference signal to be tracked> 0 is an arbitrary Of ¢, the estimation erraf := « — i satisfies
risk-sensitivity parametér,R > 0 is an arbitrary constant representing di = A7 dt + H dw (6)

an upper bound on the desired average risk-sensitive cod{tand >

0 is some weight function. We further want to achieve a zero avera§yich indicates that converges to zero exponentially in the absence
risk-sensitive cost, i.eR = 0, and almost sure convergence of th&! random disturbances and whéis known; see [14]. For future ref-

. o T o Y A ] A
tracking error to zero, provided that the following conditions are ag_rence, we |ntr§)ducé¥ = Trl¢" PeJ and W i= [7]p, whose 16
ifferentials satisfy

~ 2 poft o2 -1t &
h:IrIfip T In E exp |:3/0 [(y —ya)” + (¢, z)] dt:| <R (2

met:
Cl1) the reference signak(#) is a constant; AW < [=W/2 + 20max(P) [08 + 2700 (21, ya)]] dt
C2) G(t) = 0aqxq forallt > 0; L . . .
C3) the functionsf;(v), ¢:(y), h:(y) vanish aty = y4, Vi € dw < [_W + (R/Z)I{w?po} + = dn (=, y")] dt
{1, ..., r}. T Hoy~2
Although we will not be able to pick the weight functiéft, =) arbi- to dw—73 |5|" dt @)

trarily, the design procedure will still give us a considerable degree \%ere& .— 27T P#. We note that the estimator introduced above

freedom_ln shaping this function. We finally make the following W85 not the only possible choice to achieve our objective (2). In fact, we
assumptions. can use a state estimator which itself is risk-sensitive optimal [but more

1Although the symbol 8” is commonly used to denote the risk-sensitivityC(.)mpIeX than (5)] to achieve the S_ame_ Obj_e_ctive ). Nonethelgss, we
parameter in the literature, we prefer to use insteatHere to eliminate any Will prefer to use (5) because of its simplicity, and construct, in the
source of confusion with the notation used for unknown parameters. next subsection, an output feedback controller which will use the state
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estimate generated by (5). Our controller design will again be basedow, the desired value of the virtual control inpyt is picked as
the backstepping design technique which will be applied on the signals 1 s
21, X2, ---, Xr. This way, we will effectively convert the problem to @1 { Z1, ¥4 "» 61, 52) =—my o2
one V\{ith perfect state feeplback with parametric uncertainty as will be B+ 7 + 2 max (P)e + ¥] /(251)
clear in the following section.
wheref; (21, ;,51, 61, &) > 0 is some design function. By defining
IV. CONTROLLER DESIGN the second error termy asz2 = y2 — ay, (9) can be written as

In this section, we present design steps of an output-feedback congy, <
troller that achieves an arbitrarily small positive average risk-sensitive
cost for the plant (1), by employing the backstepping design method-

{231 21 20— (14742 max (P)Va +011) 21

T - . .
ology. —3 MmN (|91|2> |91|Z:| dt, +oi dw— ('r#|01|2/2) dt
Step 1: We start by computing the 1t differential of the tracking
error z; as follows: + [|1|§3/(27-) + Z1¢10 + (R/(4r) I ng>0y] dt.
dzy = (1’2 + i+ 51T9> dt+h{ dw -y dt (8)  This completes Step 1.

where the functions with the overline symbol denote the equivalentsStePk (k = 2. ..., —1): Assume the following structure from
of those without the overline symbol in terms of the new variable the previous step:

This notation will be used throughout to denote the equivalent forms = E—ya %= \i— s (2[,:_1], ygi—ﬂ’ (;[7,_11_, E[;])

of the functions in terms of, ..., z.. We decomposé¢ as¢ =:
[1, ..., &)Y, where the rows of satisfy i=2, ...,k
d&i = [=hi€1 + G+ 0] dt =iz, ya, €1, &) dt dz; = |:Zi+1 +o 4y (Z[z‘]~ yy, friy. f[i+1]>

Z.I].,...,T,ETJH = 0.

[i=1]
i -H?i(zz— cyy O, € )(é 9-1—5)9—1—2“)] dat
We then write (8) as li=11> Ya [i=1]> S[4] 2

dz1 = [XZ +r14+p1 (5;[9 + 559 + :l'z)] dt + siT dw + bLT (Z[i—1v1]> y571]1 é[7 1] & ) dw
whererq(z1, yg]) = f1 —yg),pl :=1,s1(21, yq) := h1. Fromthe i=1... k=1
fact thats, is smooth, it follows that we can find smooth nonnegative- » 5 A li—1] 4
- , ‘ b =64, dﬂ,;:é,;(zi, b, i.)zt
valued functions)1o(ya) andiq(z1, Jd) such thal1sl|2 < Yo + ' [ Ya s Os Spavay ) d

2411 Next, the smooth functioh; := =,z + I'|¢:|* is introduced, i=1, .. k-1
wheref, := 6 — 6, .
El('Tld) = 17 if Uﬁ(} =0 "’Yk—l = Z |:EZ (Z[ifl], y([;*l], é[ifl]-/ 5[1]) 312 + I~|9~l|2:|
‘ R/ (R+ 4rino), otherwise =
1 R/(4r) dVi—1 < = = (14 2Amax (P)Yo 4+ ¥ ) dt + 2551 21 21, dt
i ’ » f M. 7 0
I mm{gr pMe” Mo+ 4N} It Mg > it 9
1, if Mo =0 S Bir—k+1)27dt

=1
df, = [El;qpl (51 =+ 62) /F — MmN (|l91| ) :| dt k—1 _ B k—1 §
- g Z man (|¢91|2> 6] dt + Z [Jgd’w - % o | dt:|
::(51 (Z], Yd, 91, 62) dt =1 =1
whered, (0) = 6, for some arbitrary,. Its Itd differential satisfies + Z “iﬁ?/(?,,.) + Zitio + (R/(4r) T args0y] dt
AVi <2521 X2 + ma] dt 4 o1 dw — %|01|2 dt '

wherez;) = [z1. ..., z]". From this, the Itd differential of, is
_ gmm (|g1|2) 622 dt + (Jif3/(2r)) dt obtained as
A d:,:(/ i+ e ,V(f'f9+ '1'9+f».)) it +stdw (10
+ [E1¢10 + (R/(4r) I (nig>0y] dt (9) k Xkt + 7k + 0k | 01 & T2 ) ) ¢ spdw (10)
where where
o1 :=25,215, 4+ 2IGT 6, Ik (Z[Hv yz[ik]: é[k:—ﬂ: §[L:+1])
rEiz1 Zl’#""ll k—1
my:=r1+p1 (61 + & 61 + B — _ o
1 1 1( 1 2) 1 mm(P) 2 = k(21 +ya) + fr — Lallc 1[~Z+1+al+’]
21 0= ’ (1) =t
Oy, 9
) ) ) . ) _Z ﬂ/cl,, Zaﬂk 17”
and, in the first inequality, we used the following facts: Ay (a oY o€T

2Tt [—mN (|9|2) 0+ my (|91| ) ] < —Tman (|(7’~1|2> |l§l|2

(()(Pk 1 5 1 (920,’]671 T
- - Z T b) Z 920, 15
25 zide < |#5/(20) 4+ 2725 23/ (Amin (P)). = 09, ije{l, ... k—1} ~ 77
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Dk ( Z[ke—1] Jd B[k 1] g[k]) The desired value of the virtual control input, is picked as
. k1 5
o Li dar_1 g (/«[k}a Yq s Os E[k+1])
- - Oz; pi =—mp — (B +7r— k)zk/(ZE;,,») — Ep—12k—1 /El,z (14)
k=11 5 i wheregy. (2, i, f11y+ €r1)) > 0 is some design function. We can
Sk (3["’—”" Ya o Plk—1s EW) now rewrite (13) in terms of thek + 1)st error terme;.1, defined as
Zk41 1= Xk41 — O, @S
_ 8“/@ 1 ) 5
= Z 9. Ve < =22 (14 2\ (P + 1) di + 25y 242 dt
Sincesy, is a smooth function, we can find nonnegative valued func- ~ .
: , 1] S e St - Bi4+r—k)zldt+ P at
tions vro (yF 1, B 1, €x) @andebn (zpeags v 9[k 115 &1x))s Z ( Z
which are also smooth such tHaW < Yo —1— | -1l L/)k1 Now,
the smooth functioly, = Vi1 +Zx2¢ + NS |ntr0duced where oo TR u
9; :—9—0; +Z|:0'i dlU—7|0',;| dt:|+z
—_ ¢ — A R F ~ ~
e (:[k_l], yg‘ 1], Olk—1]» f[k]) . |:_z7wzo + — I{ZLIC >0} — 7 MaN (|9i|2) |9i|2:| dt. (15)
2
- /(4 vi), T Yro =0 (11) Since all of the relevant definitions and results of Stepre consis-
R/(R+ Rip1 + 4r¢ro), otherwise tent with the induction hypothesis, it is concluded that the induction
e hypothesis holds true far € {1, ..., r — 1}.
i 0=y, Stepr: Itis easy to see that the results of Stepold true also for
doy = || 252 z pil(o 2r X : ) - .
F [( B2RPEF 2 g Dz ) ( i &) /20) k = rif x»41 is defined as¢.+1 := bu, whereu is the actual control
input. Thus, thér + 1)th error termz,-11 can be made zero by picking
Cma (|ék|2> é;} it the control input as
U=y (Z[T]v y([]T]-/ 9[7“}7 {[7})/1)(:1* yd) (16)
=: b (4[/@] 1 b, E[k) (12)  where - is obtained by setting: = r in (14). With the con-
- A . . e trol input (16), the It dlfferentlal of the smooth function
wheref, (0) = 6,. The It differential ofl}, satisfies , . r X <
el )_ ! i o § " Vo= Ve = Y [Eip-), y& 9[7 s &)=l + Tl6a)?],
dVi <dVi_i 4 25, zi[er + my]dt + o dw where=,. is obtained by setting = » in (11) satlsfies (15) with index
. . k set tor. We now note that, from (7) and (15), we have
T 2 T 2 2
— g dt — = man (|9k| ) |6,] dt -
2 2 dV + dW
1E7 /@) + 2oy P dt + Extko , " N
< = (L4 20max(P)te) dt = 37 Bzl dt
+ (R/(4T))I{MG>0}] dt (13) i=1
where 1 5 I < PN
IR — i di— 5 S man (|9i|2) 16,2 dt
0 =285 215k + Z,% Z 0=k s; + QFGTéA» 2 2 i=1

+o" dw— % lo|” dt

k—1 —_
my =7k + <pk + ;?A Z %]}) (61 +& )bs
=k iy 9F Z(_,m) + (R/ N aag>01 + (R/2)I 0 oy | dt

E—1 |

+ 22:" Z af (zit1 + i +7) wheres = >°7_, 0, +¢. If conditions C1), C2), and C3) are satisfied,
BT then we can picki1o = --- = ¥ = ¥Y = Mg = 0. If this
. kooaz , .o klgs is the case, then the last term in the aforementioned inequality drops,
o S s+ - > ;I’f 5i andR could be chosen exactly equal to zero to achieve a zero average
= dyy 25k = 09} risk-sensitive cost. This now leads to the following theorem.
[ el Theorem 1: Consider the nonlinear system (3) under Assumptions
+ 2B Z aiz’: 7 HL 0=k sls; 1, 2, and 3. If the design function® are picked to satisfyg; > kg
2= o€ Sy & 0z for someks > 0,Vi € {1, ..., r}, then for any given risk-sensitivity
92z parametep: > 0 and desired average risk-sensitive cst 0 (which
+ 2k Z =+ §Ts; could be chosen as zero, i.&,= 0, if conditions C1), C2), and C3)
Bk et oy 970z are satisfied), the controller (16) achieves
CIEL{T } 1
r k—1 o= 2 )
"k =k T T
+ o= |2Zksk + 2 8i . 2
2= ; 0z; hzlrrfotlp ,u_T lnEeXp% /O 2y ;
, oz | r 1[2
"k — Zk a2 502Y 1512 Lip
———— |2Zipr + zk il . - | Biz; — 1 Ar(eg >9i — |dt| < R.
+4Ek/\mm(P) kDK + L; az,:p} { z +2m4\ 16:1° ) | |}+ B } <R
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2) The closed-loop signals are stochastically bounded in probability,We end this section by simply listing several possible extensions of

ie., the results presented in this note.
1) Generalization to partial state-feedback case: In this case, the
clggo qup P{C#)| >ec} =0 signalsey, ..., a7, whereM is aninteger satisfying < M <

r, are assumed to be available for feedback, and the nonlinear
functions in the system dynamics can be allowed to depend on

w7here ) = T[zl(t), e zo(t), B, ..., 05 (1), # (), e
G ). & (1), 0 ()] 2) Risk séns;itive as i i i i
o - - ymptotic tracking of arbitrary reference signals.
3) If conditions C1), C2), and C3) are satisfied, then 3) Risk-sensitive control with structurally unknown dynamics (see
a) Psup;zo [((1)] < oo} =1 [18] for the deterministic case).
b) lim¢(o)—o 7’{5111%;0 |C(t)] > €} =0, fer anye > 0; 4) Risk-sensitive control with unstable zero dynamics (see [19] for
¢) P {limy—oc |2 (OF + [2(H)]* + [€(D]F =0} = 1. the deterministic case.
Proof: From (17), it follows thatv’ 1" > 0 5) Risk-sensitive controller design with measurement noise.
6) Risk-sensitive control of pure-feedback systems, that is those de-
2 wlf scribed by
T In E exp |:/0 24 Z Bizi 4+ = Z man )
dv; = fiz1, ..., ipr) dt + Ry (x1, ..., x;) dw
- (|éi|2) 16:% + & |5?|4 df} i=1,...,7, i1 = u.

V(0) + W(0) 2 Ny
< T +R+//,T 111Eexp2/()
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