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Equilibrium Solutions in Static Decision Problems with
Random Coefficients in the Quadratic Cost

TAMER BASAR

Abstract—This correspondence extends the results of [1] to the case
when the weighting terms of the quadratic cost functions also depend on
the random state of “Nature.” For this class of static two-person quadratic
decision problems it is shown that the (Nash) equilibrium strategies are
unique under certain conditions which, in general, explicitly depend on the
probabilistic structure of the problem.

1. INTRODUCTION

In this paper we extend the results obtained in [1] to the case when the
coefficient matrices in the quadratic cost functions are also random.
More specifically, we consider the class of two-person two-criteria deci-
sion problems, with static information structure and quadratic objective
functionals where the weighting terms are random, and for this class of
problems we attempt to obtain a set of sufficient conditions for existence
of unique (Nash) equilibria.

Abiding by the terminology and notation of [1], let x denote the
unknown state of Nature taken as an »-dimensional second-order ran-
dom vector, and let ¥, and u, denote the decision variables of decision
makers (DM) 1 and 2, and taking values in R™ and R", respectively.
Furthermore, let the observation of DM/ be given by an m;-dimensional
random vector z;. Then, the strictly convex quadratic cost function of
DM is defined by

Ji(x,upuy) = af () u+ LuDy(x) + uTDy(x)uy,  joi, Bj=1,2
(la)
with
D;(x)>0 as. 9, (1b)

where @, denotes the probability measure induced by x on the Borel
subsets of R". We further assume that each coefficient term is square-in-
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tegrable under %, . It should be noted that (la) defines the most general
convex quadratic cost functional in view of Lemma Al of [1].

Letting £7 denote the Banach space of square-integrable strategies
(decision rules) of DMi (see [1] for a precise definition), we define the
expected (average) cost for DM for each {y, €€}, v,€£72) by

(v =E Ui(xunwlu =110 =1l @

and the problem then is to obtain a set of sufficient conditions for
existence of a unique pair of equilibrium strategies

{ytec,y1een}
that satisfy

LGyt ) <yt v

(3a)
(3b)
for all y;€£7, i=1,2.
The main results are given in Section II.
II. MamN ResULTS

As a counterpart of Theorem 1 of {1] we can first prove the following
result.
Preliminary notation for Theorem I:

D(z) 2 E[Dy(9)lz]
d(z) & E[d(x)lz].

Theorem I: The pair {y{ €L, v3 €L;2) satisfies (3) for all v, €L7 if,
and only if, it simultaneously satisfies the following two relations:

Di(z)y*(z)= —d(z) - E[Dy(x)y* (z)lz: ),

Proof: Since expectation is expectation of conditional expectation
with respect to z;, we first have

(4a)
(4b)

i, ij=1,2. (5

T =E[d7 (@) () + 117 (z) Dlen(z)
+v7(z)E [Di]'(x)Yj(zj)lzi]]’ i), Lj=12.

Then, in view of inequalities (3) and the strict convexity assumption (1b),
minimization of the above expression with respect to vy, yields the desired
result. ]

We can now state the main result of this paper after introducing the
following notation.

Preliminary notation for Theorem 2: In the-following, isj, i,j=1,2
unless otherwise stated:

Ny(x,21.23) & D" Y(z) Dy(x) D \(z). (6a)

A(z;m): an (r; X r;)-dimensional matrix valued function of z; for each
nonsingular (r; X r;)-dimensional matrix (2, (whose entries are square
integrable under 9, ), defined by

A(zsm) & (a7) " E[ DI (x)E[ NfaTaN;)z ] D (x)lz; " (6b)
where we have suppressed the arguments of m; and Nj;.
k(z) & = D, '(z)d(2)+ B Y(2) E] D) B Y(z)dz)|z ). (6)
K;: a linear operator mapping £ into itself such that for each yE£5
Ky(z) 2 E[ Ny(x,2,2) E[ D) v()l5 )l
= E[ Ij(x,zl,zz)|zi]

where the last expression defines [(-) for each y€ ez

(6d)
(6e)
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y & (xT,zf 28 )T, an (n+ m; + m,)-dimensional random vector. (6f)
For each y €£7, we finally define the norm

Iy 2 (E[yT(m)vy(m]}' /2 (68)

Theorem 2: Let there exist either an (r; X r;)-dimensional real nonsin-
gular matrix function 7,(z,) such that for some § <1

(7a)"

or an (r, X ry)-dimensional real nonsingular matrix function m,(z,) such
that for some §< 1

A](Z];'ﬂ'])<6l a.s. @Zl

A(22imy) <8I as. 9, (7b)"
where &, denotes the probability measure induced under the random
vector z;. Then,

1) There exists a unigue pair of strategies {y§ €L,y €L} that
satisfy (3).

2y f (7a) is satisfied for some nonsingular 7(z;), the unique
equilibrium strategy of DM1 is given by

¥H(z)= Bméf(z)) (8a)

where lim denotes the limiting operation under the £}'-norm and £
denotes a convergent sequence in £} defined by

HEI=kG)+r! 3 (k) (). 6b)

Then, the unique equilibrium strategy of DM2 can be determined from
(5) with i=2.
3) If instead (7b) is satisfied for some nonsingular 7,(z,), then
¥3(z2)= im&3(zy), ©
where £ is defined by (8b) with I’s replaced by 2’s and y} is related to
¥3 uniquely through (5) with i=1.

Proof: To prove part 1) let us start with the result of Theorem 1,
multiply both sides of (5) by D, !, and substitute the resulting expression
for i=2 into the same for i=1. This yields the following unigue equation
that y} should satisfy:

n(z1)=k1(z)) + Kyvi(21) (10a)

where the required terms are defined by (6¢c) and (6d). To prove
existence of a unique solution y; E£Z! to (10) is, however, equivalent to
proving the existence of a unique solution y, = 7y, €£ to

Yi(z)=mky(z) +mKym ¥z 2 Kiy(2) (10b)
since 7y(z,) is real and nonsingular. Defining a metric d(y,B) on £! by
the norm ||y — 87!, we now show that the operator K; which maps £!

into itself is a contraction mapping under (7a).
For every v,B €£7},

d(Kyy, K, B)=11K\y— K, BIEs=llmKym ' (v=B)I:
=|lmE[ Loy —Loglzy 12 < (B — Hog)IE,
=d(mi}mllg) (11a)?
where the inequality follows from the nonexpansive property of condi-
tional expectation (see [I, Lemma 1J), and the notation is that of

(6d)—(6g). Now, using a well-known property of conditional expectation
under the expectation operator, we have

'Here I denotes the identity matrix of appropriate dimensions.
2Metric d(-* -) is defined here likewise but on 2.
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[d(m kv mitiog) |
= E[ B[ ((z) = B ) () DF(lzz)
NalmNE [ Dy ' (v(z) = B@))lz] |
= B[ E[(1(z) - BG) (a7 ") DRz | E [N fmNylz,]
E[Dyyni (12~ Bz )2 |
=E[ B[ (+(20)= B)) (7 ) DRz, | MT(z) M(2)
E[ Dy \(1(2) — BG))21] | (11b)

where in the last identity we have made use of the fact that it is possible
to find a matrix M(z,) with square-integrable entries and with the
property

MT(2) M(2,)=E [ N3(x,2;,2)7[m N p(x,21,2,)] 25] (11c)
since the latter expression is nonnegative definite as. ¥,,, and the
conditional expectation possesses the said properties. Actually, more
than one such M(-) will in general exist, but any of them will be equally
acceptable at this stage. Hence, taking over from (11b), we have

d("’llﬂl,— Ly!Wllqul"ﬂ) =(M(z)E [Dll(x)'”l_ Wy(z) - B(Zx))lzz]"?,
=||E[M(29) Dyy(x)mi {(v(21) — B2z )2
< |\ M(22) Day(x )y (¥ (21) — BCzDIE,

={E[(¢-B) (= )'E
[DRCIMT () M(z) Doy} 2] (v = )]}
< {E[(y-8) (v- )]}/ =0d(v.8)

where the first inequality again follows from [1, Lemma 1}, whereas the
second inequality follows from (7a) by making use of (11c) and (6b).
Hence, we have shown that for some § < 1

d(K.v,K, B) <8d(7,8),

and this implies that 12, is a contraction mapping, which in turn
establishes the existence of a unique fixed point of K by direct applica-
tion of Banach’s classical contraction mapping principle. This thus
completes the proof of 1) under (7a). A proof under (7b) can likewise be
constructed by first writing down an expression for y, similar to (10a)
and by going through similar steps.

Since K, is a contraction operator under (7a), 2) follows (as in [2])
directly from (10b) and the property of Picard iterates in a fixed-point
space [3]. 3) can likewise be proven since K, (defined through (10b) with
I’s interchanged by 2’s) is also a contraction mapping under (7b). O

Remark 1: When the coefficient terms of the quadratic cost function
are nonrandom, then it is known that there exist sufficient conditions of
existence and uniqueness which are independent of the probabilistic
structure of the problem [1]. If the weighting coefficients are random,
however, it should be observed from (7) that this property, in general,
ceases to hold true.

III.

In this correspondence, we have extended the results of [1] to the case
when the weighting terms of the quadratic cost function are also ran-
dom. In this case, the set of sufficiency conditions derived depends
explicitly on the probabilistic structure of the problem, and the unique
equilibrium strategies can be realized as the limit of an infinite sequence
in an appropriate Banach space.

CONCLUSION
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Error Analysis of Three-Dimensional Linear Diffusion
Equations When Approximated to Differential-Difference
Equations

G. B. MAHAPATRA
Abstract—This correspondence attempts to investigate the error in-

volved when three-dimensional linear diffusion equations are approximated
to differential difference equations.

1. INTRODUCTION AND PROBLEM STATEMENT

Consider the linear three-dimensional diffusion equation

%—f 'il :202 i %€(0,1); 0=0(x;,x5,x3,1) (1)
with injtial condition
8(x,,x3,%3,0) = Bo(x,, 3, x3) 3]
and boundary conditions
=0, forx;,x;x3=1.0 and x;,x;=0 )]
8=u(t), forx,=0. )

Denoting the nodal points (ik,jh,kk) along spatial coordinates as (¢,j,k)
with the mesh size A=1/N, N being the number of grids along any
spatial coordinate, (1) is replaced by finite difference technique (2], [4]

GGLED - (1 /BPITG+ 1, ko) + TG = 14 ko)
+ T(ij+ Lk, )+ T(ij— Lk, )+ T(ij.k+1,0)
+ T(ij,k—1,0)—6T(ij,k, 1)}
=L(T);  ijk=12-e,(N~1).
T(iyj, ke, 0) = 0(i i, k)

where true solution 8(i,j,k,7) is approximated to T(i.j,k,f) and I(T)
represents the right-hand side (R.H.S.) of (5), L being an operator. Such
formulations have been employed in control studies of diffusion systems
[11-[3). Error analysis is available when discretization is made along both
spatial and time coordinates in numerical studies [4). But it is not yet
clear how much error is involved between 8(i,j, k, ) and T(i,j,k,f) when
(1)—(4) are replaced by (5). An attempt is made in this note to predict the
error in terms of the grid points N and time 7 using state-space theory.

)

II. ERROR ANALYSIS

Let the error between true solution and truncated solution be given by
E("j)kst)'___a(lxjsk)t)_ T(ix]ska t)- (6)

From Taylor series expansion of 8(x, x5, x3,¢),
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BELED _ 19y -2v() ™
where
3 3% 3 a9
V()= 2 o "f— 2
6 3 8,
h % 3% . @)
8' m=1 Bx,,, iJ,k
h
W;(t)+ Wz(t)+ W3(1)+ e ®)
and
3 2n+
W= B i3 (10)
m=1 ax,,, + ik
From (5), (6), and (7), error equation is given by
LAY _ gy -am(s) an
and with initial conditions from (5) and (6)
E(ij,k,0)=0 (12)
and boundary conditions from (3), (4) and (6)
E=0, forij,k=0and N. (13)
Equations (11)-(13) can be written in state variable form:
Y=AY(f)- BV(?) 14
with initial condition
Y(0)=0. (15)

Y(?) is a column vector of order (N—1)% each element representing
E(i,j,k,t); A is a square matrix of size (N—1)’; B is a diagonal square
matrix of order (N—1)°, each element=2; ¥(z) is a column vector, each
element being evaluated at (i.j,k).

Solving (14) and (15)

Y(1)=-2 fo ‘Pexp(D(t— )P~ W(r)dr (16)
where P and D are modal matrix and diagonalized eigenvalue matrix of
A, respectively. It can be seen that A matrix is the same corresponding to
(5) and, therefore, it is symmetric matrix having negative real eigenvalues
A, i=h2, - (N~1).

Let the partial derivatives (p.d.) of # in x; evaluated at the nodal point
(i, k) in (8) be all bounded. From (8) and (9),

||V||<3—?||W,||+2—:||qu+Z—,ﬁnwsu+--~ (17)
=M (a positive finite quantity). (18)

From (16), (17), and (18),
WY <2M 1P~ 1P [ lexp(D(t =) dr (19)
Q2AM|PTYWIPN-125  O<i<o (20)

and
w-1? 1/2

lexp(D(r=)l=| 2 exp((1=1)) @n
<(N-1)2 22
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