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A Dynamic Games Approach to Controller
Design: Disturbance Rejection in
Discrete-Time

Tamer Basar, Fellow, IEEE

Abstract—We show that the discrete-time disturbance rejec-
tion problem, formulated in finite and infinite horizons, and
under perfect state measurements, can be solved by making
direct use of some results on linear-quadratic zero-sum dynamic
games. For the finite-horizon problem an optimal (minimax)
controller exists (in contrast with the continuous-time H* con-
trol problem), and can be expressed in terms of a generalized
(time-varying) discrete-time Riccati equation. The existence of
an optimum also holds in the infinite-horizon case, under an
appropriate observability condition, with the optimal control,
given in terms of a generalized algebraic Riccati equation, also
being stabilizing. In both cases, the corresponding worst-case
disturbances turn out to be correlated random sequences with
discrete distributions, which means that the problem (viewed as
a dynamic game between the controller and the disturbance)
does not admit a pure-strategy saddle point. The paper also
presents results for the delayed state measurement and the
nonzero initial state cases. Furthermore, it formulates a stochas-
tic version of the problem, where the disturbance is a partially
stochastic process with fixed higher order moments (other than
the mean). In this case, the minimax controller depends on the
energy bound of the disturbance, provided that it is below a
certain threshold. Several numerical studies included in the
paper illustrate the main results.

I. INTRODUCITON

NE of the major developments of this decade in control

theory has been the formulation ([1]) of the disturbance
rejection, model matching, and tracking problems for linear
plants as an A *-optimization problem, and the derivation of
a complete solution to this frequency-domain optimization
problem ([2]-[4]). Initially, it was thought that the H-opti-
mal controllers require high-dimensional representations, but
later work has shown that the maximum McMillan degree of
these controllers is in fact in the order of the McMillan
degree of the overall system transfer matrix [5]; furthermore,
it has been shown that in a time-domain (state-space) charac-
terization of these controllers a generalized Riccati equation
of the type that arises in linear-quadratic differential games or
risk-sensitive linear-exponentiated quadratic stochastic con-
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trol plays a key role ([6]-[11]). These correspondences have
prompted further accelerated interest on the topic, with cur-
rent work devoted to making the relationships between H>-
optimal control, linear-quadratic differential games, and risk
sensitive (entropy minimizing) control more precise, and
searching for more direct time-domain derivations for (and
thereby better insight into) the H*-optimal control problems
([12], [13]). Such a time-domain derivation was, in fact, first
given in [14] using a game-theoretic approach (and using
some earlier results from [15]), which provided the solution
to the (infinite-horizon) continuous-time H*®-optimal control
problem with perfect state measurements—much before the
problem was originally formulated in the frequency domain.
It should be noted that, in contrast to the frequency-domain
formulation, the time-domain approach also allows one to
formulate finite-horizon versions of the original problem, and
to introduce additional robustness measures, such as local or
global admissibility of the minimax controllers [16].

This paper contributes to the current efforts for developing
a complete time-domain based theory of H*-optimal control,
by studying in detail the relationship between linear-quadratic
dynamic games and the discrete-time disturbance rejection
problem formulated in both finite and infinite horizons. The
main message to be derived from this study is that some of
the available results in linear-quadratic games (for example
from [17]), properly interpreted and extended, readily solve
the discrete-time disturbance rejection problem with perfect
state measurements, leading to a linear controller that achieves
the optimum (minimax) performance bound. The game-theo-
retic approach also allows us to consider other types of
information structures (such as 1-step delayed state informa-
tion), and problems with partially stochastic disturbances,
both of which are discussed in the paper. Some concurrent
work on the discrete-time H*-optimal control problem can
be found in [18].

The organization of this paper is as follows. After this
Introduction, Section II provides a precise problem formula-
tion, which is followed in Section III by the formulation and
complete solution of a related auxiliary dynamic game under
different information patterns. Solutions to the finite-horizon
disturbance attenuation problem with perfect and 1-step delay
state measurements are obtained in Section IV, using the
saddle-point solution of the auxiliary linear-quadratic game,
and these results are extended to the infinite-horizon case in
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Section V. Section VI discusses three extensions to the basic
problem: the case when the disturbance is a partially stochas-
tic process (with unknown mean, but known covariance),
plants where the control and disturbance have direct links to
the output, and plants with nonzero initial states. The paper
ends with the concluding remarks of Section VII.

II. THE DiSCRETE-TIME DISTURBANCE ATTENUATION
PROBLEM

We consider in this paper the (finite-horizon, time-varying)
linear disturbance attenuation model

X1 =Agx, + Bou, + Dow,, x, =0 (2.1a)

(2.1b)

where x, is the state vector, z, is the controlled output, u,
is the control vector, and w, is the disturbance, with each
vector belonging to an appropriate dimensional Euclidean
space. The upper case letters denote matrices of compatible
dimensions, and the index ‘‘k’’ denotes the discrete-time

e =Hyx + G Wiy + Fi_quyp

index, taking values in the set of integers: K:=
{1,2,---, K}. Letting
Xy = (X X000, xg) (2.2)

we let the permissible controls to be closed-loop controls
U, = p( X[, 4y), Where g, is a Borel measurable mapping
for each k € K. The mapping p,, k € K, is commonly called
the control law or strategy. For future reference, we intro-
duce the function space M,, as the (control) space where
each permissible p, lies. The disturbance w,, k € K, is any
I? sequence, and without any loss of generality we let
w, € W, where W, is an appropriate dimensional Euclidean
space.

With this linear system, we associate a quadratic perfor-
mance index

J(u[l,l(]’w[l,l(])
K
= El{|zk+l|zgk+, +lue = lzlg+ ul?

(2.3)

where Q,,, = 0 for all ke K,| - | g denotes an appropriate
Euclidean (semi-) norm weighted by a nonnegative definite
matrix S (the absence of such a weighting matrix implies that
we have the standard Euclidean norm), and | - || denotes an
appropriate (corresponding) /2 norm. The disturbance attenu-
ation problem, succinctly stated, is the design of a closed-loop
controller u?‘l‘ x) Which minimizes the maximum of J over
all energy bounded disturbances. In mathematical terms

sup j(ﬂ?l,Kl’ Wi k1)

Ilwli* =<6

= min sup J(pp ko Wooky) =07
{uieM,, keK} | w|2<b?

(2.4)

where b? is some positive (energy) bound and the ‘‘bar’’ on
J indicates that the resulting value of J is the upper value of
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the underlying dynamic game.' If the permissible controllers
are linear, then one can show (rather trivially) that the
precise value of b is immaterial, and the optimal controller is
independent of 5.2 In this case, we can equivalently formu-
late the disturbance attenuation problem as

sup T(“Tl.m’ Wi k1)

{weWy, keK}

=:(v*)’
(2.5)

where M,ﬁ is the class of linear mappings and
T(pg. k1»Wn, ky) is the (square of the) attenuation of the
disturbance wy; g, at the output (measured in terms of J)
under the control law p; x4

= min sup
{ueM}, kek} {wieW, . keK}

T(#u,ms W[I,K])

T(M[l,l{]v w[l,K])

I k1 Wo x1)/ wi?,

-,

wh g *0
else.

(2.6)

The nonnegative quantity y* is the optimum (minimax)
attenuation level, assuming of course that a ujj g, exists,
satisfying (2.5). If there is no such i g, then we define y*
again as in (2.5), but with ‘“min’’ replaced by *‘infimum.’” A
more general problem of interest is the characterization of all
controllers uj, |, such that

(2.7)

sup T(“.[VI,KI’W[I.K]) = (7)2

{w,eW,, keK}

for a given y > v*.

It is important to note that in (2.4) and (2.5), and also in
(2.7), one can allow the disturbance to depend on the state,
without modifying the definitions. It is not generally possible,
however, to interchange the ‘‘min’” and ‘‘sup’’ operations in
(2.4) and (2.5), since the underlying dynamic game does not
generally admit a saddle point (in pure policies), as already
demonstrated in [16]. If one seeks a saddle point, then it will
be necessary to extend the disturbance class to include *‘all’’
random sequences, as was done in [16] for a specific design
problem. We will have an occasion to comment more fully
on this point in Section IV.

In this paper, we will first solve completely the special
case where the performance index is

K
J(u[l.K]*W[l.K]) = ;l{|xk+||?2kﬂ + |”k|2} (2.8)

" This problem can be viewed as a zero-sum dynamic game between two
players—controller and energy-bounded disturbance—with the controller
announcing its policy in advance [17].

21f we allow nonlinear controllers, however, there may exist a minimax
controller that depends explicitly on the energy bound b?. As demonstrated
in [16], such a nonlinear minimax controller may lead to improved perfor-
mance if the actual disturbance happens to be different from the computed
worst-case disturbance, assuming of course that the value of b? is precisely
known.
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both for the finite- and infinite-horizon formulations. Note
that in this case the controlled output is (a linear function of)
the state variable. We will then discuss (in Section VI) the
complete extension to the more general case where the
performance index is instead given by (2.3).

We first consider, in the next section, an auxiliary dynamic
game whose saddle-point solution plays an important role in
the solution of the disturbance attenuation problem.

ITI. AN AuxiLIARY LQ DyNaMic GAME AND ITs
SoLuTiON

Consider the two-person linear-quadratic dynamic game
described by the system dynamics (2.1a), with nonzero
initial state, and with objective functional

L(uy, ks wo k) = I x> W k)
) K
—(v) kZl|Wk|2+’X1|§g, 0,z=z0 (3.1)

where v > 0 is a fixed parameter. Player 1 (minimizer)
controls u, x;, as a nonanticipatory function of the state,
and Player 2 (maximizer) controls Wi k> €ither as state
dependent or in an open-loop fashion. If w, is allowed to
depend on (the present and past values of) the state, we
denote the corresponding mapping (policy for the distur-
bance) by v,, at stage k € K, and the corresponding policy
space by N,. We now seek a saddle-point solution
(k1. k1> P11, &) satisfying

L kp i k1) = LOw ks v k)

=:L*< L(u“‘K‘,Vﬁ_K]) (3.2)

for all u,eM,, v,eN,, keK. (Note that there are no
norm constraints imposed on wy; x.)

A. Some Properties and a Fundamental Theorem

At this point it is important to recall the following fact
from [17]: in zero-sum dynamic games, when players have
access to closed-loop state information (with memory), the
inherent redundancy in information gives rise to a multiplic-
ity of saddle-point equilibria—each one leading to the same
value (in view of ordered interchangeability property of
saddle-point equilibria; see [17, p. 24]), but not necessarily
requiring the same existence conditions. Hence, in these
situations one has to bring in a further refinement on the
saddle-point solution, such as strong time consistency, or
noise insensitivity. We call a (saddle-point) solution
“‘strongly time consistent’” if it provides a solution to any
truncated version of the original game, regardless of the
values of the new initial states. More precisely, we have the
following definition.

Definition 3.1— Strong-Time Consistency [19]: From
the original game defined on the time interval {1, K], con-
struct a new game on a shorter time interval {/, K], by
setting o ;1 = Bio.1—1)» Pio.1-1 = Bo,s—1)» Where
Bio.i—1p» F=1,2, are fixed but arbitrarily chosen. Let
(h. k1 €My k1 v k1 €Ny k) be a saddle-point solution
for the original game. Then, it is ‘‘strongly time consistent,”’

if the pair (uf; x» 7. k) is a saddle-point solution of the
new game (on the interval [/, K']), regardless of the choices
for Bly ;1 i=1,2,and forevery /,2 < I < K. o

By ‘‘noise insensitivity’” we mean that the saddle-point
solution retains its equilibrium property even if the state
equation (2.1a) has an additional additive term which is a
zero-mean white noise sequence. It turns out that both re-
finement schemes lead to the same unique solution, which is
the one obtained by solving in retrograde time a sequence of
static games—in the spirit of dynamic programming. Such a
special closed-loop saddle-point solution is known as a feed-
back saddle-point solution, which is given in Theorem 3.1
below. Toward this end, we first introduce a sequence of
matrices, { M, k € K}, generated recursively by

M= Q,+ A{M, A 'A: My, = Ok, (33)
where

Ag:=1+ (BBl -y >D,D[)M,,,. (3.4

Then, we have the following theorem.
Theorem 3.1: For the two-person zero-sum dynamic game
with closed-loop information structure, as formulated above
i) there exists a unique feedback saddle-point solution if
and only if

Eui=vI-DIM,, D,>0, keK

(3.5)

where the sequence of nonnegative definite matrices M, ,,
ke K, is generated by (3.3);

ii) under condition (3.5), the matrices A,, ke K, are
invertible, and the unique feedback saddle-point policies are

(3.6)
keK (3.7)

uf = p¥(x,) = —BIM,, A7'A, x,
-2 T -
wi = U:(xk) =7 DkMk-HAklAkxk’

with the corresponding unique state trajectory generated by
the difference equation

Xior = SExF=A A xR, Xt =x (3.8)
and the saddle-point value is
L* = xTM, x,; (3.9)

iii) if the matrix =, in (3.5) has a negative eigenvalue for
some k €K, then the game does not admit a saddle point
under any information structure, and its upper value becomes
unbounded.

Proof: We prove here only part iii), since it is so
important for the development to follow. Proofs for other
parts of the theorem can be found in [17, p. 257] where the
basic tool is dynamic programming, which involves the solu-
tion of a sequence of quadratic games in retrograde time. For
each k, existence of a unique saddle point to the correspond-
ing static game is guaranteed by the positive definiteness of
E . and if there is some k € K such that Z7 has a negative
eigenvalue, then the corresponding static game in the se-
quence does not admit a saddle point, and being a quadratic
game this implies that the upper value of the game (which
then is different from the lower value) is unbounded. If Z,
has a zero (but no negative) eigenvalue, then whether the
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corresponding game admits a saddle point or not depends on
the precise value of the initial state x,, and, in particular, if
x, = 0 one can allow =, to have a zero eigenvalue and still
preserve the existence of a saddle point. Since the *‘zero-ei-
genvalue case’’ can be recovered as the limit of the **posi-
tive-eigenvalue case,” we will henceforth not address the
former.

Now, contrary to the statement of iii), suppose that there
exists a policy for Player 1, say {j,e€M,, ke K}, under
which the cost function L is bounded for all wy, g, even
though Z, has a negative eigenvalue for some k € K clearly,
this policy cannot be the feedback policy (3.6). Let k be the
largest integer in K for which Z, has a negative eigenvalue,
and E;,, > 0. Furthermore, let a policy for Player 2 be
chosen as

0 for k < k
o X k) = Wk for k = _’f
vi(x,) fork>k

where W is (at this point) an arbitrary element of W%, and
v¥ is as defined by (3.7). Denote the state trajectory corre-
sponding to the pair (i x.0q1, k) bY X1, x> and the corre-
sponding open-loop values of the two policies by the two
players by i, g, and Wy g, Finally, we introduce the
notation L*(u(, 41 k}» Wik, k5 Xx) to denote the kernel of a
linear-quadratic game, formulated in exactly the same way as
the original game, with the only difference being that it is
defined on the subinterval [k, K] and has the initial state X,.
Then, we have the following sequence of equalities and
inequalities:

sup LAy, x10 Wi, k1)

Yo, k)

= Ly, k100, x))
=L

k+D( n % .
(”[k+1,K]’ Vik+1,K] xk+1])

3
-+ 2

(k+1)(, % % . o
z L (V‘{k+l,K]’V[k+l.K]’xk+l)

ARl B

= |x[7(+11|%v1;+1+ |a7<12_72|w}|2+67(

where ¢; is some nonnegative constant (determined only by
the initial state x, and Player 1’s control #i, z_,)). In the
above, the inequality in the first line follows because 0 is not
necessarily a maximizing policy for Player 2; the equality of
the next line follows because v* and © agree (by construc-
tion) on the subinterval [k + 1, K]; the inequality of the
third line follows from the fact that the pair
(W41, k1-VE+1, k7)) Provides a saddle-point solution to the
truncated game with kernel L**" (this is true because the
feedback saddle-point solution of the original game is
strongly time consistent); and finally the equality of the last
line follows from (3.9) with the subindex ‘¢,”’ replaced by

1
G

z+1 - Since, by hypothesis, Zz,, has a negative eigen-

939

value, the function
T & 2 ATA
XiiMr o X5 — 7Y Wi Wz

is not bounded above (in W), and since the choice of W
was arbitrary this shows that the kernel L(iy, x> Wi, k)
can be made arbitrarily large—a contradiction to the initial
hypothesis that the upper value of the game was bounded. ¢

Several important remarks are now in order, to place the
various statements of the aforementioned theorem into proper
perspective.

Remark 3.1: An important implication of the last state-
ment of the theorem, just proved, is the property that under
the closed-loop information pattern the feedback saddle-point
solution requires the least stringent existence conditions; in
other words, if the matrix in (3.5) has a negative eigenvalue
for some k €K, then a saddle point will not exist (and the
upper value will be unbounded) even if Player 1’s policy is
allowed to depend on past values of the state. It then follows
from the ordered interchangeability property that saddle-
point solutions under other information structures (provided
that these saddle points exist) can be constructed from the
feedback saddle-point solution (3.6)-(3.7) on the state trajec-
tory (3.8). In other words, every other saddle-point solution
of the original game is a representation of the feedback
solution on the saddle-point trajectory. In mathematical terms,
any closed-loop policy u, = p (X 4), k€K, satisfying
the following two side conditions, constitutes a saddle-point
solution along with (3.7):

i) Nk(xfkl.k]) = _B[Mk+lA;lAkxt’ kek.

i) L(p. kp» Wi k) 18 strictly concave in wy; .

(3.10)

Side condition ii) above leads, in general, (depending on
pys keK) to a more (and never less) stringent condition
than (3.5), an example in point being the open-loop solution
ut = ui(x}), ke K, for which the *“strict concavity’’ condi-
tion can be shown to be more restrictive than (3.5) [17, p.
258].

Remark 3.2: If the information available to Player 2 is
not closed loop (or feedback), but rather open loop, the
statement of the theorem remains equally valid, with only x,
in (3.7) replaced by x} which is generated by (3.8). In fact,
quite parallel to the statement of Remark 3.1, under a general
closed-loop pattern for the maximizer, any closed-loop policy
w, = v(Xp, ) k e K, for the maximizer, that satisfies the
following two side conditions, would be in saddle-point
equilibrium with (3.6):

i) vi(xf ) =Y IDEMAA XY, keK

(3.11)

i.e., v should be a representation of »* on the equilibrium
trajectory (3.8);

i) L(up x)» vy k) I8 strictly convex in uy; k-

Remark 3.3: If Player 1 has the expanded information
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structure where he is allowed to observe (in addition to the
state) the current value of the control of Player 2 (i.e., the
disturbance), then the condition of Theorem 3.1 can be
relaxed, since (intuitively) this gives informational advantage
to the minimizer. The problem then is a special type of a
feedback Stackelberg game [17, p. 314}, where the deriva-
tion of the saddle-point solution can be done recursively, with
the difference from the one of Theorem 3.1 being that now
the max-min value of each static game is considered in the
recursion (instead of the minimax or saddle-point value).
The resulting solution is both strongly time consistent and
noise insensitive, and is given for Player 1 by

~ ~ -1
u, = uk(xk7 Wk) = —(I+ BkTMkHBk)
*B{M,,,(D,w, + A x,)

under the existence condition

keK (3.12a)

¥ - DI(I + M,, B.BF) 'M,, D, >0, keK

(3.12b)

which is equivalent to the condition that the matrix A,
defined by (3.4) has only positive eigenvalues, for all k € K.
The saddle-point controller for Player 2 is still given by
(3.7), and the pair of policies (3.12a)-(3.7) constitutes the
unique strongly time consistent and noise-insensitive saddle-
point solution, provided that condition (3.12b) is satisfied.
Conversely, if the matrix in (3.12b) has a negative eigen-
value for at least one k € K, the upper value of the game
under this asymmetric information (which is also the lower
value) becomes unbounded. It is worth noting that since
condition (3.5) implies nonsingularity of A,, and not vice
versa, the increase in information® to Player 1 has led to a
less stringent existence condition (as expected).

Remark 3.4: As we have stated prior to the statement of
Theorem 3.1, the feedback saddle-point solution (3.6)-(3.7)
is also noise insensitive, and it is the unique such solution.
Toward exploring this point in somewhat more detail, con-
sider a system described by a stochastic state equation which
is (2.1a) with an additional additive independent white driv-
ing noise {#,, ke K} with zero-mean, positive definite co-
variance, and with a probability measure assigning positive
probability to every open subset of the Euclidean space where
6, belongs.* For this stochastic dynamic game, and under
closed-loop information structure for both players, the solu-
tion provided in Theorem 3.1 constitutes the unique saddle-
point solution. The existence (and uniqueness) condition is
still (3.5), but the expected saddle-point value (the counter-
part of (3.9)) now has an additional positive additive term
linear in cov(0,), k€ K. If, however, Player 2 has only
open-loop information, (3.6) is no longer a minimax con-
troller for Player 1 (in a sense, he can do better). The unique
minimax controller associated with the pure-strategy saddle

*In game-theoretic terminology, this new information structure does not
permit simultaneous play, and in the context of the disturbance attenuation
problem treated in this paper, it gives an unnatural (nonimplementable)
advantage to the controller.

*The Gaussian distribution would satisfy this latter requirement.

point is a particular representation of (3.6)

(X, x,) = we(x%) + Pk[xk - xlﬂ (3.13)

where x,f is generated by (3.8), and P,, k€ K, is a unique
matrix sequence defined by

-1
P.= -BlZ, [T+ BBlZ,,,| A, (3.14a)
-1
Z,=Q, + A{Zk+l[1+ BkBkTZk+1] Ay

Zygsr = Qi (3.14b)

(Note that P, is the gain matrix in (3.6) with D, = 0.) The
condition that replaces (3.5) of Theorem 3.1 in this case is
the strict concavity of L(#,, x> Wy, k) in Wy ), which is

v2I - DIS,,,D, >0, keK (3.15)
where S, is defined recursively by
Sp=0+ PkTPk + AISIH-IAk + AISIH-IDI(
'[’YZI - Dlsk+le]_lDZSk+1Ak;

Skt = Qg (3.16a)

and

A=A, + B.P,. (3.16b)
If condition (3.15) is not satisfied, there may still exist a
minimax controller, but this time associated with a mixed-
strategy saddle point, with the maximizer’s saddle-point
policy being a random sequence. In fact, one can push the
region of existence of a minimax controller to that defined by
(3.5), by using linear control laws in the form

k
we( Xy ) = Z] Pfx,, keK. (3.17)
im
If {6,} is a Gaussian sequence, then the worst-case distur-
bance (maximizer’s policy) is a correlated Gaussian se-
quence, conditioned on x,, and the control law (3.17) forms
an equilibrium with that Gaussian sequence. A complete
verification of this result and derivation of precise expres-
sions for { PX}, are too involved to be included here;® these
details are also not essential for the development to follow. ¢

B. Closed-Loop 1-Step Delay Information for Both
Players

Another possible realistic information structure of Player 1
is the one where the control is allowed to depend on the state
with a delay of one time unit. Endowing Player 2 also with a
similar information structure, the permissible policies for the
two players will now be

we( X0 o) keK; v, (X 4-n) kekK.

In this case, for the original deterministic game the saddle-
point solution is again not unique. However, requiring the
solution to be additive noise insensitive leads to a unique

5They can be found in [20]; see also Section II-C for an illustrative
example.
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solution by using Theorem 3.1, the ordered interchange-
ability property, and a dynamic programming type argu-
ment. The solution is essentially a particular representation of
the feedback solution (3.6)-(3.7) on the state trajectory (3.8).
Toward deriving this representation, we first note that if the
control policies were restricted to depend only on the most
recently available value of the state, the unique saddle-point
solution would be given by (using the notation of Theorem
3.1)®

up = (X))

= —B{M, A AN Ay Xy, k>1
= —BIM,A['A, x,, k=1
(3.18a)
wie = i xe_1)
=Y PDEM (ACAN A x k>1
=y DTM,AT'A,x,, k=1
(3.18b)

which is a valid solution provided that the cost function
IJ.(;]“,K],W[LK]) is sFrictly concave in wy g It is not
difficult to see that -this is not a noise-insensitive solution.
Now, to construct one (in fact, the unique one) that is noise
insensitive (i.e., solves the stochastic game of Remark 3.4)

and requires the least stringent existence condition, we rewrite
(3.6) as

U = _BIZ-MI(-HA;lAk
(A X+ Bi_yuy + Dy \Wi_))
£

where £, will have to be expressed in terms of not only
X,_y, butalso x; , o, through u, _, and w,_,. Likewise,
(3.7) is rewritten as

we =y IDiM,  AL'ALE,
in view of which, for all ke K
£ = Arx, — (BeB{ — v D, Df)
'Mk+1A;]Ak£ka £, =x

Eeor = Apx + (AN - I)AE,, £ =x,. (3.19)
This is an n-dimensional compensator, the output of which at
stage k replaces x, in (3.6)-(3.7). The condition for the
resulting set of policies to be in saddle-point equilibrium is
strict concavity of L(u( gy, Wy, g in Wy gy When g,
is given by

Uy = let(zk) = _BkTMk+1A;]Ak$ka

Let &= (xI, £D)7, which is generated by

keK. (3.20)

. - T
Serr = Akl + Dywy, §i1 = (xlTv XIT) (3.21a)

“This result follows readily from Remark 3.1.
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I —ByByM, A}

A, D= (D").
At -1

0
(3.21b)

In terms of {;, k€K, L(u*, w) can be written as

L@t w) = 3 (I 5alb,, - 71w} (219
where
QK+] = diag (Qk+,0);
Qk = diag (Qk’ AZ(A;I)TMk+1BkBZMk+1A;]Ak)’
(3.21d)
The condition for strict concavity of (3.21¢), in wy xy, is

v - DIS, . D, >0, (3.22a)

kekK.

kek
where §k +1» k€K, is generated by
Sk = Qk + A~z§k+1ffk
+ fffslﬂﬁk[vzl - DZ§k+lbk] _1ﬁ1{5~k+|A~k;
Skoi = O (3.22b)

We are now in a position to state the following theorem.

Theorem 3.2: For the linear-quadratic zero-sum dynamic
game with closed-loop 1-step delayed state information for
both players the following hold.

i) Under condition (3.22a), there exists a unique noise-in-
sensitive saddle-point solution, given by (3.6)-(3.7) with x,
replaced by £, which is generated by (3.19). The saddle-point
value is again given by (3.9).

ii) If the matrix in (3.22a) has a negative eigenvalue for at
least one k € K, then the game does not admit a saddle point,
and its upper value is unbounded.

Proof: The saddle-point property follows because the
given pair is a particular representation of the feedback
saddle-point solution (3.6)-(3.7) on the saddle-point trajec-
tory, and the upper value is bounded under (3.22a), as
discussed in the construction above. The noise insensitivity
and uniqueness in this class follow from an alternative recur-
sive derivation of the solution using a dynamic programming
type argument. The proof of part ii), on the other hand, is a
proof by contradiction, paralleling that of Theorem 3.1 iii). ¢

Remark 3.5: Note that, as compared to the closed-loop
information case, here we need in addition (to (3.3)) the
solution of a (2n-dimensional)’ Riccati equation (3.22b) to
check the condition of existence. It follows from Theorem
3.1 iii) that condition (3.22a) implies condition (3.5), so that
under the former the matrix A, is invertible for all k£ € K.

We also note that if Player 2 has access to full state
information (and Player 1 still having 1-step delayed informa-
tion) condition (3.22a) is still operative, and the saddle-point

"Henceforth n denotes the dimension of the state vector x.
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solution given in the Theorem remains a saddle point (though
no longer noise insensitive). In this case also the given
saddle-point solution requires the least stringent condition

among the infinitely many saddle-point solutions to the prob-
lem.

C. An Hlustrative Example

To illustrate the results of Theorems 3.1 and 3.2 and some
features outlined in Remarks 3.1-3.5, we now consider a
scalar version of the dynamic game problem, where the state
dynamics are

Xegr = X + Uy + wy, k+1,2,--+, (3.23a)
and the objective function is
K
L=3 [xi, +u}+rw} (3.23b)
k=1
where r = y2 > 0 is taken as a variable.
i) With K = 3, condition (3.5) reads
1
r>1, r>1+4+— = 17071, r>1.9275%

V2

which implies that the problem admits a unique saddle point
in feedback (FB) policies if and only if » > 1.9275. One can
show that as K — oo, the various constraints on r become
nested, converging to r > 2.

Again, for K = 3, the minimax (saddle-point) controllers
are

,
uy = pi(x;) = _T—_lx3;
. r(3r-1)
=) = -
r(8r* —6r+1)
u = uy(x,) = x, (3.24)

13r° = 1977 + 8r — 1

and the FP saddle-point policy for the maximzier is computed
using the formula

1
we =vi(x) = = 7#>It(xk)' (3.25)
The corresponding state trajectory is
. 5r —5rt+r
Xy = X
13r3 =192 + 8r - 1
ORI il I S (3.26)
st s5r—17% f2r— 7 Y

For comparison purposes, let us now determine the condition
(on r) for the game to have a bounded upper value. In view
of Remark 3.3, and particularly condition (3.12b), we have

1 5+ 5
r>—, r>——
2 10

=~ 0.7236, r > 0.8347°

®This bound is the largest root of the polynomial 55> — 13s% + 7s — 1.
This bound is the largest root of the polynomial 135> — 195® + 85 — 1.

and hence the lower (max-min) value of the game with
K =3 is unbounded if r < 0.8347, and it is bounded if
r > 0.8347. This condition is clearly less stringent than that
of boundedness of the upper (minimax) value.

ii) Let K = 2. Then the set of all saddle-point minimax
controllers in the linear class is given by

r(3r—-1)
u = H’](xl) = —mxl (327&)
r r2r-1)
Uy = m(x,) = - 1% + Pl x, - mxl
(3.27b)

where P is a scalar satisfying the concavity condition (see
Remark 3.1):

(r—-1D@2r*-4r+1)

P < 5
2r-1)

(3.28)

As r approaches the boundary of the region associated with
FB solution (i.e., r > 1 + 1/\5), the R.H.S. of (3.28) goes
to zero, implying that the FB solution of Theorem 3.1 indeed
provides the least stringent condition on the parameter r.

iii) Now consider the stochastic version, with the state
dynamics replaced by

Xep1 =X+ U+ we+6, k=1,2,--+, (3.29)

where {6,} is some zero-mean independent random sequence
of the type described in Remark 3.4. For K = 3, the unique
closed-loop saddle-point solution is again given by
(3.24)-(3.25), under the condition r > 1.9275. If K = 2,
then the condition becomes r > 1 + 1/v2 = 1.7071. For
this case, if the maximizer instead has only open-loop infor-
mation (i.e., only the value of x,), the relevant condition
(for pure-strategy saddle point) (3.15) dictates r > %(1 +
1/V5) = 1.809017, under which the unique minimax con-
troller is (using (3.13))

r(3r-1)
2 _ s 41
5rc—=5r+1

u = p(x,) = -

r
2(5r> = 5r+ 1)
(3.30)

U = fp(X,, X)) = —

—X, —

5 x|

Note that this is identical to (3.27a)-(3.27b), with P chosen
as P=1/(4r — 2). Now, the gap between 1.809017 and
1.7071 can be filled, though by choosing another control law
(to replace (3.30)) which does not correspond to (3.27a)-
(3.27b). For re(1 +1/v2,3(1 +1/V5)], and with 8,
and 6, taken as independent zero-mean Gaussian random
variables with variances ¢, and o,, respectively, it can be
shown [20] that the saddle-point choice by Player 2 is the
(conditionally) Gaussian random sequence'

W2=

— [(1+P)1 +N)+S)x, + (1 +P)w]

""For a related derivation and verification see [21].
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(r=1D(2P+1)0
1+P+(r—-1)2P+1)

w, ~ N(m, \); o=

where m, N, S are some scalars (whose expressions are not
given here), and

—r+ Vr—=1v2r? —4r+1
2r -1 '

The unique minimax controller for Player 1 that is in saddle-
point equilibrium with this Gaussian sequence is

up = fiy(x,) = Nx;; Uy = Ba{ Xy, X;) = Px;y + Sx,.

It is important (and interesting) to note that A > O for all
re(l+1/v2,3(1 +1/V5)), and is zero at the upper
boundary, thus maintaining continuity with the pure-strategy
saddle-point solution across the boundary. One can actually
show that P, S, and N are all continuous across the bound-
ary when compared to the corresponding gain coefficients in
(3.30). We do not provide details of these features here,
since the underlying issues are considerably technical and
they are not essential for the main results of this paper.

iv) To illustrate the result of Theorem 3.2, we take K = 4,
and compute condition (3.22a) to obtain

r > 4.87659

while condition (3.5) in this case dictates

r> 1.98218.
Note the degradation in the concavity condition due to loss in
the information available to the players (particularly, Player

1). For comparison purposes, let us also compute the bound
on r under the simpler (no-memory) controller (3.19a)

r> 6.31768
which is (as expected) the most stringent of the three.

IV. SoLUTION TO THE DISTURBANCE ATTENUATION

PROBLEM
A. General Closed-Loop Information

We now return to the disturbance attenuation problem
formulated in Section II with the performance index (2.8),
and see how the results of the previous section can directly be
applied to obtain its solution. Toward this end, let us first
note that in view of (3.9), and under condition (3.5)

* k * — * T
L k10 Wi &) < L(E &ys 7 k) = L7 = x[Mx,

(4.1a)
with the inequality holding for all /?> sequences Wi, k1=

(w,," ", wg). Using the relationship (3.1) between L and
J, the inequality (4.1a) can equivalently be written as

K
(b ks Wo k1) < x((M, = Q) x, + 423 | wi|?
k=1

(4.1b)
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and letting | x, | — O we arrive at
K
J(”TI,K]’W[I,K]) 5721(2_:1|Wk|2 (4.2a)
®
T( ky Wioky) <7° (4.2b)

for all / sequences Wy, g

Hence, given any v satisfying condition (3.5) of Theorem
3.1, the control law l‘T\, k) given by (3.6), which depends on
this value of v, delivers the desired bound (4.2b). Introduce
the set

I:= {y>0: condition (3.5) holds}

which is a nonempty open set because the condition holds for
v sufficiently large, and if a particular y is a permissible
choice then vy — e also is, for € > O sufficiently small. Let ¥
be the infimum of T, that is

4:=inf {y: yeTl}.

Clearly, by Theorem 3.1 iii), there does not exist any
closed-loop controller which will deliver a bound in (4.2b)
that is smaller than 52, and hence

=7
where the former was defined by (2.5), with J in (2.6)
replaced by (2.8). Now let the control gain in (3.6) be
denoted by G,(v), to explicitly show the dependence of the
minimax control law on the parameter y. We first have the
following useful Lemma.

Lemma 4.1: Let {v'”, n = 1,2, -+, } be any decreasing
sequence of positive numbers, with limit point 4. Then, for
each k e K, the sequence of matrix functions {G,(y'”), n =
1,2,-++,} is right continuous at 4.

Proof: All we need to show is that the control gain
G,(v) is bounded as 7. For this, we need only consider
the case where A (%) is singular for at least one k € K, say
¥, which will occur only if

41 - DIM, . D, =0, k=k

(4.3)

with at least one zero eigenvalue. With N(-) denoting the
“‘null space’” operator, it follows from (3.4) and (3.5) that

N(Az) = N(B{Mz )(N(I - 77°Dz DiMz,,)

which actually holds not only at v = 4, but also for v > 4.
This then implies that the matrix

BIM;. A7

(with the inverse on Ay interpreted in a limiting sense) is
bounded for all ¥ > 4, and also in the limit as yl4. This
proves the right continuity of {Gz(y)} at v = 4. ¢

Now, we are in a position to present the following result.

Theorem 4.1: Let v = 0 be the scalar defined above (as
the infimum of T'), and u%:= uf; | be the feedback control
law (3.6) with ¥ = 4. Then, for the finite-horizon distur-
bance attenuation problem of Section II, with performance
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index (2.8)

i) inf sup
{ueM}, keK} {wieW,, keK}

T(p. k10 Wit k)

= sup
{w,eW,, keK}

T(;ﬁ;f, w[l,K]) =5’ (4.4)

that is, the feedback controller p’; solves the disturbance
attenuation problem, and the optimum attenuation level y*
exists and is equal to 4.

ii) inf sup J(pp k10 Wo k)
{meM,, keK} |wi=bd
= sup J(u’;f, w[,'K]) = 42b?

Iwh=b

(4.5)

for every b > 0.

iii) Given any 4 > 7, the set of all linear control laws that
satisfy the bound (2.7) with y =4 is a subset of { M/,
k € K}, consisting of those elements that satisfy the two side
conditions i) and ii) of Remark 3.1, for y e [7, vy].

Proof: The proof follows basically from Theorem 3.1,
Remarks 3.1-3.2, Lemma 4.1, and the discussion in the
opening paragraph of Section IV-A. We provide here a
formal proof for the necessity part of the result, which is
that the value in (4.4) [which is the upper value of the
disturbance attenuation game] cannot be smaller than +.
Suppose that, to the contrary, the value is ¥ < 4. Then, there
exists a controller {4, eM,, ke K} such that for some
€ > 0 (sufficiently small, so that 2 + ¢ < 42)

sup

~ _ a2 _ .22 ~2
T(ip k) Wooky) =77+ €=19° <9
{wieW,, keK}

which is equivalent to the inequality

E

fwe|?2=<0

Ty, k) WoL k) — &
k=1

for all wy, g€ Wy k-

This, however, is impossible by Theorem 3.1 iii) (see also
Remark 3.1) because for y < 4 the upper value of the
auxiliary (soft-constraint) game of Section III is unbounded.
The fact that the bound is achieved under u’f; follows from the
continuous dependence of the eigenvalues of a (symmetric)
matrix on its entries.

Note that since the control policy space {M,, k € K} also
includes nonlinear controllers, use of a nonlinear controller
cannot improve upon the attenuation bound 7. v

Remark 4.1: Two aspects of the solution presented above
are worth emphasizing. The first is that while in the continu-
ous-time disturbance attenuation H_-optimal control) prob-
lem with perfect state measurements there is generally no
optimum'' (see, for example, [8], [6], [22], [23]), for the
discrete-time version the existence of an optimal controller is
always guaranteed (which we will shortly see to be the case
also for the infinite-horizon version). The second point is the
cautionary remark that the theorem does not attribute any

""The control gain generally becomes unbounded as y L y*.

(pure-strategy) saddle point to the disturbance attenuation
problem; in other words, there is no claim that ‘‘inf’’ and
“‘sup’’ operations in (2.4) can be interchanged. Even though
the related (soft-constraint) dynamic game problem of Sec-
tion III admitted a pure-strategy saddle point, the disturbance
attenuation problem in fact does not admit one. What one can
show, however, is that the minimax controller p’g is in
equilibrium with a ““mixed’” /? policy for the disturbance,
which features a discrete distribution. A precise characteriza-
tion of this worst case distribution is given later in the
section, in Proposition 4.1. To motivate this result, we will
first obtain (in the sequel) the worst case distribution for the
two and three stage examples treated earlier in Section III-C.

<&

B. Hlustrative Example (Continued)

Let us return to the example of Section III-C, treated now
as a disturbance attenuation problem, with the objective
function (3.23b) replaced by

K
J = kZ [ X3 + ui (4.6)
=1
and with the initial state taken to be x, = 0.

i) With K = 3, the attenuation constant y used in Theo-
rem 4.1 is

§ = V1.9275 = 1.3883 (4.7)

leading to the unique feedback minimax control law (from
(3.25)

wi(x;) = —0.675131x,,

pa(xy) = —0.927505x,, pi=0. (4.8)
The corresponding mixed (worst-case) disturbance is ob-
tained from (3.25) as follows: we first compute the limit of
the open-loop saddle-point disturbance (Obtained by taking

x, # 0) as v
w; = 0.100616x,, w, = 0.249647x,, w, = 0.518807x,.

This, of course, in itself is meaningless since for the problem
at hand x; = 0. However, the ratios of w; and w, to w, are
meaningful quantities, independent of x|, and if we further
normalize the total energy (i.e., b in (2.4)) to unity (without
any loss of generality), we arrive at the following distribution
of unit energy across stages:

wy = 0.172149, wi =0.427133, w; = 0.887651.

(4.9)

Then, the worst-case disturbance (under unit energy con-
straint) that is in the saddle-point equilibrium with the mini-
max controller (4.8) is the mixed policy

wi=¢ws, k=123 (4.10)
where £ is a discrete random variable taking the values +1
and —1 with equal probability 1/2, and w{ is given by
(4.9). This is unique up to a normalization constant, which is
determined by the energy bound b.
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ii) With K = 2, the value of v* is

v* = 1+ (1/v2) = 1.30656 (4.11)

and the corresponding (unique feedback) minimax controller
is (from (3.27), with P = 0)

wi(x) = = (1/v2)x, (4.12)

The worst-case disturbance, computed according to the pro-
cedure outlined above, is

w;"=§\/2+ V2, w§=§m (4.13)

wy=0.

where £ is as defined above. This solution also appears in
[16] where a different (more direct) method was used.

iii) If we let K — oo in the auxiliary game problem with
perfect state information, we arrive at the stationary minimax
controller

ue = w(x,)

oo

provided that v > V2. For the disturbance attenuation prob-
lem with infinite horizon, this leads to the attenuation con-
stant y* = v/2 and to the steady-state minimax controller

k=1,2,---.

2 _

1+7

ue = p(xe) = —xy,
For the auxiliary game, the pure-feedback saddle-point policy
for Player 2, as vyl V2, is
1

o

which, together with (4.14), leads to the equilibrium state
trajectory (for the game)

xi.o= (1/2)x}. (4.15b)
We can now construct the mixed saddle-point policy for the
maximizer in the disturbance attenuation problem, by using
the earlier procedure. Using again a normalized (to unity)
energy bound, we arrive at (from (4.15a) and (4.15b))
wi=E/2% k=1,2,",

as the worst-case disturbance input.

W, = k=1,2,"-, (4.15a)

C. A Least Favorable Distribution for the Disturbance

We are now in a position to present formally a worst-case
(least favorable) probability distribution for the disturbance
in the disturbance attenuation problem of Section II. Consider
the performance index given by (2.6), with J replaced by J
given by (2.8)

T(H[l,K}s w[l,K])

= J(“‘[I,K]’ w[l,K])/ I w||2,

— oo,

Yk # 04 16)

else.

Then, if {wf, ke K} is a least favorable random sequence,

(4.14)

945

we should have

min E{T (uy, x> W x1) }
Bn, K1

= E{T(s}, Wi, i)} = 7°
(4.17)

where E{-} denotes the expectation operator under the prob-
ability measure of the least favorable random sequence, and
u’; is the optimum controller introduced in Theorem 4.1. In
words, if the least favorable distribution were made known to
the control designer (as a priori information), the optimal
controller (that now minimizes the expected value of T)
would still be the one given in Theorem 4.1. The following
Proposition provides such a least favorable sequence.

Proposition 4.1: Let N be a nonnegative definite matrix
defined by

K
Ni=M, + 772 Y &% AfAL "M,
k=2

"Dy DM, A AL, (4.183)
where &} , is defined by (using (3.8))

* _ gk % _ Lk *
X =@ X6 =19k 2%

(4.18b)

with vy taken to be equal the value 4. Let D, have nonzero
rank, and n be an eigenvector corresponding to a maximum
eigenvalue of the matrix DTND |, where M, is generated by
(3.3) with v = 4. Let £ be a random vector taking the values
n and —7 with equal probability 3. Furthermore, let the
random vector sequence {£,, k € K} be generated by

£k+l:A;lAk£k’ £, =D& (4-19)

where again we take y = . Then, a least favorable random
sequence for the disturbance is given by

wi = Y7 2D{M;, A 'AE,,

k=2,,K; wi =% (4.20)

Proof: Even though {w}, k < K} is a random se-
quence, it is highly correlated across stages, so that with
u, =0 we have x, = £,, which makes the entire future
values £, known to the minimizer. In view of this, the
optimality of p¥, k = 2, follows from Theorem 3.1 with
initial state x,, and by taking the maximizer’s policy to be
open-loop. Let n*:= Y &_, | wi|2, which is independent of
the sample path. Then

E(T({ s i (1))
_ %E{szNxz T ulu)
_ %E{ | By + Dyw |2 + uTu,}
= %E{ | D | % + ui(BINB, + I)u,}

where the last step follows since w has a symmetric two-
point distribution. Clearly, the unique minimizing solution is
u¥ = 0, which completes the proof as far as the optimality of
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the controller goes. The fact that any one of the two sample
paths of {w}, k < K} maximizes T(u%, w;, s follows
from the saddle-point property of the open-loop version of
(3.7) (see Remark 3.2) together with the observation that
under a fixed energy bound on the disturbance, w} should
maximize the quantity | D,w,| . Clearly, if the matrix
DTND, has maximum eigenvalues of multiplicity greater

than one, the least favorable random sequence may not be
" unique (even under the hard energy bound, as in (2.4)). <&

D. Optimum Controller Under the 1-Step Delay
Information Pattern

The counterpart of Theorem 4.1 can be obtained under the
1-step delay information pattern for the controller, by using
this time Theorem 3.2. Toward this end, let y* be the
optimum attenuation level for the perfect-state information
case (2 la Theorem 3.1), and let T, , be the set of all y = *
which further satisfy (3.22a). Let

v°:=inf {y: yel,p}. (4.21)

Then, following a reasoning similar to the one that led to
Theorem 4.1, we arrive at the following result for the
disturbance attenuation problem with 1-step delayed state
measurements.

Theorem 4.2: Let v° = 0 be the scalar defined above,
and assume that A,(y°) is nonsingular for all ke K."> Let
u5- be the controller

“Z(Ek) = _B[Mk+l(’ya)Ak(’Y°)_]Ak£k’ kekK,
(4.22a)
Ek+l=Akxk+(Ak('yo)_l—l)AkEkv £, =0.
(4.22b)
Then
inf sup T(py, k10 Wi, k)

{#n, K1€McLp} {WiEW,, keK}

= sup
{wieW,, keK}

T(uSeo Wy k) = (1°)° (4.23)

where M, , is the class of all controllers adapted to the
1-step delay information pattern. O

Remark 4.2: If the controller were allowed to depend
only on X, _, at state k, and not also on X;; ,_5, then the
only representation of the feedback controller (3.6) in this
class would be

pi(Xeoy) = —BIM, AAN A X k=2
— —BTM,A['A,x,, k=1
(4.24)

which however requires more stringent conditions on ~ than
the controller (4.22a). If the resulting performance level is
acceptable, however, the advantage here is that the controller
is static, while (4.22a) is dynamic (of the same order as that
of the state). o

"2This condition holds when y° > v*.

V. THE INFINITE-HORIZON CASE

The last result of the illustrative example of Section IV-B
(i.e., the existence of a unique steady-state minimax con-
troller, obtained as the limit of finite-horizon minimax con-
trollers) prompts the question of whether a characterization
of a stationary minimax controller can be obtained for the
time-invariant version of the general disturbance attenuation
problem of Section II. Said another way, the question is
whether Theorem 4.1 admits a limiting case, as K — o,
when all the system matrices are time-invariant.'> A further
question is whether the resulting stationary controller is
stabilizing. And a third question is whether the stabilizing
stationary controller obtained as the limit of the finite-horizon
optimal controller is indeed optimal for the infinite-horizon
disturbance attenuation problem. The answers to all three
questions are in the affirmative, under appropriate conditions
on the system matrices, as to be established in the following.

For future reference, let us first write down the steady-state
version of the feedback saddle-point solution of the auxiliary
game problem covered by Theorem 3.1, along with the
steady-state versions of (3.3)-(3.5). In all cases, the limiting
values (as K — o) are designated by an ‘‘overbar.”

Saddle-point controllers:

i = A(x,) = —B™M(y)A '(v) Ax,, k=1 (5.1a)
W = #(x) =y DTM(y)AT (V) Ax,, k=1

(5.1b)

A(y):= 1+ (BBT -y 2DD")M(vy) (5.2a)

and M () satisfies the generalized algebraic Riccati equation
(GARE)

M(y) = Q+A™M(y)A '(v) 4.  (5.20)
Existence condition (as the Counterpart of (3.5)):

vl - D™ (y)D > 0.

(5.3)

Toward validating the above, we now first establish the
monotonicity of the sequence. generated by (3.3).

Lemma 5.1: Given an integer K, let y be chosen such
that condition (3.5) of Theorem 3.1 is satisfied for all ¥ < K.
Let M, k=K, K —1,--+,1, be the sequence of nonnega-
tive definite matrices generated by iteration (3.3). Then

M, =M, forall k = K
(i.e., M, — M, is a nonnegative definite matrix).

Proof: The proof is similar to that of monotonicity of
the solution of Riccati equation in linear-quadratic control,
but now we use the saddle-point value function (of the
auxiliary game) rather than the dynamic programming value
function. Toward this end, we first note the following recur-
sion associated with the ‘‘feedback’’ game of Section III (see

BHenceforth, in this section, we take all the system matrices, in
(2.1a)-(2.1b) and (2.8), as constant matrices.
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[17, p. 254])
V,(x) = min max {V, . ,( Ax + Bu + Dw)
u w
+Hx|g+ lul? = wl?}
Vi Xga1) = |xK+1|2Q

where V,(x) is the saddle-point value of the dynamic game
of Section III, with only K — k + 1 stages (i.e., starting at
stage k with state x and running through K). We know
from Theorem 3.1 that ¥ (x) = | x|3,, and

| x|3, = minmax {| Ax + Bu + Dw|3,  + | x]5
u w

+Hlul2 =2 wl?} (%)
for every xeR". Now, since

g(u,w) = f(u,w) = infsupg(u,w) = inf sup f(u, w)
LY u w
it follows from (*) that M, ., = M, , implies M, = M, ,,.
Hence, the proof of the Lemma will be completed (by
induction) if we can show that My = My, = Q. Since we
know that under condition (3.5) with k = K

QAx' = Q[T+ (BBT - y2DD")Q] ' 20
it follows that

Mg =Q+ATQA'A =2 Q = My,

thus completing the proof. O

The next lemma provides a set of conditions under which
the sequence { M, , . 1}k_ k.1 is bounded, for every K > 0.
Here we use a double index on M to indicate explicitly the
dependence of the sequence on the terminal (starting) time
point K. Of course, for the time-invariant problem, the
elements of the sequence will depend only on the difference
K — k and not on k and K separately.

Lemma 5.2: Let y > 0 be fixed, and M be a positive
definite solution of the GARE (5.2b), which also satisfies the
condition (5.3). Then, for every K > 0

M-M 4., 20, forallk=K+1 (54)

where M, . is generated by (3.3).

Proof: First, note that (5.3) implies nonsingularity of
A, and since by hypothesis M > 0, it follows that MA~' >
0. If this property is used in (5.2b), we immediately have
M = Q, which proves (5.4) for k = K + 1. We now show
that the validity of (5.4) for £ + 1 implies its validity for k.
Toward this end let us first assume that M, ., ., > 0, and
note from (3.3) and (5.2b), that

M - Mk,K—H = AT(M_X_l - Mk+1,K+]AI:,lK-+-1)A

_ 1 -
=AT [M“ + BB - TDDT]
v

1 -1
—[Mk;lv,ﬂl + BBT — FDDT] A

which is nonnegative definite since M = M, x+1.x+1 Dy the
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hypothesis of the inductive argument. By the continuous
dependence of the eigenvalues of a matrix on its elements the
result holds also for M, ., x,; = 0, since we can choose a
matrix N(e), and a sufficiently small positive parameter ¢,
such that 0 < N(e) =< M, 0<e<¢, and NQO) =
M, .1 x+1- This completes the proof of the lemma. v

The next lemma says that any nonnegative definite solution
of (5.2b) has to be positive definite, if we take the pair
(A, O) to be observable, where CTC = Q (this requirement
henceforth referred to as ‘(A4, Q'/?) being observable’).
The proof of this result is similar to that of the standard ARE
which arises in linear regulatory theory [24], and is therefore
omitted. '

Lemma 5.3: Let (A, Q'/?) be observable. Then, if there
exists a nonnegative definite solution to the GARE (5.2b),
satisfying (5.3), it is positive definite. o

An important consequence of the above result, also in view
of Lemmas 5.1 and 5.2, is that if there exist multiple
positive-definite solutions to the GARE (5.2b), satisfying
(5.3), there is a minimal such solution (minimal in the sense
of matrix partial ordering), say M + , and that

lim M, ., =M*>0

K-

whenever (A, Q'/?) is observable. Furthermore, this mini-
mal solution determines the value of the infinite-horizon
game, in the sense that

1 [=-]
inf sup Lv("ll‘m]’ Wi o)
B, €M1 ) Wi
_ T({ g+ _ :
=xI(M*(y) - Q)x,= sup inf
P €MV o) B €M1 o)

(5.5)

where L7 is (3.1) with K = oo, where we explicitly indicate
the dependence on the parameter .

The following lemma now says that the existence of a
positive definite solution to the GARE (5.2b), satisfying
(5.3), is not only sufficient, but also necessary for the value
of the game to be bounded.

Lemma 5.4: Let (A, Q'?) be observable. Then, if
the GARE (5.2b) does not admit a positive definite solu-
tion satisfying (5.3), the upper value of the game
{L7; My, o), W}, )} is unbounded.

Proof: Since the limit point of the monotonic sequence
of nonnegative definite matrices { M, ,,} has to constitute
a solution to (5.2b), nonexistence of a positive definite solu-
tion to (5.2b) satisfying (5.3), (which also implies nonexis-
tence of a nonnegative definite solution, in view of Lemma
5.3) implies that for each fixed k, the sequence { M, x, } K
> 0 is unbounded. This means that given any (sufficiently
large) o > 0, there exists a K > 0, and an initial state
x,€R", such that the value of the K-stage game exceeds

: L:(F‘[Loe)’ Vi, au))

l4See [25].
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a| x,| 2. Now choose w, = 0 for k > K. Then

oo
infsupL:’(p.,w) = inf{ {‘xk+l|2Q+ |uk|2}
woow m k=K+1

K
+,§1{|xk+1|2Q+ Ly |2

=) 12} + x5
ZXITM],KJrlxl >alx|?

which shows that the upper value can be made arbitrarily
large. In the above, Vﬁ‘ k7 in the first inequality is the
feedback saddle-point controller for Player 2 in the K-stage
game, and the second inequality follows because the summa-
tion from K + 1 to oo is nonnegative and hence the quantity
is bounded from below by the value of the K-stage game. ¢

Lemmas 5.1-5.4 can now be used to arrive at the follow-
ing counterpart of Theorem 3.1 in the infinite-horizon case.

Theorem 5.1: Consider the infinite-horizon discrete-time
linear-quadratic auxiliary (soft-constraint) dynamic game,
with v > 0 fixed and (A4, Q'/?) constituting an observable
pair. Then the following hold.

i) The game has equal upper and lower values if and only
if the GARE (5.2b) admits a positive definite solution satisfy-
ing the condition (5.3);

i1) If the GARE admits a positive definite solution, satisfy-
ing (5.3), then it admits a minimal such solution, to be
denoted M*(y). Then, the finite value of the game is (5.5).

iii) The upper (minimax) value of the game is finite if and
only if the upper and lower values are equal.

iv) If }\7‘“(7) > 0 exists, as given above, the controller
By given by (5.1a), with M(y) replaced by M*(y),
attains the finite upper value, in the sense that

sup Lo;(ﬁll,w)» W[l.m)) = XTM+('Y)XI (5~6)

Wi, o)e M1, )

and the maximizing feedback solution above is given by
(5.1b), again with M replaced by M*.

v) Whenever the upper value is bounded, the feedback
matrix

F:i= (I-BB™M*(v)A*(y) A4  (5.7a)

is stable, that is it has all its eigenvalues inside the unit circle.
This implies that the linear system

Xey = Fx, + Dw, (5.7b)

is input—output stable.

Proof: Parts i)-iii) follow from the sequence of Lem-
mas 5.1-5.4, as also discussed prior to the statement of the
theorem. To prove part iv), we first note that the optimization
problem in (5.6) is the maximization of

kX—:l | Xt iz‘*' |BTM+X+_1AX/¢|2 -y we|?

over wy o, subject to the state equation constraint (5.7b).

First, consider the truncated ( K-stage) version

K
max 3 {|Xeii |+ | BTMYAY 1Ax,|? = 7 | w, | ?}
k=

Wit k)

K
< max { | Xgy |Gt 2 |xk|2Qk—72|Wk|2
Wi K] k=1
where
— — . T .
5 Q+ AT(M*A* ") BBTM*A* A, k>1
= — T,
AT(M*A* ) BBTM*AY A, k=1

with the inequality following because M*= Q. Adopting a
dynamic programming approach to solve this problem, we
have, for the last stage, after some manipulations the follow-
ing:

max { | Fx, + Dw| %+ |xK|§3K—72\w|2} = | xg | %+
w

which is uniquely attained by
w* = (y2I — D'M*D) ' D"MFx,
= (1/%) DTM*K* Axy (*)
under the strict concavity condition

v - DTM*D >0

which is (5.3) and is satisfied by hypothesis. Hence, recur-
sively we solve identical optimization problems at each stage,
leading to

K — -1
max {ka+l|2Q+ | BTM*A* Ax,|?

Wi k) k=1

-7 Wk|2} = XIT(M+— Q)xl

where the bound is independent of K. Since we already
know from part ii) that this bound is the value of the game, it
readily follows that the control g ., attains it, and the
steady-state controller (*) maximizes L7(ky;, o, Wii, o))

Now, finally to prove part v), we use an argument similar
to that used in linear regulator theory. Toward this end, we
first note that boundedness of the upper value implies, with
w,=0, k=1, that

| x| o+ | Be(xe) |20, as k — oo

& Cx,—0and Sx,~0, S:=B"M'A*'4;
c’c:=Q
Cxy 1 20=C(A+BS)x,»0=CAx,— 0

Cxpop1=0= -+ = CA" Vx, - 0.

But CA'x, »0,i=0,---,n — 1, implies by observability
that x, — 0, and hence F is stable since x, is generated
here by (5.7b), with w, = 0.

Note that the theorem above does not claim that the
policies (5.1a) and (5.1b) with M= M* arein saddle-point
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equilibrium. Part iv) only says that with u, . fixed at
i1, wy» the policy vy o, maximizes L7 (i, o)» Wy, or))> Which
is only one side (left-hand side) of the saddle point inequality
(3.2)." This, however, is sufficient for the disturbance aiten-
uation problem under consideration, since our interest lies
only in the upper value of the auxiliary game. In view of this,
the solution to the infinite-horizon version of the disturbance
attenuation problem follows from Theorem 5.1 above, by
following the line of reasoning that led from Theorem 3.1 to
Theorem 4.1. The result is given below as Theorem 5.2.

Theorem 5.2: For the time-invariant infinite-horizon dis-
turbance attenuation problem of this section, assume that
(A, B) is stabilizable and (A, Q'/?) is observable. Then the
following holds.

i) There exists a scalar ¥ > O such that for every vy > v,
the nonlinear algebraic equation (GARE) (5.2a) admits a
minimal positive definite solution M™*(y) in the class of
nonnegative definite matrices which further satisfy the condi-
tion (5.3). )

ii) Let T' be the set of nonnegative §’s satisfying the
condition of i) above. Let 4}:= inf {§ > 0: §eT'}. Then,
the stationary feedback controller '®

ue = p*(x;)

—-BTM* (A% (3%) ' Ax,, k=

(5.8)

solves the infinite-horizon disturbance attenuation problem,
achieving an attenuation level of v = %, i.e.,

(—y:)z:= inf  sup T(p,w, o)
HEMo, o) Wi, o)
= sup T(H}i a)» Wi oy) = (9:)2'
Wi, o)

Furthermore, the controller (5.8) leads to an input-output
stable system.

Proof: First, we know from the relationship between
the disturbance attenuation problem and the related soft-con-
straint game that v is the optimum attenuation level for the
former if and only if the game with the objective function L3
has a bounded upper value for all v > ¥, and the upper
value is unbounded for y < vZ. This, on the other hand,
holds (in view of Theorem 5.1 and under the observability
condition) if and only if (5.2a) admits a positive-definite
solution, satisfying (5.3), which is also the minimal such
solution. Hence, all we need to show is that there exists some
finite 4, so that for all ¥ > y the upper value is bounded. It
is at this point that the first condition (on stabilizability) of
the Theorem is used, which ensures that the upper value is
bounded for sufficiently large 9, since as vy Too the LQ game

SSee [26] for a numerical example in the continuous time, which shows
that the limit (as the time interval becomes infinite) of the maximizer’s
saddle-point policy in the finite-horizon game may not constitute a saddle-
point policy for the infinite-horizon game.

"Here the gain coefficient of the controller remains bounded as | v by
(the infinite-horizon version of) Lemma 4.1.
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reduces to the standard linear regulator problem. A continu-
ity argument proves the result. O

Remark 5.1: Returning to the earlier illustrative example
of Section IV-B where we had found (through a limiting
approach) that v* = v2, let us now directly use Theorem
5.2. First, solving for 1\7(7) from (5.2a), we obtain

1+ /(52 - 1)/(v* - 1)
2

which is nonnegative if and only if we choose the positive
square root, and (5.3) holds if and only if v > V2. This
readily leads to v& = V2 as the attenuation constant. The
resulting closed-loop system is x,,; = w,, which is clearly
input-output stable.

Remark 5.2: Tt is possible to obtain the infinite-horizon
version of Theorem 4.2 for the time invariant problem, by
essentially using the result of Theorem 5.2. First, we invoke
the two conditions (on stabilizability and observability) of
Theorem 5.2, under which for y > v we have the steady-
state controller (from (4.27))

M(y) =

uo(t,) = —BT™™*(y)A*(y) 'Af,  (5.9a)
where £, is now generated by
Eror= —(I=A%(y) ") Ag + Ax,.  (5.9b)

One then has to bring in additional conditions, for the
stability of the delayed linear system'’, so that (5.9b) along
with the system

Xpp = Axp - BBTM+('Y)K+('Y)71A5/( + Dw,

is stable, and the solution of (3.22a), S k. K+1> CONVETEES to a
well-defined limit as K — oo(say, S(v)). Let

T2:= {y =9%: v’ - D'S(y)D > 0}. (5.10a)

Then, the minimax attenuation level is

Yoi=inf {y: yel2}. (5.10b)

V. SoME EXTENSIONS

In this section, we discuss some extensions of the results of
the previous sections in three directions, to accommodate
stochastic disturbances with unknown means, general
costs functions of the type (2.3), and nonzero initial
states.

A. Stochastic Disturbances

Consider the formulation of Section II with the perfor-
mance index (2.8), but with the disturbance 2, k € K, taken
as a Gaussian white noise sequence with covariance X,,
ke K, and unknown mean m,, k € K. Also, both the norm
bound on the disturbance and the performance index now
involve expectation ( E) operations, under the statistics of the

"One such sufficient condition is Q > 0, under which boundedness of
upper value implies input-output stability under controller (5.9a).
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Gaussian disturbance. In this set-up, the minimax controller
and the disturbance attenuation constant can be introduced
exactly as in Section II, which make the general approach of
Sections II-IV equally applicable here, with one major dif-
ference: we now have a (partially known) stochastic distur-
bance, instead of a deterministic one. However, since the

disturbance can be decomposed as
we=m + (we—m,), kekK

where w, — m,, k€K, is a zero-mean white Gaussian noise
process, we can introduce an auxiliary (stochastic) game as in
Remark 3.4, with the 6, introduced there being D, (w, —
m,), and w, being m,. If m,, ke K, is allowed to depend
on the state, the minimax controller for the auxiliary game is
precisely the one given in Theorem 3.1, by (3.6), for every vy
satisfying (3.5). The only difference here, as stated in Re-
mark 3.4, is in the saddle-point value (3.9), which now has
an additional term

K
E[L*] =x[M\x, + Y Tr[DIM,,,D,%,]. (6.1)
k=1

Mimicking the proof of Theorem 4.1, we first write down the
counterpart of (4.1b)

K
E[J(uf. k10w, x1)] < E[L*] + 72,;1 | m|?
and as | x;| — 0, we have, for all m; g,

E[J(s1. k1> Wi, x1)]
K K
< 72;;1 | m, |2+ kZ_jl Tr[DIM,,,D,%,]. (6.2)

Now, let us assume that there is a fixed bound on the
I*-norm of my_ x) (which also translates to a norm bound on

Wi, k)

K
kX_:] | m|? < b (6.3)

under which the bound (6.2) becomes
K
E[J(kf, k1o Wu. )] = v20% + /;1 Tr[ D{M,,,D,3,].

(6.4)

Hence, given the class of controls (3.6), parameterized by v
which satisfies (3.5), the lowest bound on

K
max E[‘I(”’[l,K]v W[1,K1)]: kzv_:l |m,|? = bz}

is given by the minimum of the R.H.S. of (6.4) subject to
kek. (6.5)

This minimizing v is not necessarily equal to the y* of
Theorem 4.1, for all b, because the first term on the RH.S. of
(6.4) is increasing with v while the second term is decreasing
(because M, , decreases with increasing v, in the matrix

vl - D{M, D, =20,

sense). Since this involves the minimization of a continuous
function over a closed and bounded interval, there exists,
necessarily, an optimal solution—to be -denoted by +.!%
Then, the controller u’; (given by (3.6)) is the optimum one
in the given class; we are not claiming, however, optimality
over the class of all controllers, as in Theorem 4.1.

To explore the dependence of ¥ on b, let us return to the
example of Section III, in the presence of the additional
stochastic input, and with K = 2. If we take ¥, = ¥, = 1,
and leave b as a variable, the minimization problem leads to

1 1
{1+ =], 2 <3-2V2
~2 2( b)
L 1
1+ﬁ’ else.

Hence, if b is greater than a threshold value, the minimax
solution of Theorem 4.1 also provides a solution to the
stochastic problem.

It is also possible to extend this analysis to the (stochastic)
case where m, is not allowed to depend on the state. But in
this case the counterpart of Theorem 3.1 (for the auxiliary
game problem) is much more complicated (as partially ex-
plained in Remark 3.4) and because of space limitations we
will not be discussing it here.

B. More General Plants and Cost Functions

Another extension of the results of the previous sections
would be the original class of disturbance attenuation prob-
lems formulated by (2.1a), (2.1b), and (2.3), where there is a
direct link to the output from both the disturbance and the
control in a strictly causal sense. This extension is, in fact,
fairly straightforward, if we use the usual trick of first
expanding and then contracting the state space.'® Toward this
end, let us consider z,, k€K, as an additional state vari-
able, and introduce the state dynamics

tyer = Apty + Buuy + Dyw,
where

te= (27, x,f)T

and

s

. 0 Hy,, A4, B o= H, B, +F,
= 1o A4, ’ =\ B,

~ (Hk+1Dk + G,

k= Dk

Then, the performance index (2.3) can be written as

K

kzl{“kﬂlz@kﬂ"' |uk|2}

J =
where 0, := block diag (Qx> 0). Thus, the problem is cast in

'8Note that, contrary to the case of the purely deterministic disturbance,
here ¥ will in general depend on b; see the example to follow.

"For a related transformation in the time-invariant continuous-time case,
see [27] which uses a loop-shifting method.
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the framework of the ‘‘state-output’’ problem of the previous
sections, making the developed theory applicable here as
well, provided that we replace all the system matrices by the
new ones defined above. Note that since

Aty = (Hk+1 ) A Xy
I
the unique FB saddle-point policies depend only on x, (and
not also on z,), thus making the solution compatible with the
underlying information pattern. Perhaps another useful obser-
vation here is that even though the main recursion (3.3) now
appears (at the outset) to be of dimension 2n X 2n, M, is in
fact block diagonal, with the first block being equal to Q,.
Hence, one needs to iterate only on the second (n X n) block

M, thus making the recursion only of dimension n X n as
in (3.3).

C. Nongzero Initial State

If the initial state x, is a known nonzero quantity, the
formulations (2.4) and (2.5) are not equivalent, even if the
controllers are restricted to the linear class. In this case, the
former is more meaningful and its solution can be shown to
satisfy a threshold property, with the threshold determined by
some norm of x,; details of the derivation of the minimax
controller in this case are quite involved and lengthy to be
included here (see [28]).

If on the other hand, the initial state is an unknown
quantity, one approach would be to consider it also as part of
the disturbance, and to obtain the minimax controller under
““worst’’ possible values of x,. We then replace the norm of
w1 k) in (2.4) by the quantity

K
Fxilg, + kZ | Wil ?
=1

which really amounts to adding an extra stage to the problem,
with

woi= Q8?x = x, =x0+w, x,=0.

Hence, we now have a design problem that has K + 1 stages
instead of K, again with zero initial state, thus making the
earlier results directly applicable. Note that in this reformula-
tion we could take the disturbance at stage zero to have the
same dimension as the state, because for the finite-horizon
problem no restrictions were imposed on the dimensions of
the disturbance across stages.

VII. CoNcLusiONS

A main objective of this paper has been to demonstrate the
close relationship between the theory of linear-quadratic dy-
namic games and that of controller design for linear plants
with optimum (or a prescribed degree of) disturbance attenua-
tion. We have shown that some of the available resuits from
the former (most of which predate the development of H*
optimal-control theory) can effectively be used to obtain a
clean derivation of minimax controllers in the discrete-time
disturbance rejection problem for both finite- and infinite-
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horizon formulations. An important byproduct of this analy-
sis is the existence of an optimal (minimax) controller,
which is known not to be the case in the continuous-time H®
optimal-control problem. The approach of this paper also
enables us (as discussed in Section VI-A) to formulate and
solve a class of minimax design problems where the distur-
bance is taken at the outset as a stochastic process whose
statistics are known, other than the mean which is an -
bounded function. Furthermore, it is possible to use this
approach, and particularly Theorem 3.1, to obtain the mini-
max controller when only a subset of the state variables is
available to the controller, through a disturbance-corrupted
channel—the so-called ‘‘four-block Heo optimal-control
problem’’ in discrete time). The counterpart of these results
in the continuous time (and under different information pat-
terns) could also be obtained, using essentially the same
approach, and results from [17, Chapt. 6]%°

An issue of importance in such design problems, which we
have not addressed in this paper, is robustness. A question
of interest in this context is the performance of the chosen
(minimax) controller outside the set of values where the
disturbance achieves the maximum, and an ordering of dif-
ferent minimax controllers according to this ‘‘neighborhood
improvement”” criterion. For some initial work in this area,
we refer the reader to [16].
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