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Stochastic Multicriteria Decision Problems with
Multilevels of Hierarchy

TAMER BASAR

A bstract— This paper develops a solution method to obtain hierarchical
noncooperative equilibria of a class of stochastic decision problems with
more than two levels of hierarchy (in decision making), and wherein the
decision makers (DM’s) have access to nested dynamic information. In
particular, we consider the three-person three-criteria quadratic decision
problems wherein DM1 has access to the static observations and the
controls of the other two DM’s (in addition to his own static observation of
the state of nature), and DM2 has access to the static observation and the
control of DM3 (in addition to his own static observation). First, DM1
announces his strategy and enforces it on both DM2 and DM3, and then
DM2 announces his strategy and dictates it to DM3. Assuming that all
three DMPs are rational decision makers striving to minimize their ex-
pected costs, we first introduce the notion of hierarchical equilibrium for
this decision problem, and then present a method for obtaining equilibrium
strategies which exhibit the following feature: the equilibrium strategy of
DM1 forces the other two DM'’s to act in such a way as to minimize jointly
his expected cost function, while that of DM2 forces DM3 to minimize
jointly the expected cost function of DM2 under the declared equilibrium
strategy of DM1. An explicit derivation is given, in this framework, which
leads to strategies that are linear in the dynamic part of the information
available to DM1 and DM2. These strategies are, however, nonlinear
functions of the static part of the information, even if the underlying
statistics are Gaussian.

1. INTRODUCTION

In this paper we develop a solution method to obtain hierarchical
noncooperative equilibria of the class of three-person three-criteria
quadratic decision problems wherein the decision makers announce their
strategies in a prescribed order. Specifically, let x denote the unknown
state of nature, which is an »#-dimensional second-order random vector
whose statistics are known. Furthermore, let »;, denote the decision
(control) variable of decision maker (DM)i, which takes values in R”
(i=1,2,3). The quadratic objective functional of DM is defined by

1y ! 1y L T, T,
g,(x,ul,uz,u3)—§u,u,+—2-zljD,juj+EukD,kuk-ru,-C,juj+u,C,-,\u,\

—HIITF,A u; +u,TG,,x+u}-G,jx+u[G,-A X,

issjks j<ki i, j.kEN=(1,2,3) )

where the weighting matrices have appropriate dimensions and symmetry
properties.
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To delineate the information structure of the decision problem, let z,
(i=1,2,3) be an m;-dimensional second-order random vector which is
correlated with x, and with the joint probability distribution of
(x,2;,25,24) known. Then, if 5, denotes the information available to
DM, we consider, in this paper, the following information structure:

'712{21122,23’“29"3}
172={22s23,”3}

TI3={23}-

@

Each of these information sets 1, is isomorphic to an appropriate dimen-
sional Euclidean space, and we define an admissible strategy y; of DM as
a measurable mapping from this Euclidean space into R", with the further
property that its realization is a second-order random vector. Let us
denote the space of all such measurable mappings for DM/ by T; which
we call the “strategy space” of DMi.

For each triple of strategies {y, ET;; jEN}, we denote the expected
value of g,(x, vi(m1), v2(n2), v3(13)) BY J{¥1, Y2, v3), which we call the
“cost functional” of DM: (i€N). Consider now the following mood of
play which incorporates three levels of hierarchy in decision making: first
DMI announces his strategy and enforces it on both DM2 and DM3.
Then, DM2 declares his strategy and enforces it on DM3 who, only
thereafter, decides on his optimal (equilibrium) strategy by minimizing J;
under the structural constraints imposed by the announced strategies of
the other two DM’s, who are also cost minimizers. Qur aim in this paper
is to investigate the solution of this decision problem which incorporates
three levels of hierarchy.

The two-person version of this decision problem (with DM3 being
absent) was treated earlier in [1], and was also recently discussed in [2].
One of the findings of [1] is that, under certain restrictions on the
parameters of the problem, there exists a linear strategy for DM1, which,
together with DM2’s optimal response strategy, provides a global mini-
mum for J;. In other words, the pair of equilibrium strategies of the DM’s
in such a hierarchical decision problem constitutes an optimal solution to
a particular team problem that has the same information structure as the
original decision problem and has J, as the cost functional.

In this paper. we produce a counterpart of this solution (with an
analogous feature) within the context of the three-person decision prob-
lem formulated above. In particular, we show that under certain condi-
tions, there exists a triple of (equilibrium) strategies {y*. y7. vy} with the
following property: by announcing vy, DMI1 forces the other two DM’s to
act in such a way so as to jointly minimize J;, while vy forces DM3 to
jointly minimize J,. subject to the restriction that DMI has already
announced y{. Such strategies are then clearly in hierarchical equilibrinm,
a precise definition of which is given in Section II, along with a useful
sufficiency result (Theorem 1) from [3]. Explicit expressions for the
equilibrium strategies are provided in Section III, where it is also shown
that they satisfy the conditions of Theorem 1. These strategies are linear
in the dynamic part of the information, but are, in general, nonlinear in
the static part. A specific scalar example included in the paper (Section
IV) illustrates these results. The paper ends with a conclusion section and
an Appendix.

II. SOME GENERAL RESULTS

We now start with a precise definition of hierarchical equilibrium in the
three-person decision problem formulated in Section I.

Definition 1: For the three-person decision problem with three levels of
hierarchy, y§f €T} is a hierarchical equilibrium strategy for DMI if

sup sup Ti(¥¥ 20 13)

Y2 ER (Y1) ERY{" 1 v2)

= min sup sup
NETI v, ER () v ER3 Y1 Y2)

Jl(Ylez-Yz) 3

where
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sup
YiER (v )

RZ(YI);{$€F2: ACTRINEY!

< sup
Y ER3172)

J(112¥2. 7). Vs Erg} €Y
and
Ry(1iva) = {6 €T A1 12, ) <B(11 12 1) Y €N} (8)

Any y¥ ER,(yf) is a corresponding equilibrium strategy for DM2, and
any v € Ry(vf: v¥) is an equilibrium strategy for DM3 corresponding to
the strategy pair (y{. v3)- C

It should be noted that this definition also accounts for possible
nonunique responses of DM2 and DM3, which cannot be avoided,
especially under the information pattern (2). Furthermore, it is note-
worthy that it is, in general, impossible to construct the response sets
R.(y,) and R(y,: v2) explicitly. and, therefore. any possibility for direct
derivation of the hierarchical equilibrium strategy is ruled out. The
following theorem, however, paves the way for an indirect approach
towards the solution.

Preliminary Notation

For each y, €T,. define the subsets $,(y,) CT, XT; and S»(y,)CTH XT,
by

SI(YI)z{(SZ‘§J)EF2XF3:J|(‘YIv§‘>- )= me“ll me VAGITREE Y?)}
i=1,2  (6a)

and introduce a subset 52(}',) of S»(y) by
S(v)={(r2: 1) ESAM) ER( M 1)} (6b)

Theorem 1 [3]: Let there exist a y; €T, such that 1) S,(y{) is non-
empty and for every pair (£,.4; YES(YH) 1 ER; SUP yr g2 Y7 €20 12)
=J2(v5§20£2). 2) So(¥F) CS\(v7), and 3) for every (£, £1) ES,(¥{) ¥7
minimizes J (¥, &5, €3) over T'). Then, y{ is a hierarchical equilibrium
strategy for DM, and, given any pair (y7,v})ES:(¥{). ¥§ is a corre-
sponding equilibrium strategy for DM2. and y5* is an equilibrium strategy
for DM3 corresponding to the pair (y{f,y$). In other words, any
{v# v%. 7§} that satisfies 1), 2) and 3) above minimizes J,(v), Y2, ¥3)
LY v, v3)s and J5(v§. ¥3. v3) over (v, vo, 12) €T X1, XT5.

I11. DERIVATION OF A SET OF HIERARCHICAL EQUILIBRIUM
STRATEGIES

We now apply Theorem 1 to the specific decision problem formulated
in Section 1. Towards this end we first obtain the solution of the team
problem

Y (7)

min min min ./('Yp')’w.'}'z J. Y- Y Y
¥ €T, y2 €T1 v €T, ) ( ’

o

under the assumption that g,(x, u,, 5, #3) is strictly convex in the last
three arguments, which is equivalent to the following assumption.
Assumption 1:

(1 Ca Gy
D={C Dy Fy|>0. (®)
\CI7; FZ.Z Dl}:

Then, the solution to (7) follows, under the nested dynamic information
pattern (2), from standard stochastic control considerations [6].

Lemma 1: A globally minimizing solution for (7), under Assumption I,
is

Yi(m)=—Cru; —Cus — G &, (9a)
Y5(n;)= =D [ Fauy +G a2, ] (9b)
yg(n3):—ﬁ|§'(§]3}3 (9¢)

where

IEEE TRANSACTIONS ON AUTOMATIC CONTROL. VOL. AC-26, NO. 2. APRIL 1981

Dlzlez"CECP

.23:F:: Cszcn

G~|2:G|2_C|T36n (10)

D.IR_DH Cﬁclz_.zgljlzl_zs

G =G —ChG, —FiDR'G),

and

Xz:E[Xlza]
22 =E[x|z;.2] 1y
3 =E[x1z,,25.2,]

The solution presented in Lemma | above is the only one that could be
obtained by utilization of dvnamic programming: however, it is not the
unique minimizing solution in T'j XT, XT;. To determine a complete
characterization for the solution set. let us first introduce the information
sets

g (12)

which are static in character. Let T, denote the subclass of strategies in T
whose arguments are ;. Then, to each triplet {y, €[}: i€EN) there
corresponds a unique triplet {, €I, iEN) which can be obtained from
the former strategies through the relations

=T
'Yv(Tlv)—'Y (22,23 32 73(23))
f(i)=nlzs 22 23 ¥2(2)- va(23))-

(13)

In particular, the unique element of the product set [, T, xT; that
corresponds (under such a relationship) to the strategies (9) is the triplet

7{(’71):’41|E[X|f1|]+A|:E[-"|ﬁ:]+A13E[X!ﬁ3]

#3(n2) =An Elx |y |+ AnE[x1] (14)
')73'(’73):’4335[-"”13]
where
An=—Gy. AD:CDD.I:_-léll'
Alz:CUDGlG_la_Clzﬁl_zlﬁzzljﬁ'Gw (13)
Ap= *1515‘@3- A:3:151"2'I323D.|§'G.,3_ An= _Dﬁlén
Let us now introduce a subset I/ of T, (i EN) by
T ={n el vz 22 20 75(2) 7() ) = 71(0) }
F12{73€F2: Yz(5:-33-7§(fl3))=75( -3)} (16)

T ={#(n) }.

Then, we have the following.

Lemma 2: Every solution of (7) is an element of the product space
T| XT4 xTy and, conversely. every triplet {y;, €T): iEN} constitutes a
solution to (7).

This property of the solution of (7) immediately leads to the following
conclusion.

Proposition 1: If v, is restricted to T, then §,(y,) introduced by (6a)
becomes independent of y,, and is given by

S\(v)=T4 xT;. 17)

Any hierarchical equilibrium strategy for DM, which also satisfies the
conditions of Theorem 1, will have to be an element of T'|. To obtain an
explicit expression for y{f we further restrict our investigation to a
subclass of T which comprises strategies that are linear in u, and us.
More specifically, we consider the class of strategies
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) =71 +Bi(2) [ w2 —¥(F2) | + Boliia) [ w3 —F3(5)] (18)

where By (-) and B,(:) are matrix functions of appropriate dimensions
whose elements are second-order random variables which are measurable
with respect to the sigma fields generated by 4, and 4, respectively. The
reader should note that the strategy defined by (18) is indeed in T'{ for
every such B|(-) and By(-). We now determine the conditions under
which there exists a strategy y;*(n,) of the class (18) so that Sy(y#) CT; X
3.

Preliminary notation for Lemma 3

Let © be the class of all (B,(7j,), By(73)) which satisfy the constraints

ae P, (192)

D, = I+BTD, B, +Cy, B, +B]C/ >0, ae. Py
D, = Dy, +BID, B, + F5B, +BIF,,— 07D 18>0 ac.P;,
(19b)

where

® 2 B7D,,B, +Cy B, + BIFy3 +Cyy (19¢)

and P;, denotes the probability measure induced under the static informa-
tion ;.

Condition 1: There exists at least one pair of matrices ( By(7;), Bo(i3))
€82 which further satisfies the vector equations

BT[DZI(AH+A|z)5‘2+D21A135‘3
+CH(ApnRy +Ayk;)+ Fi3dnt, +Gzl?'<z]
=—[(Ay +Co(A1 +42)+G6n)%,
+( Ay +CyyAis +Crydss) %3] (202)
BI[ Dy Ay + A1 +Ai3) + FisAss + Co (A +453) + G 125
= — [ DyyAns +Go3 + FY( Ay + A1, + A )+ Ch( A +A42)] %5
(20b)
Lemma 3: Let Condition 1 be satisfied, and let { B{(7,), Bf(ii;)} be
one such pair. Then, if y{¥ €T is picked as
VP =T{() + B (i) [ =742 ] + B3 (o) [ s = 74()
@n
we have
S(v¥)=TiXxT;.

Proof: Firstly, we note that, since (Bf, BH)EQ, L(¥ v 1) is
strictly convex and quadratic on T, XT. (This follows by substitution of
(2) into J5(¥1, Y2, v3) and by making use of (19a) and (19b).) Therefore,
the minimum of Jy(¥{, ¥2.7;) over I XTy, which is unique, can be
obtained by person-by-person optimization and by simply taking the
gradients of Jy(y{, 14, #3) with respect to u, and u; and setting these
expressions equal to zero [4]. If this procedure is routinely carried out,
then it follows that, under Condition 1, the minimizing solution of the
said two-person team problem is (¥4, ¥4) which lies in I X T3. Now, if we
instead consider the minimization problem miny . r Jo(Y{,¥2s13), its
solution is clearly not unique, but (¥5, ¥4) is one such solution. Then, by
recalling the construction of I’} XT3, it readily follows that

{(}"2.73)EF1 Xy L(v s §20 1) = rm>i<r11" Jz(}'f“}'z,}’a)} = XxTs.
2 3
Hence,

S(v*) =T XT3 o

The next step in the derivation now is to determine a v} €I such that
Ry v$)CT4. Towards this end, we again have to restrict our analysis
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to a subclass of strategies in T3, if we look for explicit conditions.
Specifically, and by analogy with (18), we consider the class of strategies

a(m2) = V3(7,) + Ba(is) [ s = 7(753)] (22)

where B;(-) is a matrix function of appropriate dimensions whose ele-
ments are second-order random variables that are measurable with respect
to the sigma field generated by 7;. An optimal choice for By(-) is now
provided in Lemma 4 below.

Preliminary notation for Lemma 4

For a given pair (B, B,)€ERQ, let ¥(B,, B,) denote the class of all
B;(1j;) which satisfy the constraint

[+(B,B; +B,)" Dy,( B, B;+By)+BIDy, By
+Cy3( BBy +B,)+Cyy By + BICY,
+(B,B;+B,) Ch+(B B, +B,) Fy, B,

+BJF3(B\B;+B,)>0 ae Py, (23)

Condition 2: There exists at least one matrix function By(j3)€
¥( B}, B}) which further satisfies the vector equation

BI{ E[(B™Dyy + FE)7i(i)I )
+ E[ BYTF 93(i2)|is] + E[ D3| 3]
+E[ BYTC 3] Ass 2y +(Ch Agy + Gy ) 23+ E[ B} TGy x|, ]}
=—[ A3y +(BITDy + Gy (A + A1 +415)
+Cap(Ayy +An )+ BETFo( Ay +A43)

+B3T(Chi Ay + Gy )+ Gaa | £ (24)

where ( B}(i;), Bf(1j;)) € solves (20). O
Lemma 4: Let both Condition 1 and COndition 2 be satisfied, and let

{(B¥, B3)EQ, Bt €¥(B{, Bf)} be one such triple. Then, if v €T} is

picked as

(25)

v () =v(i) + B3 (i) [ 43 —74() ]
we have

Ri(vsv3)=T3

and hence §2( 7{) is nonempty.

Proof: For a given (B}, B3) €4 that solves (20), the requirement that
B, €¥(B7}, BY) is equivalent to the strict convexity of J3(y{, v, v;) over
T,. Therefore, J5(v}, v#,¥3) admits a unique minimum which is in fact
attained by y{ under Condition 2 (see the Appendix). Then, clearly
Ry(v¥; v3)=T3={vi}, which further implies that S,(y¥) is nonempty
since (v, ¥§) CS,(r)- i}

The following theorem now finally presents a solution for the three-
person hierarchical decision problem formulated in Section I.

Theorem 2: Under Conditions 1 and 2, y{ as defined by (21) provides
a hierarchical equilibrium strategy for DMI in the three-person hierarchi-
cal decision problem of Section I. v#, as defined by (22), is a correspond-
ing equilibrium strategy for DM2, and y§ given by (9¢) is an equilibrium
strategy for DM3 corresponding to (v, v3).

Proof: Condition 1) of Theorem | is satisfied because of Lemma 4.
Condition 2) is also satisfied, by Lemma 3 and Proposition 1. Finally,
condition 3) is fulfilled by Proposition 1, since y; €T'{. Consequently,
Theorem 2 follows directly from Theorem 1. ]

Remark 1: A striking feature of the solution presented in Theorem 2 is
that the corresponding strategies are linear in the dynamic part of the
information (which is u, and u; for DM1 and u, for DM2), but they are,
in general, nonlinear in the static part of the information— this latter
statement being true even if the underlying statistics are Gaussian. a
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IV. A ScALAR EXAMPLE

The following scalar example now serves to illustrate the results of the
previous section. Let the objective functionals of the decision makers be
given as

1
5=73 [ )+ (2) "+ 2(03) + gy ] + 2y x+ 20, s x

1
8=7 [2(u|)2+(u2)2+2(u3)z] F2uyxtusxtugu,

(26)

g1= % [(u3)2+2(u2)2] +‘usx+2usx

and let x be a positive random variable, i.e., x>0 with probability 1. We
do not specify here the joint probability distribution of {x, z,.z,.23}.
since it will not be explicitly needed in the solution of the problem (but
only implicitly through the conditional expectations).

Now g, is strictly convex in (uy, #, u3), and, therefore, Assumption 1
is satisfied. The team strategies (14) are determined as

H{m)=—%+1,
#2{12)=—2%, @7
iy 1
(1) ="35%
and (19a) and (19b) become
D,=1+2(B,)’
2
3 (ZBle-i-l)
D,=2+2(B)) — —m————.
g (B2) 14282

Hence, D, >0 for all possible B,(#,), and D, >0 for all possible B,(7,).
B,(1j3), since

(28)

Therefore, no restriction is imposed on B, and B,. Now, solving for B,
and B, from (20), we obtain the unique solution

4(B\)’+2(B,) —4B,B,+1>0 ac. P,

RN B P . 3
Bi(M)=5+3(%:/%2). Bi=5 9
where the former is well defined since x is a positive random variable.

The next step is to substitute (29) into (23) and determine the class
¥(B¥, B}). For this problem, ¥ turns out to be independent of B, and
B,, since (23) can be written as

142(B;)'>0.

Furthermore, no restriction is imposed on the choice of B;. Therefore,
proceeding with the solution of (24), we obtain (uniquely) the determinis-
tic value

1
Bi‘zz.

Hence, a set of equilibrium strategies for this problem is (from Theorem
2)

5 3 1
yl*(n,)———il+2$cz+zi3+—2—u3+( : +Z(fc3/)’cz))u7
" 11 1
v(n) =25+ it (30)
73*("13)2—5’23-

It should be noted that, since this is a unique solution within the
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prescribed class of strategies. this problem clearly does not admit a linear
equilibrium solution.

V. CONCLUSIONS

In this paper, we have considered a class of quadratic decision problems
with three decision makers and three levels of hierarchy, and have shown
within this context that the decision maker at the top of the hierarchy
(DM1) still holds a powerful position as in the two-DM case treated
earlier [1]. By announcing an appropriate strategy, DM1 can force the
other two DM’s to minimize jointly his own cost functional— this being
so even if his strategy does not directly influence the cost functional of the
DM at the bottom of the hierarchy (see the example in Section IV).

An important property of the hierarchical equilibrium strategy of DM]1
is that it is. in general, a nonlinear function of his static information, even
if the underlying statistics are Gaussian. This can best be observed by
referring to equation (20a), and by noting that its solution B} will, in
general, be a function of %, and 1, and not a constant. (For a specific
scalar example, this feature has already been corroborated in Section IV).

Both the concept of hierarchical equilibrium and the solution method
presented in Section III are easily extendable to N (>3) person decision
problems with N levels of hierarchy, and with dynamic nested information
that is compatible with this hierarchy in the decision process. A salient
feature of the Stackelberg solution in such decision problems is that the
equilibrium strategy of the DM at the top of the hierarchy (i.e.. DMI)
forces the DM at the second level of hierarchy (i.e., DM2) to force DM3
to force DM4 ... to force DMN to minimize collectively the cost
functional of DM1. To obtain the corresponding Stackelberg strategies.
we first determine the equivalence classes (T'{,T';.- - -, T'%) of team strate-
gies, so that any N-tuple (v, €T/, i=1,---,N) minimizes J,(y;." - -, vx)
over I'\x---xT,. Then. we find those particular elements (y* €T},
i=1,---,N) with the property that they minimize the N —1 cost function-
als (v yae o W BOYT ¥ e oy e Il vk ) over
(Y2 - -»¥a)ETL, x - - -xT'y. The N-tuple of strategies (v* €T,./=1.-- - N)
thus determined then constitute a Stackelberg equilibrium solution for the
N-person decision problem with ¥ levels of hierarchy.

It is also possible to extend the results of this paper to similarly
structured multistage decision problems (wherein each DM acts more
than once) under the one-step-delay sharing pattern, which will be the
subject of a forthcoming paper. For the solution of the deterministic
version of such a three-person multistage decision problem, the reader is
referred to [3]. We also refer to [5] for a survey of the application of the
Stackelberg solution concept to N-person multistage decision problems
under a different class of information structures.

APPENDIX

In this Appendix we verify a missing step in the proof of Lemma 4,
which is that the minimum of Jy(yJ, v§,) on Ty is uniquely given by
¥i(n3), under Conditions 1 and 2. First note that Ji(y{". v, v3) can be
written as

Kot =E{ 3vn+ 5 [3+ (818481 (1)
Dy [ 70+ (BB + B — )]+ 3 [ 7+ B )]
Do 7+ Ba(vs — i) T Ca [31+ (BB + B (v — )]
el Ca[ 7+ (v i) |+ [ 7+ (Bt B+ B ()]
Fo 74 B~ )]+ oG+ [ 7+ B =]

Groxt 74818 +B) (1 =1)] Guux .
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which is clearly quadratic in y;, and is further strictly convex under (23).
Hence, the derived result will be verified if we can show that

A d )
85(viih) = ah_‘f’o zJ;(y;*,y;,y;‘ +ah)=0, VheL;.

Straightforward, but extensive, manipulations lead to
845 v; h)zE[f'(ﬂa)Th(m)]
where
t(n) =i+ BJE[ BYTDy¥{ ]+ Bs D5 E{ 4 |m; ]+ BID3 E[ 94,

+CoE[ #|ny ]+ BIE[ B ns ] v
+B3TCliyl+ Cop E[ 73|93 ]+ BT Chy
+BIE[ Bt TF 53 |n |+ B3 TR E[ #51n; ]
+BIFE[7{Im; ]+ Gy %3+ B Gy 2,4
+BIE[ BTGy x| ;]

where we have suppressed the arguments of v, ¥;, ¥{, Bf, B}, and B,.
To complete the verification, it is now sufficient to observe that, if
B;(n3) satisfies (24), then /(n3) =0.
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Performance Bounds for Differential Systems
Incurring Abrupt Random Changes

JOSEPH L. HIBEY

Abstract— Stochastic differential equations are sometinies used to model
dynamic systems that are subject to sudden random changes. Introduction
of Poisson processes is one method for modeling such changes. Determin-
ing correctly when these changes oceur raises the question of system
performance. Using models of this type, we define an appropriate error
probability as our measure of performance, bound the error probability,
and then show that the bound satisties a partial differential equation of the
backward Kolmogorov type.

1. INTRODUCTION

Systems that undergo abrupt random changes occur naturally in many
diverse areas of science (see Willsky [1]). Such examples arise in medicine
when the diagnosis of cardiac arrhythmia from electrocardiographic data
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is required; in aerospace applications, examples arise in the study of
random maneuvers of aircraft and missiles. What is often common to all
such problems is the desire to estimate the onset of the random occur-
rence and /or the magnitude of the change. Methods for doing this usually
include some combination of decision theoretic and filtering techniques,
and the precise form of the solution procedure is dictated by the mathe-
matical model chosen for the system. In order to assess the effectiveness
of any approach, however, some measure of system petformance is also
required. The subject matter of this paper, therefore, will address both the
modeling aspects and performance analysis of these systems.
We begin by considering the following scalar model:

(12)
(1b)
where v and w are independent Brownian motion processes that are also
independent of x, a Gaussian random variable. We have chosen a linear
system for purposes of exposition; similar procedures would also apply to
nonlinear systems. We now assume that, at some random time T, the
constant g increases by some unknown random amount >0 whose a
priori distribution is assumed known,; that is, (1a) changes to

state: dx,=ax, dt+(g+b) dv,

state: dx,=ax,dt+gdv,, xg

measurements:  dy, =hx, dt+dw,

fort=T. (12"
Our problem is to 1) estimate the random time 7 at which (1a) changes to
(1a"), 2) estimate the magnitude b of this change (the change in process
noise intensity), and 3) compute the probabilities of efror, or error
bounds, resulting from incorrect decisions.

This problem formulation is a slight variation of that which appears in
Davis {2], where a primary concern is that of detecting the random time at
which the coefficient @ in (l1a) undergoes a known change (a change in
state correlation time). In the context of detecting failures in navigation
systems, Willsky and Jones [3] and Kerr [4], [5] model such failures as
changes in a state vector. In this paper, we follow Davis’ approach to
indicate a way to solve 1) and 2); the major contribution, however, is an
approach for obtaining the error bounds in 3).

II. MODELING RaANDOM CHANGES

As in [2], we characterize the random change from (la) to (la’) by
defining z, =3 {t=T), where f{-) is the indicator function of the event
{-}, and writing

dx,=ax,dt+{(g+bz,) dv,, x4 (2)
to represent (la) and (la’) simultancously. By definition, z, is a process
that jumps by unity only at the random time 7. To modet z,, we therefore
choose a Poisson process that is stopped at its first jump time, This
implies that 7, being an interarrival time, will have an exponential
distribution with rate, say, A, and that

m, = z,—Amin{r, T}

)
is a purely discontinuous Martingale (see, e.g., Meyer [6]). Continuing as
in [2), min{s, T} = f§(1—2z,) d7, so it follows that
dz,=X(1—z,) dr+dm,. )
The apptoach to solving 1) and 2) is now the following. Equations (2)
and (4) describe the evolution of the state variables x, and z,. Replacing &
in (2) with its best a priori estimate b and using these equations with (1b),
a nonlinear filter will provide an estimate 2, 2 E{z,|F"1=P[r=T|F"] of
z,. "l:o obtain an estimate T of 7, we choose some threshold v€[0,1] and
set T=inf{r: Z,>y}. Once the threshold is exceeded, we then obtain our
estimate b of b from the filter of the system whose state equation (1a’) is
augmented with the state equation db, =0. Of course, a finite-dimensional
suboptimal filter will be required because of the impossibility of imple-
meriting an infinite-dimensional optimal filter.
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