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result is
(27)

which corresponds to the FBM spectrum, as seen through the
filter of nominal scale a.

In fact, since (22) is related to x(z) by a linear filter with
impulse response

S, (w;a) = a|G(aw)|2~ |

w|2H+1 4

ha(t)=%g(—é), (28)

it would have been possible to obtain the result of (27) by using
the fact that, in this case,

+ o0
S,;H(w;a)=fA W, (1—s,0) W, (s,0)ds.  (29)

Equation (29) results from the compatibility of the WVS with
linear filtering and its reduction to power spectral density in the
case of stationary processes [12]. It can be checked by direct
computation that substitution of (6) and (28) into (29) leads to
7.

Since the spectral content of FBM is characterized relative to
each scale by (27), it is at last possible to obtain a global
spectrum by adding up the contributions pertaining to each scale.
Taking into account the natural measure associated with the
energy distribution of the wavelet transform in the scale direction
[6], we end up with the result

, + 00
Shy(@) = [ 85, (@3 0)-

(30)

da
aZ lw|2”+1 ’

which is again the desired behavior for a spectrum of FBM.

V. CONCLUSION

Two approaches have been proposed for the analysis of FBM’s.
The first one focused on their nonstationary character; by means
of a time-frequency analysis, it was shown that their spectral
behavior can be described in terms of average spectra. The
second approach focused on self-similarity properties of FBM’s;
by means of a time—scale analysis, a decomposition in terms of
self-similar stationary processes was effected. In both cases, the
description of a global spectral behavior of FBM’s relative to a
measurement process (either a time average or a scale filter) was
achieved, providing new insight into investigations of such pro-
cesses.
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Optimum Linear Causal Coding Schemes for Gaussian
Stochastic Processes in the Presence
of Correlated Jamming
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Abstract —The complete solution is obtained to the following problem.
A Gaussian stochastic process {0, ¢ €[0,1,]} satisfying a certain stochas-
tic differential equation is to be transmitted through a stochastic channel to
a receiver under minimum mean-squared error distortion measure. The
channel is to be used for exactly ¢, seconds and, in addition to white
Gaussian noise with a given energy level, the channel is corrupted by
another source whose output may be correlated with the input to the
channel and which satisfies a given power constraint. There is an input
power constraint to the channel, and noiseless feedback is allowed between
the receiver (decoder) and the transmitter (encoder). We determine the
linear causal encoder and decoder structures that function optimally under
the worst admissible noise inputs to the channel. The least favorable
probability distribution for this unknown noise is found to be Gaussian and
is correlated with the transmitted signal. Also included is a comparative
study of these results with earlier ones that addressed a similar problem
without a causality restriction imposed on the transmitter.

I. INTRODUCTION AND PROBLEM DESCRIPTION

Consider the communication system depicted in Fig. 1. A
stochastic process {4, }, ¢ € [0, ¢/}, which satisfies the equation

dl,=a(t)6,dt+ b(t)dV,; 6, ~ N(0,v), (1)

where V, is a standard Wiener process and is independent of 6,
and a(¢) and b(7) are uniformly bounded (i.e., for some k>0,
la(?)| < k, |b(1)| < k), is to be transmitted through a continuous-
time stochastic channel which is corrupted by additive white
Gaussian noise and is also tapped by an intelligent jammer. The
jammer sends a stochastic process (possibly correlated with the
encoded message process) at a certain power level so as to
maximize the interference to the channel. The transmission chan-
nel is to be used for exactly #; seconds and has an instantaneous
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Fig. 1. Continuous-time communication system.

input power constraint P, i.e.,
E[x?] <P.
Its output process §,, ¢ €[0, t7], is described by
dé¢, =x,dt+ B dt +dw,, ¢,=0. 3)

Here {W, t€[0,1]} is a standard Wiener process, {8, 1€
[0,¢,]} is a second-order stochastic process determined by
the jammer and is subject to the power constraint

E[B] <K (4)

where K < P, and x, (the input to the channel) is determined by
two (nonanticipatory) coding functions A,(s; £, s<¢) and
A (t; €, s <t) such that

x,=Ag(t; ¢, s<t)+ A (1;¢,,5<1)6,. (5)

Note that this imposes a memoryless linear structure on the
encoder, in terms of its dependence on {#§, }; however, the depen-
dence on {£,} through the feedback channel could be arbitrary,
provided that it is nonanticipatory. Furthermore, the dependence
of {8} on the message process {6, } is only through the output of
the encoder {x,}, again under a nonanticipatory transformation.

Finally, the distortion measure adopted for this communica-
tions problem is

D(Ag, 41,6; B) =E{j0‘f[e,—é,(ss, sgt)]ldt} 6)

which is to be minimized by the choice of A, 4;, f = {6} and
maximized by the choice of B:= {8,}. Note that § is the output
of the decoder, which depends on {£,} in a nonanticipatory
manner. Hence a natural criterion here would be the upper value
of the corresponding game:

min maxD(AO,Al,é;B)'
Ay, 4,0 B

()

(72)

In this correspondence we seck and prove the stronger result that
aquadruple A¥, A¥, 0*:= (6%, r€ (0,11}, B*= {B*, 1€[0,1,]}
exists satisfying the pair of saddle-point inequalities

D(Ag, Ay 0% B) < D(4x, Ax,0*; B*)
< D( 4y, 4,,6; B%) (7b)

A number of historical remarks are now in order to place the
contributions of this correspondence in proper perspective. First,
a different version of this problem was studied earlier [1] where
no causality restriction was imposed on the encoder, which also
premitted the consideration of a more general structure for the
encoder, basically that of all measurable functions of the message
process {0,}. The saddle-point solution obtained there was in-
deed strictly noncausal for nontrivial stochastic processes, and it
involved a Karhunen-Loeve expansion of the message process,
storage of these data, and transmitting only a few leading terms
in this expansion. Hence, under a causality restriction, it is
natural to expect the solution to be different than the one given
in [1], which indeed is the case as to be shown in the sequel. We
should note, however, that since the optimum design for the
jammer-free version of the problem (ie., which involves an
extension of Ihara’s result [2} from random variable input to
stochastic process message processes, under the causality restric-
tion) is known to be linear under some regularity conditions [5],
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it seems possible to relax the structural restriction (5) on the
encoder and still obtain the result presented in this paper.

Second, one of our basic assumptions above has been that the
jammer can choose its policy as a function of the output of the
encoder but not directly as a function of its input; in other
words, the jammer is allowed to tap the channel after the encoder
(and not before). This assumption provides us some convenience
in proving the basic result presented in Theorem 1; however, it
brings in no loss of generality in the following sense. As will be
shown in Corollary 1 just following Theorem 1, the basic result
remains intact if the jammer also has access to the past values of
{6,}. In other words, this additional information has no value,
since it passes through a causal transformation the output of
which is the relevant quantity already known to the jammer. On
the other hand, if the jammer has access only to {6,} and nor
{x,}, the result would no longer hold, because then a random
choice for the encoder transformation A, (as hinted by the results
of [3], derived primarily for static channels) would nullify the
useful information content of {§,}. A detailed study of this
problem will be presented in a future paper.

1L

The solution to the problem in Section I is provided in the
following theorem and is depicted in Fig. 2.

OpTIMUM CODING-DECODING SCHEMES

Katman-Bucy
Filter

: -y
Fig. 2. Optimum structure for communication system.

Theorem I: The communication system described in Section I
and depicted in Fig. 1 admits a solution which is given as follows.
1) The optimum coding functions are

AF(1) =yP/v* (®)
AF (1) = — Ar()m? %)

where {m}} is the estimator process satisfying the stochastic
differential equation

dm¥ = a(t)ym* dt +\/Py* dt¥,  mg =0, (10a)
with {v*} the unique solution of
w*=[2a(0) = Ply* +6°(1),  w=y  (10b)
and
P=(1-yK/P)’P. (10¢)

2) The optimum decoder output is
f =mx, 1e]0,1].

(1)

3) The maximizing jammer policy is

B*(t,x,,s<t)=—K/Px}=B* (12)
where
x}=AF + A76,. (13)
4) The worst-case distortion level is
D( Az, A ,0%; B*) = ["y* de = D*. (14)
0

Proof: The proof proceeds in two steps. We first establish
the validity of the right-hand side (RHS) inequality of (7b) when
B* is given by (12), and then prove the left-hand side (LHS)
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inequality of (7b) when A}, 4} and é,* are given by (8), (9), and
(11) respectively.
a) The RHS Inequality: With B, = —(;/K/P)x,, the channel
output (3) can be written as
d§, =x,dt —\/K/Px, dt + dW,

=(1-/K/P)x,dt +dw, (15)

where
x,=Ay(1)+ A,(1)9,.
For each fixed A4, 4,, let
) A2
y,=n(1;1nE{[0,—0,]} .

Then the Kalman-Bucy theory [4, p. 246] is directly applicable,
and the minimizing 6, is m,, where m, satisfies the following
stochastic differential equation:

dm,=a(t)ym, dt+v,(1-/K/P)
A [ dt, —(1=VK/P)(A(1) + A (1)m,) dr] (16)
y.=2a(1)y, — v (1-JK/P) 42 + b (17)

with my =0, y, =y. From the channel power constraint (2), we
can find

E[AO+A10112 =E[(A4y+m,A)+(§, _m,)Al]z <P
= E{(A4y+4m)*} + E{y4}} <P.

(18)

Note that (17) is equivalent to the integral equation
Y, = yexp{Zf(:a(s) ds 7(17‘/K/P)zj;y\_A12(s, &) ds}
+flb2(s)exp{2f’a(u) du—(1 —m)z
0 s

.f’yuAf(u,g) du} ds.

By Jensen’s inequality (E[e™"] > e~ 1), we have

Y, Zyexp{ZfOta(s) ds—(l—\/ﬁ)zf(:E['y_\Alz] dx}
+f0[b2(s)cxp{2/sta(u) a’u—(l—\/m)2

.f’E[y,,Alz(u,S) du} ds

(19)

(20)

which, together with the inequality E[y,47(t,£)] < P (following
from (18)) yields the following lower bound for E[y,]:

Elv] ZYeXP{2fO,(a(S)_§) dS}

+f0!b2exp{2/;(a(u)—§)du}ds. (21)

Following [5], we choose
AF(6,6) = - AF (1. &) m? (22)
Ar(n.6) =P/v* (23)

where

Y*=E[6-mr]’, O<i<t,.

£ is the solution of

dgr =\P/y* (0,—m})di+dW, — &=0, (24)
and m}*,y* are given as
dm¥ =a(t)mr di+[Py* d&r,  mi=0 (29
¥*=(2a(t) - P)y* + 0% (1), vF=v (26)
P=(1-yK/P)’P. (27

The linear equation (26) has the unique solution
P
* ! JRE—
Y, yexp{Z/(;(a(s) 2)ds}

+j;bzcxp{(a(u)—§) du} ds (28)

which coincides with the bound given in (21), and thus its
integral over (0,1,) gives us the realizable minimum error. This
completes the proof of validity of the RHS inequality of (7).

b) The LHS Inequality: Let A% (1,§) and A} (1, §) be defined
by (8), (9). Then,

x, = A (1,6)[0,—m,] =vP/v* [6,—m]
where m, satisfies the stochastic differential equation

dm, = a(t)m,dt+y,*A~[“(t,$) d¢,

my=0 (29)
and
Ap(1.4) 2 (1-yK/P) A7 (1.4).
Since .
d§, = Ax(1,8)[0, —m,) dr+ B dt +dW,, (30)
we obtain
dm,=a(t)m, dr +y*AFAF [0, — m,] dt
+ Y rAFB, dt + v AR AW, (31)

Let p=m, — 0,; then p, satisfies the stochastic differential equa-
tion
dp, = a,p,dt — y*AFA¥ p, dt + Y} AXB, dt + y*AF dW, — b, dV,
po=—"0,. (32)
Note the the distortion measure (6) can be rewritten as

D=E{f0,/p,zdt].

We now let M, = p? and obtain the following stochastic differen-
tial equation for M,, by direct application of Ito’s formula

dM, =2a,M,dt —2p,b,dV, - 2y*AF A} M, dt
A2y AFB, p, dt + 2y AF p, dW, + BE dr + A dt
M, =67 (33)
Finally, letting (1) = E[M,], we arrive at the following differen-
tial equation describing the evolution of E[M,]:

é=2a,e — 2y AFAre + 2y FAFE[ B p ]+ b + v 2Ar2. (34)

Now, {8} should be chosen so as to maximize [j’e(¢) dr [which
is D(A}, A}, 0*;8)] under the power constraint (4). Since y,*4}
is positive and the power constraint is instantaneous, maximizing
€(¢t) for each 7 is equivalent to maximizing the quantity E[B,p,].



202

Noting the bound (from Cauchy-Schwartz inequality)

{E[Bp1) <E[B] E[ 5] < Ke(1),
the unique maximizing solution is

BI*= K/EIPI

(35)

(36)

and hence

max E[£p,] =\/K_‘:~

E(Bl)<K
Substituting this in (34) and also noting the equality €(r) =v*
leads to the differential equation
-i/l*=(2al_13).YI*+b2(t); Yo' =7
which is identical to (26). In view of this, (36) can be rewritten as
B* =yK/PAfp,,
and since
xrzAl*[ot - m/]?
we finally obtain
BI*(XI) = _VK/Pxn

as the unique jammer policy that maximizes D( A}, A(;‘,é*; B).
This then validates the LHS inequality of (7).

te[0,4]

Corollary 1: The result of the theorem remains intact if the
stochastic process { 8} is taken to be adapted to the larger sigma
field, generated by {6,} and {x,}, ie.,

B=B(t;x,0,s<t).

Proof: All we need to show is the validity of the LHS
inequality, since for the RHS inequality the choice B, =
—VK /P x, generates a stochastic process that is adapted to the
new information field. Now, for the LHS inequality, we proceed
as in the proof of the theorem until we reach (34). Here, maxi-
mization of [je(r)dt under the power constraint (4) is gain
equivalent to maximizing E[f p,] for each ¢, whose unique
solution under the new (enlarged) functional dependence is still
(36); in other words, the additional knowledge of {#§,} is redun-
dant information as far as the jammer’s maximization problem is
concerned.

Remark 1: When the message to be transmitted is a Gaussian
random variable (i.e., a =5 =0 in the formulation of Section I),
the saddle-point distortion level y,;" becomes (from (10)):

vy =vexp{ - P, |

which is a result already known from [1]. Hence the distortion
levels obtained in [1] and in this correspondence coincide for this
special case (as expected). However, if either a # 0 or b # 0, D*
of this correspondence should be strictly larger than its counter-
part in [1], because of the causality restriction. This is clearly
illustrated in the example of the next section.

HI. AN EXAMPLE

Let the message process 6, t>0 be the standard Wiener
process V,, ¢ > 0; that is

6=V, 6,=0

(in the formulation of Section I, a(¢) =0, b(¢) =1, y=0). Fur-
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thermore, suppose that

=1 K=4 P=(2+/5)=17.94.

Then, the integral (28) can be evaluated to give

v =j(:exp{(s—t)1~’} ds=ﬁ[l—e’4'9%’]
leading to
D* =f1y,* dt = L [1v ——1—(1 —e %) =0.160, (i)
0 4.998 4.998

which is the minimum guaranteed distortion level. If, on the
other hand, we use the solution given in [1], we readily obtain a
guaranteed distortion level of

D*=0.074,

which is considerably smaller than (i), the difference being the
loss due to causality. In both cases, the least favorable jammer
policy is

B*(x,) =-0472x,.
The input to the channel, on the other hand, is
£F=9.469(1— e **%)' %,

for the causal system of this correspondence, whereas for the
noncausal system of {1],

Mu

=2 a(1)b,
i=1
where
12\ 1
bi=((i—~2~) Hz) f_olsln[(l—i)nljlaldl\/i
6.653exp[5t/2], 0<r<0.6%
a;(t) ={19.961exp[5(t —0.694) /2], 0.694 <t < 0.949
33.270exp[5(¢ —0.949) /2], 0949 < <1.

Note that in this latter case we assume that the entire sample
path of the process is available at the encoder prior to #=0.
Furthermore, following a transmission of two time units, the
signal estimate is reconstructed at the output of the decoder,
again for a period of one time unit. Hence the processing interval
is, in fact, at least three times the length of that in the former
problem.
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