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Equilibrium Solutions in Static Decision  Problems with 
Random Coefficients in the Quadratic Cost 

TAMER B q A R  

Abstmct-Tl& correspondence  extends  the results of [l] to the c ~ s e  
when the weighting terms of the quadratic cost fimdioos also depend on 
the random state of “Natura” For this class of static two-perwn qudratic 
decision problems it is shorn that the (Nash) expjlibrium sbategies are 
unique under certain conditions wi6cJ1, in general, explicitly depend on the 
probabi i c  structure of the problem. 

I. INTRODUCITON 

In this paper we extend the results obtained in [ 11 to the case when the 
coefficient  matrices in the quadratic cost functions are also random. 
More  specifically, we consider the class of two-person two-criteria  deci- 
sion  problems,  with static information structure and quadratic objective 
functionals  where the weighting  terms are random, and for this class of 
problems we attempt to obtain a  set of sufficient conditions for existence 
of unique (Nash) equlibria. 

Abiding by the terminology and notation of [l], let x denote the 
unknown state of Nature taken as an n-dimensiord second-order ran- 
dom  vector, and let ul and u2 denote the  decision  variables of decision 
makers (DM) 1 and 2, and taking  values in R‘1 and RQ, respectively. 
Furthermore, let the observation of DMi be  given  by an q-dimensional 
random vector z,. Then, the strictly convex quadratic cost function of 
DMi is  defined  by 

~ i ( ~ , u l , u 2 ) = d ~ ( ~ ) ~ i + f u i ~ ~ i ~ ( ~ ) u i + ~ i T D i j ( ~ ) ~ , ,  j p i ,  iJ=1,2 

( 1 4  

with 

Dij(x)>O as. TX ( 1b) 

where  denotes the probability measure induced by x on the Bore1 
subsets of R”. We further assume that each  coefficient term is square-in- 
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tegrable under TX. It should be noted that (la) defines the most  general 
convex quadratic cost functional in view  of Lemma A1 of  111. 

Letting e: denote the Banach  space of square-integrable  strategies 
(decision rules) of DMi (see [l] for a  precise  definition), we define the 
expected  (average) cost for DMi for each { yl E e:;,y2E by 

j ; . (~1 ,~z)=E[Ji (x ,u l ,u3lul=~1( . ) ,u2=~2( . ) I ,  (2) 

and the  problem  then is to obtain a set of sufficient conditions for 
existence of a unique pair of equilibrium  strategies 

{Yt~e:,Yz’Ee::} 

that satisfy 

J;(Yt,Y?) GJdY19Y3 

JdYt*Yz*)~J;(Yf,Y3 

for all yiEE:, i=1,2. 
The  main  results are given in Section 11. 

11. MAIN REsULrs 

As a counterpart of Theorem 1 of [l] we can fist prove the following 

PreIiminaty notation for Theorem 1: 
result. 

i i ( z i )  L E [D,(x)lzi] (4a) 

&z;) 2 E[4(X)lZi]. (4b) 

Theorem I :  The pair { yfi E e:;, y t  E E:;) satisfies (3) for all yi E E: if, 
and only if, it  simultaneously  satisfies the following two relations: 

ii(zi)y:(zi)= - d i ( z i ) - ~ [ ~ , ( x ) y j * ( z , ) ( z i ] ,  izj, ij=1,2. ( 5 )  

Proof: Since expectation is expectation of conditional expectation 
with respect  to ti, we first have 

J;(Y~,Y~=E[ 4 T ( z i ) ~ i ( z ; ) +  fYiT(z;)i;(z;)yi(z;) 

+ y:(zi)~  [~~(x)y,(z,)lz~1], i+j, i d -  1,2. 

Then, in  view  of inequalities (3) and the strict convexity assumption (lb), 
minimization of the above expression  with  respect to yj  yields the desired 
result. 0 

We can now state the main  result of t h i s  paper after introducing the 
following notation. 

Preliminary notarion for Theorem 2: In the -following i#j,  i j =  4 2  
unless  otherwise stated: 

N,(x,z1,23 L ~i-~(zj)~,(x)i;-~(z;). ( 6 4  

A;(zi,vi): an (r; Xr,)-dimensional matrix valued function of zi for each 
nonsingular (r; X r,)-dunensional matrix vi(zi) (whose entries are square 
integrable under 9zz), defined by 

A~(z;;T;) L ( . , ‘ ) - l E I D ~ ( x ) E [ ~ ~ ~ ~ ~ ~ , ~ z , ] ~ , i ( x ) ~ z i ] ~ ~ l  (6b) 

where  we have suppressed the arguments of m, and 8,. 

k,(+)  f - ~ i - l ( ~ i ) ~ - ( ~ i ) + ~ ; - l ( z ; ) ~ [  D, (x)~-’ (z , )&z , ) l z i ] .  (6c) 

x.: a linear operator mapping E: into itself such that for each y E 

ISY(Z~) ’ E[  ~ , (x ,~ l ,~z>~Io , (x>~(~ i ) Jz i l lZ i ]  ( 6 4  

2 E [  f ~ ( x , z l , z J z i ]  (64 

where the last expression  defines c(.) for each y E  E:. 
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y (xT,z:,z;)', an ( n +  mI +mJ-dimensional random vector.(6f) 

For each y E Q, we finally  define  the norm 

IlYll7 { ~ [ Y = ( d Y ( d I 1 1 / 2 .  (6g) 

Theorem 2: Let there  exist  either an ( r l  X rl )-dimensional  real  nonsin- 
gular matrix function r l (z l )  such that for some S < 1 

Al(zl;rl)  <6Z as. TZ1 (74 '  

or an (r2 X rJ-dimensional  real  nonsingular  matrix function r2(23 such 
that for some 6 < 1 

h2(z2;r2) <SZ as. TZ,, (7b)' 

where 9, denotes  the probability measure induced under  the random 
vector zi. Then, 

1) There exists  a unique pair of strategies (yf E e:;,yT E e:) that 
satisfy (3). 

2) If (7a) is satisfied for some  nonsingular r l ( z I ) .  the  unique 
equilibrium  strategy of DM1 is given  by 

Y t ( Z I ) = ~ s ; ( z l )  (sa) 

where lim denotes the limiting operation under the qi-norm and 5; 
denotes a  convergent  sequence in q; defined  by 

n 

~ ; ( Z I > = ~ I ( ~ I ) + ~ T '  ( ~ I ~ ~ ~ ~ ' ) ~ ( ~ ~ ~ ~ ( ~ ~ ) ) .  (gb) 
m = l  

Then, the unique equilibrium  strategy of DM2 can be determined from 
( 5 )  with i=2. 

3) If instead (7b) is satisfied for some  nonsingular r2(z9, then 

v2'(z2)= 95z"(z2) ,  (9) 

where 52 is defined by (8b)  with 1's replaced by 2's and y r  is  related to 
y t  uniquely  through (5) with i =  1, 

Proof: To prove part I)!et us start with the result of Theorem 1, 
multiply both sides of (5 )  by Di-I, and substitute the resulting  expression 
for i = 2 into the same for i = 1. This yields the following  unique equation 
that y r  should  satisfy: 

Y l ~ ~ , ~ = ~ l ~ ~ l ~ + ~ l Y l ~ ~ l ~  (loa) 

where the required  terms are defined by (6c) and (a). To prove 
existence of a unique solution y1 E e; to  (10) is, however,  equivalent to 
proving  the  existence of a unique solution TI r l y l  to 

Y I ( ~ I ) = ~ l k l ( ~ I ) + ~ I ~ I ~ I T ; l Y I ( ~ I )  ~ I T l ( Z 1 )  (lob) 

since r l ( z l )  is real and nonsingular.  Defining  a  metric d(y,B) on e;; by 
the  norm IIy- /311:;, we now  show that the operator Kl which maps e : ;  
into itself is a contraction mapping  under  (7a). 

For every y, B E e;;, 

~ ( ~ l Y ~ ~ l B ) = l l ~ l Y - ~ l B l l ~ ~ = l l ~ l ~ l ~ ~ ~ ~ Y - B ~ l l ~ ~  

=Ilr1E[ + ~ - ~ ; i ~ ~ l ~ l ] I l ~  4 l l ~ l ( ~ ~ ~ ~ - ~ ; ~ ~ ~ ) l l ~ l  

=d("ll;iI,,rll,'r$9) ( 1 la)2 

where the inequality  follows from the nonexpansive property of condi- 
tional  expectation (see [l, Lemma ID, and the notation is that of 
(6d)-(6g).  Now,  using  a  well-known property of conditional expectation 
under the expectation operator, we have 

2Meuic d(.' .) is defined here  likewise but on E;,. 
'Here I denotes the  identity  matrix of appropriate dimensions. 

. ~ [ D 2 I ~ r ; ' ( Y ( ~ l ) - P ( ~ I ) ) I ~ 2 1 ]  (1 1b) 

where  in  the last identity we have made use of the fact that it is  possible 
to find a matrix M(z2) with square-integrable entries and with the 
property 

M = ( z 2 ) M ( z 2 ) E E [ N ~ ( X , Z I ' Z 2 ) r : r I N l 2 ( x , z ~ , ~ 2 ) l ~ 2 ]  (1lc) 

since  the latter expression  is  nonnegative definite as .  qZ,, and the 
conditional expectation  possesses  the  said properties. Actually, more 
than one such M(.) will in  general  exist, but any of them will be  equally 
acceptable at this stage.  Hence,  taking  over  from (llb), we have 

d(r,l,li$,rl[bilfl) = I"2)E [ ~ z l ( ~ ) ~ ~ l ( Y ( z l ) -  r%))l~2lll~ 
= IIE [ wz2)D2l(x)77; '(Y(Z1) - P(zl))l~2lll: 

< I I ~ ( ~ 2 ) ~ Z l ( x ) ~ ; ' ( Y ( ~ l ) - B ( ~ I ) ) l l ~ ,  

={E[(Y-B)*(r ; ' )=E 

<6 {EC(Y-BB=(u-B)1)1 '2=Sd(Y,B)  

~ [ D ~ ( x ) M * ( ~ 3 M ~ ~ 2 ) D z l ( x ) l z 1 1 ~ l ~ ( Y - 8 ) ] } 1 / 2  

where the first  inequality again follows from [l ,  Lemma 11, whereas the 
second inequality follows  from  (7a) by making  use of  (1 IC) and (6b). 
Hence, we have  shown that for some 6 < 1 

d(kIY,4B)WY,B), 
and this  implies that f?, is a contraction mappgg, which in turn 
establishes  the  existence of a  unique  fixed point of Kl by direct  applica- 
tion of  Banach's classical contraction mapping principle. This thus 
completes the proof of  1) under  (7a). A proof under (7b) can likewise  be 
constructed by first writing  down an expression for y2 similar to (loa) 
and by g2ing  through  similar  steps. 

Since KI  is  a contraction operator under (7a), 2) follows (as in [ZD 
directly  from (lob) and the property of picard iterates in  a fiied-point 
space [3]. 3) can likewise  be  proven  since K2 (defined  through (lob) with 
1's interchanged by 2's) is also a contraction mapping under (7b). 0 

Remark I: When the coefficient  terms of the quadratic cost function 
are nonrandom, then it is known that there  exist  sufficient conditions of 
existence and uniqueness  which are independent of the probabilistic 
structure of the problem [l]. If the weighting  coefficients are random, 
however, it should be  observed  from (7) that this property, in general, 
ceases to hold  true. 

111. CONCLUSION 
In this correspondence, we have  extended the results of [ 11 to the case 

when the weighting terms of the quadratic cost function are also ran- 
dom. In this m e ,  the set of sufficiency conditions derived depends 
explicitly on the probabilistic structure of the problem, and the unique 
equilibrium  strategies can be  realized as the limit of an infinite sequence 
in an appropriate Banach  space. 
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Error Analysis of Three-Dimensional Linear Diffusion 
Equations When Approximated to Llifferential-Ddference 
Equations 

G. B. MAHAPATRA 

Abstmct--’Ibis correspondence attempts to investigate the error in- 
volved when threedimensional linear diffusion eqnatiom are appro-ted 
to differential  difference eqnatiom. 

I. ~ X O D U C T O N  AND PROBLEM STA- 

Consider  the linear three-dimensional  diffusion equation 

with  initial condition 

e ~ x l , x 2 , ~ 3 , 0 ~ = ~ o ~ ~ l , x 2 , ~ 3 ~  (2) 

and boundary conditions 

O=O, for x I , x B x 3 = l . 0  and x2,x3=0 (3) 

forxl=O. (4) 

Denoting the nodal points (ihjh, kh) along spatial coordinates as (id, k)  
with the mesh size h = 1/N, N being the number of  grids along any 
spatial coordinate, (1) is replaced by finite difference technique [2], [4] 

+ T ( i j +  l ,k,t)+  T(ij-l,k,t)+ T ( i j , k +  1,r) 
+ T ( i j , k - l , t ) - 6 T ( i j , k , t ) ] ;  

= L ( T ) ;  ij,k=1,2;-.,(N-l). ( 5 )  
T( i j ,  k,  0) = eo( i j ,  k )  

where true solution e( i j ,  k, r) is approximated to qid,&,r) and UT) 
represents the right-hand side (R.H.S.) of (3, L being an operator. Such 
formulations have been employed in control studies of diffusion  systems 
[ 11-[3]. Error  analysis  is available when discretization is made along both 
spatial and time coordinates in numerical studies [4].  But it is not yet 
clear  how  much error is  involved  between B ( i j ,  k,  r) and T ( i j ,  k ,  t )  when 
(1)-(4) are replaced  by (5). An attempt is ma& in this note to predict the 
error in terms of the grid  points N and time t using state-space theory. 

11. ERROR ANALYSIS 

Let the error between true solution and truncated solution be given  by 

E( i j , k , t )=O( i j , k , r ) -T( i j , k , r ) .  (6) 

From Taylor series expansion of B(x1,x2,x3,t), 
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where 

and 

From (5), (6), and 0, error equation is given  by 

and with  initial conditions from (5) and (6) 

E(ij,k,O)=O ( 12) 

and boundary conditions from (3), (4) and (6) 

E=O, for i j , k = O  and N .  (13) 

Equations (11)-(13) can be  written in state variable form: 

Y=AY(r) -BV(t )  (14) 

with initial condition 

Y(0) =o. t 15) 

Y(t) is  a  column  vector of order ( N -  l)3; each  element  representing 
E( i j , k , t ) ;  A is a square matrix of size ( N -  l)3; B is a diagonal square 
matrix of order (N- ly, each element=2; V ( t )  is  a  column  vector, each 
element  being evaluated at ( i j , k ) .  

Solving  (14) and (15) 

Y( t )=  - 2 ~ ‘ P e x p ( o ( r - T ) ) P - ’ v ( 7 ) d T  (16) 

where P and D are modal matrix and diagonalized  eigenvalue matrix of 
A, respectively. It can be seen that A matrix is the same corresponding to 
(5 )  and, therefore, it is  symmetric  matrix having negative  real  eigenvalues 
&, i=1,2,.**,(N-lY. 

Let the partial derivatives @.d.) of 0 in xi evaluated at the nodal point 
( i j , k )  in (8) be all bounded. From (8) and (9), 
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