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This paper introduces the notion of mixed leadership in nonzero-sum differential games,
where there is no fixed hierarchy in decision making with respect to the players. Whether
a particular player is leader or follower depends on the instrument variable s/he is control-
ling, and it is possible for a player to be both leader and follower, depending on the control
variable. The paper studies two-player open-loop differential games in this framework, and
obtains a complete set of equations (differential and algebraic) which yield the controls in
the mixed-leadership Stackelberg solution. The underlying differential equations are cou-
pled and have mixed-boundary conditions. The paper also discusses the special case of lin-
ear-quadratic differential games, in which case solutions to the coupled differential
equations can be expressed in terms of solutions to coupled Riccati differential equations
which are independent of the state trajectory.

� 2010 Elsevier Inc. All rights reserved.
1. Introduction

In 1934, von Stackelberg introduced a concept of a hierarchical solution for markets where some firms have power of
domination over others [11]. This solution concept is now known as the Stackelberg equilibrium or the Stackelberg solution
which, in the context of two-person nonzero-sum games, involves players with asymmetric roles, one leading (accordingly
called the leader) and the other one following (called the follower). The game proceeds with the leader announcing his policy
first (which would be his action if the information pattern is not dynamic), and the follower reacting to it by optimizing his
performance index under the leader’s announced policy. Of course, the leader has to anticipate this response (assuming that
he knows the utility or cost function of the follower) and pick that policy which will optimize his performance index given
the follower’s rational response. Assuming that the follower’s optimum (rational) response is unique to each announced pol-
icy of the leader (that is, he has a unique rational response curve), then the best policy of the leader is the one that optimizes
his performance index on the rational reaction curve of the follower, which together with the corresponding unique policy/
action of the follower is known as the Stackelberg solution. If the follower’s response is not unique, however, then the
rational response curve is replaced with a rational reaction set, in which case taking a pessimistic approach on the part of
the leader, his optimization problem is to find the best policy under worst choices by the follower (worst from the
point of view of the leader) from the rational response set; such a solution is known as the generalized Stackelberg solution
[8,4].

The notion of the Stackelberg solution was later extended to multi-period settings in the early 1970’s by Simaan and Cruz
[9,10], who also introduced the notion of a feedback Stackelberg solution where the leader dictates his policy choices on the
. All rights reserved.
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follower only stage-wise, and not globally. Such a solution concept requires (in a dynamic game setting) that the players
know the current state of the game at every point in time, and its derivation involves a backward recursion (as in dynamic
programming), where at every step of the recursion the Stackelberg solution of a static game is obtained. When the leader
has dynamic information, and is able to announce his policy for the entire duration of the dynamic game ahead of time (and
not stage-wise), then the Stackelberg solution, even though well defined as a concept, is generally very difficult to obtain,
because the underlying optimization problems are then on the policy spaces of the two players, with the reaction sets or
functions generally being infinite-dimensional. Derivation of such global Stackelberg solutions for dynamic games with dy-
namic information patterns also has connections to incentive design or mechanism design problems, and is still an active
research area; see the text by Bas�ar and Olsder [4] for these connections, and for an overview of various types of Stackelberg
solutions.

It is possible to introduce the global and the feedback Stackelberg solutions also for dynamic games defined in continuous
time, the so-called differential games. The latter, that is the feedback Stackelberg solution, is introduced in differential games
as the limit of a sequence of feedback Stackelberg solutions of discretized (in time) versions of the original differential game,
which become the collection of point-wise Stackelberg solutions of coupled Hamilton–Jacobi–Bellman systems, as first dem-
onstrated by Bas�ar and Haurie [2]. They also showed (for a class of dynamic and differential games) that the Stackelberg solu-
tion is indeed an equilibrium solution, in the sense of Nash, where the leader and the follower enter the game symmetrically,
albeit with some additional information on the actions of the follower provided to the leader as part of the information pat-
tern (that is, even though the play is symmetric, the information pattern is not). This setting has been applied in Bas�ar et al.
[3] to a differential game model of capitalism. Several other applications exist in economics and management science [6].
Another recent application area has been supply chains and marketing channels; see [5] and [7].

Most of the literature on Stackelberg games, with a few exceptions, has assumed that the roles of the players are fixed at
the outset, and the leader remains a leader for the entire duration of the game; likewise follower remains as follower. Per-
haps the first paper that brought up the issue of whether being a leader is always advantageous to a player is [1]. It turns out
that leadership is not always a preferred option for the players: for some classes of games, leadership of one specific player is
preferred by both (in the sense that both players collect highest utilities when compared with what they would collect under
other combinations), which is a stable situation, whereas there are other classes of games where either both players prefer
their own leadership or neither do, which leads to a stalemate situation. Sometimes, the players do not have the option of
leadership open to them, but leadership is governed by an exogenous process (say a Markov chain), which determines
who should be the leader and who the follower at each stage of the game, perhaps based on the history of the game or
the current state of the game. Bas�ar and Haurie [2] have shown that feedback Stackelberg solution is a viable concept for
such (stochastic) dynamic games also, and have obtained recursions for the solution.

In this paper we again consider the variable leadership dynamic game, but with one additional twist which is that the
same player can act as leader in some decisions and as follower in others, which we call the mixed-leadership game. We could
view this situation also as one where there are no clear leaders and followers. For example, in the context of a manufacturer
selling a product through a retailer, the manufacturer could act as a leader for advertising decisions, while the retailer could
be the price leader. In this case, the manufacturer acts as a follower for making his wholesale price decision and the retailer
acts as a follower for making his decision relating to local advertising of the product. Closer to home, it is possible to visualize
a household scenario where the wife acts as leader for decisions relating to domestic activities, whereas the husband acts as
the leader for external decisions.

Accordingly, in this paper we formulate and analyze dynamic/differential games where some decisions are announced by
player 1 and some by player 2, simultaneously. Then, each player must obtain his optimal response for those decisions that
are to be made by him in the role of the follower. Given these responses, the remaining decisions are made simultaneously.
For convenience in exposition, we will partition all decisions into lead and follow-up decisions. The follow-up decisions are
obtained simultaneously as the optimal responses to the lead decisions, where in the sprit of parallel play we will adopt the
Nash equilibrium solution [4]. Thus, the procedure requires the solutions of two-player Nash games (the parallel play) and
one Stackelberg game (hierarchical play) in a nested fashion. We will restrict the study to the open-loop information struc-
ture, with the study of mixed-leadership game under feedback information pattern left for a future paper.

The next section formulates a general class of two-player mixed leadership open-loop differential games and derives a set
of sufficient conditions for its equilibrium. Section 3 applies the general results to a linear-quadratic game. Section 4 con-
cludes the paper.

2. The mixed-leadership differential game model

Consider two players P1 and P2, responsible for making decisions ðu1;v1Þ and ðu2;v2Þ, respectively, with these decision
variables being continuous functions on the interval ½0; T�. We have a two-player differential game with state equation
_x ¼ f ðx;u1; v1;u2;v2; tÞ; xð0Þ ¼ x0; ð1Þ
and with player i having the cost functional
Jiðu1;v1;u2; v2Þ ¼
Z T

0
liðx;u1;v1; u2;v2; tÞdt þ SiðxðTÞÞ; i ¼ 1;2: ð2Þ
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Here, x0 is the initial state known by both players, xðtÞ 2 Rn, and Ui ¼ ðui; v iÞ 2 Xi :¼ Xi
u �Xi

v # Rmi � Rni ; i ¼ 1;2; 8t 2 ½0; T�,
where ½0; T� denotes the fixed duration of the game. As hinted earlier, the underlying information structure is open-loop for
both players, so that the controls U1ð�Þ and U2ð�Þ depend only on the time variable t and the initial state x0. Further, we allow
only for controls that are continuous in t, and this determines the admissible control function set ðC1

u � C1
v ;C

2
u � C2

v Þ. For the
differential game dynamics to be well defined, we assume that f satisfies the following regularity conditions:

(i) f is jointly continuous in t 2 ½0; T� and Ui 2 Xi; i ¼ 1;2, for each x 2 Rn.
(ii) f is uniformly Lipschitz in x.

These conditions guarantee that the state Eq. (1) yields a unique continuously differentiable state trajectory for each
admissible control ðU1ð�Þ;U2ð�ÞÞ.

In the mixed-leadership game considered here, P1 controls U1 ¼ ðu1;v1Þ and P2 controls U2 ¼ ðu2;v2Þ. P1 and P2 both act
as leader in their u controls, and act as follower in their v controls. In other words, first P1 picks u1 and P2 picks u2, simul-
taneously. Then P1 and P2 follow with their decisions v1 and v2, respectively, and again simultaneously. Now, for every
admissible ðu1ð�Þ;u2ð�ÞÞ, the followers problem is a two-player non-cooperative differential game, for which we look for
an open-loop Nash equilibrium [4], that is a pair ðv̂1; v̂2Þ such that
J1ðu1; v̂1;u2; v̂2Þ ¼ min
v12C1

v
1ðu1;v1; u2; v̂2Þ
and
J2ðu1; v̂1;u2; v̂2Þ ¼ min
v22C2

v

J2ðu1; v̂1;u2;v2Þ
for all u1ð�Þ 2 C1
u and u2ð�Þ 2 C2

uÞ. Note that v̂1 and v̂2 are in general functions of u1 and u2, which we write as
v̂ iðu1;u2Þ; i ¼ 1;2; to capture this functional dependence. The following theorem now provides a characterization for these
optimal Nash responses.

Theorem 1. In addition to conditions (i)–(ii), assume that

(iii) f ð�;U1;U2; tÞ is continuously differentiable on Rn;8t 2 ½0; T�; and 8Ui 2 Xi; i ¼ 1;2,
(iv) lið�;U1;U2; tÞ is continuously differentiable on Rn;8t 2 ½0; T�; and 8Ui 2 Xi; and Sið�Þ is continuously differentiable on

Rn; i ¼ 1;2.

Then, if ðu1;u2Þ 2 C1
u � C2

u is a given pair of open-loop controls, and the resulting followers game admits an open-loop Nash equi-
librium, say ðv̂1ðu1;u2Þ; v̂2ðu1;u2ÞÞ 2 C1

v � C2
v , there exist functions q1ð�Þ : ½0; T� ! Rn and q2ð�Þ : ½0; T� ! Rn such that the following

relations hold:
_x ¼ f ðx;u1; v̂1;u2; v̂2; tÞ; xð0Þ ¼ x0; ð3Þ
v̂1ðtÞ ¼ argmin

v12X1
v

H1ðx;u1;v1; u2; v̂2; q1; tÞ; ð4Þ

v̂2ðtÞ ¼ argmin
v22X2

v

H2ðx;u1; v̂1; u2; v2; q2; tÞ; ð5Þ

_q01ðtÞ ¼ �
@

@x
H1ðx;u1ðtÞ; v̂1ðtÞ; u2ðtÞ; v̂2ðtÞ; q1ðtÞ; tÞ; q01ðTÞ ¼

@

@x
S1ðxðTÞÞ; ð6Þ

_q02ðtÞ ¼ �
@

@x
H2ðx;u1ðtÞ; v̂1ðtÞ; u2ðtÞ; v̂2ðtÞ; q2ðtÞ; tÞ; q02ðTÞ ¼

@

@x
S2ðxðTÞÞ; ð7Þ
where Hi is the Hamiltonian function for player i,
Hiðx;U1;U2; qi; tÞ ¼ liðx;U1;U2; tÞ þ q0ifiðx;U1;U2; tÞ; t 2 ½0; T�; i ¼ 1;2; ð8Þ
and prime denotes transpose.

(v) Furthermore, let (4) and (5) admit inner solutions, and H1ðx;u1;u2; �;v2; q1; tÞ and H2ðx;u1;u2;v1; �; q2; tÞ be continuously
differentiable and strictly convex on X1

v and X2
v , respectively.
Then, under the additional condition (v), (4) and (5) can be replaced by the stationarity conditions:

rv1 H1ðx;u1; v̂1;u2; v̂2; q1; tÞ ¼ 0; ð9Þ
rv2 H2ðx;u1; v̂1;u2; v̂2; q2; tÞ ¼ 0; ð10Þ
respectively.

Proof. This is a standard open-loop Nash differential game in ðv1;v2Þ for any given ðu1;u2Þ. The proof follows from [4, p.
310]. h
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Now, to solve for the leading decisions, ðu1;u2Þ, we follow an argument similar to that in Bas�ar and Olsder [4, Chapter 7], in
the derivation of the open-loop Stackelberg solution. The difference is that while in the standard two-player Stackelberg dif-
ferential game the leader’s problem is a constrained optimal control problem, in the present case the two leaders are faced
with another differential game, constrained by the optimal (Nash) response functions covered by the previous theorem.
Now, assuming that v̂1 and v̂2 as characterized in Theorem 1 are unique, the differential game at this upper-level of decision
hierarchy would be characterized by the cost functions
J1ðu1; v̂1;u2; v̂2Þ and J2ðu1; v̂1;u2; v̂2Þ ð11Þ
and dynamics
_x ¼ f ðx;u1; v̂1;u2; v̂2; tÞ; xð0Þ ¼ x0; ð12Þ
where v̂1 and v̂2 are functions of ðu1;u2Þ. What we are seeking (in abstract form description, at this point) is a pair
ðu�1 2 C1

u;u
�
2 2 C2

uÞ satisfying
J1ðu�1; v̂1ðu�1;u�2Þ;u�2; v̂2ðu�1;u�2ÞÞ ¼ min
u12C1

u

J1ðu1; v̂1ðu1;u�2Þ;u�2; v̂2ðu1;u�2ÞÞ ð13Þ
and
J2ðu�1; v̂1ðu�1;u�2Þ;u�2; v̂2ðu�1;u�2ÞÞ ¼ min
u22C2

u

J2ðu�1; v̂1ðu�1;u2Þ;u2; v̂2ðu�1;u2ÞÞ: ð14Þ
Such a pair ðu�1; u�2Þ clearly constitutes an open-loop Nash equilibrium for the upper-level differential game, which together
with v�1 ¼ v̂1ðu�1;u�2Þ;v�2 ¼ v̂2ðu�1;u�2Þ constitute the Stackelberg solution to the original mixed-leadership game.

Now, the upper-level nonzero-sum differential game introduced above is not a standard one, since v̂1 and v̂2 are defined
through the equality constraints (9), (10), and the differential constraints (6), (7). But in view of (13) and (14), which trans-
form computation of the Nash equilibrium into solution of two optimal control problems, with respectively u2 ¼ u�2 and
u1 ¼ u�1 fixed, we now have two non-standard optimal control problems. Let us focus on the first one, defined by (13). Here,
the open-loop control variable is u1, and we have two equality constraints, (9) and (10) with u2 ¼ u�2, and three differential
constraints, (12)–(14) with again u2 ¼ u�2. Note also that the differential constraints have mixed-boundary conditions, with
that of first one specified at the initial time and those of the other two specified at the terminal time. This is similar to the
mixed-boundary-value optimal control problem encountered in the derivation of the standard open-loop Stackelberg game
(see, for instance, [4, pp. 408–410]), with the difference being that here we have one additional equality constraint and one
additional differential constraint. By viewing v1 and v2 also as free variables, in view of the equality constraints (9) and (10)
that define them, we can now rewrite all five constraints (for the problem at hand) as follows in terms of the three control
variables ðu1;v1;v2Þ:
_x ¼ f ðx;u1; v1;u�2;v2; tÞ; xð0Þ ¼ x0; ð15Þ

_q01 ¼ �
@

@x
H1ðx;u1; v1;u�2;v2; q1; tÞ; q01ðTÞ ¼

@

@x
S1ðxðTÞÞ; ð16Þ

_q02 ¼ �
@

@x
H2ðx;u1; v1;u�2;v2; q2; tÞ; q02ðTÞ ¼

@

@x
S2ðxðTÞÞ; ð17Þ

rv1 H1ðx;u1;v1;u�2; v2; q1; tÞ ¼ 0; ð18Þ
rv2 H2ðx;u1;v1;u�2; v2; q2; tÞ ¼ 0: ð19Þ
The Hamiltonian function associated with this optimal control problem, as the counterpart of expression (7.62) in [4], is
L1ðx;u1; v1;u�2;v2; q1; q2;/;w1;w2;l1;l2; tÞ

¼ l1ðx;u1;v1;u�2; v2; tÞ þ /0f ðx; u1; v1;u�2;v2; tÞ þ w01 �
@H1ðx;u1;v1;u�2;v2; q1; tÞ

@x

� �0

þ w02 �
@H2ðx; u1; v1;u�2;v2; q2; tÞ

@x

� �0
þ rv1 H1ðx;u1;u�2;v1; v2; q1; tÞ � l1 þrv2 H2ðx;u1;u�2;v1; v2; q2; tÞ � l2; ð20Þ
where /ð�Þ : ½0; T� ! Rn;w1ð�Þ : ½0; T� ! Rn; and w2ð�Þ : ½0; T� ! Rn are the co-state variables corresponding to the state Eqs.
(15)–(17), respectively, and l1ð�Þ : ½0; T� ! Rn1 , and l2ð�Þ : ½0; T� ! Rn2 are the Lagrange multipliers corresponding to the
constraints (18) and (19), respectively. It again follows from [4, p. 409], that under suitable differentiability conditions (to
be made precise in Theorem 2 to follow), the co-states satisfy the following set of differential equations and the boundary
conditions:
_/0 ¼ � @

@x
L1; /0ðTÞ ¼ @S1ðxðTÞÞ

@x
� @2

@x2 S1ðxðTÞÞw1ðTÞ �
@2

@x2 S2ðxðTÞÞw2ðTÞ;

_w01 ¼ �
@

@q1
L1; w1ð0Þ ¼ 0;

_w02 ¼ �
@

@q2
L1; w2ð0Þ ¼ 0:
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Further, assuming inner solutions with respect to the three independent control variables ðu1;v1;v2Þ, there is the additional
set of three stationarity conditions (as in Bas�ar and Olsder [4, p. 409]):
ru1 L1 ¼ 0; rv1 L1 ¼ 0; rv2 L1 ¼ 0: ð21Þ
Now, instead of focusing on (13), if we had started with the optimal control problem defined by (14), as a result of sym-
metric arguments we would have arrived at the Hamiltonian (for P2):
L2ðx;u�1; v1;u2;v2; q1; q2;a;b1;b2; c1; c2; tÞ

¼ l2ðx;u�1;v1;u2; v2; tÞ þ a0f ðx; u�1; v1;u2;v2; tÞ þ b01 �
@H1ðx;u�1; v1;u2;v2; q1; tÞ

@x

� �0

þ b02 �
@H2ðx; u�1; v1;u2;v2; q2; tÞ

@x

� �0
þ rv1 H1ðx;u�1;u2;v1; v2; q1; tÞ � c1 þrv2 H2ðx;u�1;u2;v1;v2; q2; tÞ � c2 ð22Þ
where að�Þ : ½0; T� ! Rn; b1ð�Þ : ½0; T� ! Rn; b2ð�Þ : ½0; T� ! Rn; c1ð�Þ : ½0; T� ! Rn1 , and c2ð�Þ : ½0; T� ! Rn2 are the corresponding
co-state variables and Lagrange multipliers (for P2, where the co-states satisfy the following set of differential equations
and the boundary conditions (again under suitable differentiability conditions, to be made precise in Theorem 2):
_a0 ¼ � @

@x
L2; a0ðTÞ ¼ @S2ðxðTÞÞ

@x
� @2

@x2 S1ðxðTÞÞb1ðTÞ �
@2

@x2 S2ðxðTÞÞb2ðTÞ;

_b01 ¼ �
@

@q1
L2; b1ð0Þ ¼ 0;

_b02 ¼ �
@

@q2
L2; b2ð0Þ ¼ 0;
and, if again u2;v1;v2 are inner solutions, we have
ru2 L2 ¼ 0; rv1 L2 ¼ 0; rv2 L2 ¼ 0: ð23Þ
We now collect together the results above in the form of the following Theorem 2.

Theorem 2. For the mixed-leadership differential game considered here, assume, in addition to (iii)–(v) of Theorem 1, that

(vi) f ð�;U1;U2; tÞ is twice continuously differentiable on Rn;8t 2 ½0; T�,
(vii) l1ð�;U1;U2; tÞ and l2ð�;U1;U2; tÞ are twice continuously differentiable on Rn;8t 2 ½0; T�,

(viii) f ðx;u1;u2; �; �; tÞ; liðx;u1;u2; �; �; tÞ; i ¼ 1;2, are continuously differentiable on Rn1 � Rn2 ;8t 2 ½0; T�:

Then if U1�ðtÞ and U2�ðtÞ; t 2 ½0; T�, provide an optimal open-loop Stackelberg solution, and x�ðtÞ; t 2 ½0; T�, denotes the correspond-
ing state trajectory, and

(ix) ðu�1ðtÞ;v�1ðtÞ;u�2ðtÞ;v�2ðtÞÞ is in the interior of X1
u �X1

v �X2
u �X2

v ,

there exist continuously differential functions /ð�Þ;w1ð�Þ;w2ð�Þ;að�Þ; b1ð�Þ; b2ð�Þ : ½0; T� ! Rn and continuous functions
l1ð�Þ; c1ð�Þ : ½0; T� ! Rn1 and l2ð�Þ; c2ð�Þ : ½0; T� ! Rn2 , such that the following conditions are satisfied:
_x� ¼ f ðx�;U1�;U2�; tÞ; x�ð0Þ ¼ x0; ð24Þ

_q0i ¼ �
@

@x
Hiðx�;U1�;U2�; qi; tÞ; q0iðTÞ ¼

@Siðx�ðTÞÞ
@x

; i ¼ 1;2; ð25Þ

_/0 ¼ � @

@x
L1ðx�;U1�;U2�; q1; q2;/;w1;w2;l1;l2; tÞ; /0ðTÞ ¼ @S1ðx�ðTÞÞ

@x
� @2

@x2 S1ðx�ðTÞÞw1ðTÞ �
@2

@x2 S2ðx�ðTÞÞw2ðTÞ; ð26Þ

_w01 ¼ �
@

@q1
L1ðx�;U1�;U2�; q1; q2;/;w1;w2;l1;l2; tÞ; w1ð0Þ ¼ 0; ð27Þ

_w02 ¼ �
@

@q2
L1ðx�;U1�;U2�; q1; q2;/;w1;w2;l1;l2; tÞ; w2ð0Þ ¼ 0; ð28Þ

_a0ðtÞ ¼ � @

@x
L2ðx�;U1�;U2�; q1; q2;a;b1;b2; c1; c2; tÞ; a0ðTÞ ¼ @S2ðx�ðTÞÞ

@x
� @2

@x2 S1ðx�ðTÞÞb1ðTÞ �
@2

@x2 S2ðx�ðTÞÞb2ðTÞ; ð29Þ

_b01ðtÞ ¼ �
@

@q1
L2ðx�;U1�;U2�; q1; q2;a;b1;b2; c1; c2; tÞ; b1ð0Þ ¼ 0; ð30Þ

_b02ðtÞ ¼ �
@

@q2
L2ðx�;U1�;U2�; q1; q2;a;b1;b2; c1; c2; tÞ; b2ð0Þ ¼ 0; ð31Þ

rv1 H1ðx�;U1�;U2�; q1; tÞ ¼ 0; ð32Þ
rv2 H2ðx�;U1�;U2�; q2; tÞ ¼ 0; ð33Þ
ru1 L1ðx�;U1�;U2�; q1; q2;/;w1;w2;l1;l2; tÞ ¼ 0; ð34Þ
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rv1 L1ðx�;U1�;U2�; q1; q2;/;w1;w2;l1;l2; tÞ ¼ 0; ð35Þ
ru2 L2ðx�;U1�;U2�; q1; q2;a; b1; b2; c1; c2; tÞ ¼ 0; ð36Þ
rv2 L2ðx�;U1�;U2�; q1; q2;a;b1;b2; c1; c2; tÞ ¼ 0; ð37Þ
rv1 L2ðx�;U1�;U2�; q1; q2;/;w1;w2;l1;l2; tÞ ¼ 0; ð38Þ
rv2 L1ðx�;U1�;U2�; q1; q2;a;b1;b2; c1; c2; tÞ ¼ 0; ð39Þ
where H1 and H2 are as defined in Theorem 1, and L1 and L2 are as defined in (20) and (22), respectively.

Proof. The result follows directly from the discussion preceding the statement of the theorem, in view of Theorem 7.5 of [4]
applied to each of the optimal control problems defined by (13) and (14). h

Remark 1. Note that we have a total of 17 unknown quantities (1 state vector, 4 control vectors, 2 co-state vectors associ-
ated with the lower-level game, 6 co-state vectors associated with the upper-level game, and 4 vector-valued Lagrange mul-
tiplier functions associated with the upper-level game), and we have exactly 17 compatible vector equations in (24)–(39) to
solve for these variables. Hence, there are no missing equations, and everything is accounted for.

Remark 2. If we consider a game with two leaders L1 and L2 with the objective functions J1 and J2 respectively, and two
followers F1 and F2 with their objective functions denoted as JF1 and JF2, respectively, then the problem treated in this paper
can be viewed as a special case of this two-leaders, two-followers game with JF1 ¼ J1 and JF2 ¼ J2: Theorem 2 can be modified
for this general game by replacing H1 and H2 by HF1 and HF2; respectively. It should be noted that in the general case, the
followers play a Nash differential game to obtain v1 and v2 given u1 and u2; and the leaders play a Nash differential game
to obtain u1 and u2 in view of the optimal responses of the followers.

In the next section, we apply Theorem 2 to a scalar linear-quadratic mixed-leadership differential game.

3. A linear-quadratic problem

Consider the scalar version of the differential game discussed in the previous section, with linear dynamics and quadratic
cost functions. Namely, we have U1 ¼ ðu1;v1Þ 2 R2;U2 ¼ ðu2;v2Þ 2 R2; and
_x ¼ axþ b1u1 þ c1v1 þ b2u2 þ c2v2; xð0Þ ¼ x0;

l1ðx;u;v1;u2; v2; tÞ ¼
1
2
ðQ 1x2 þ B1u2

1 þ v2
1 � 2r1u1v2 � 2s1v1u2Þ

l2ðx;u;v1;u2; v2; tÞ ¼
1
2
ðQ 2x2 þ B2u2

2 þ v2
2 � 2r2u1v2 � 2s2v1u2Þ

S1ðxÞ ¼
1
2

S1x2; S2ðxÞ ¼
1
2

S2x2;
where the parameters Q 1;Q 2; S1; S2; b1; b2 are all positive.
Then the system (24)–(39) of Theorem 2 can be written as follows:
_x� ¼ ax� þ b1u�1 þ c1v�1 þ b2u�2 þ c2v�2; x�ð0Þ ¼ x0; ð40Þ
_q1 ¼ �Q 1x� � aq1; q1ðTÞ ¼ S1x�ðTÞ ð41Þ
_q2 ¼ �Q 2x� � aq2; q2ðTÞ ¼ S2x�ðTÞ ð42Þ
_/ ¼ �Q 1x� � a/þ Q 1w1 þ Q 2w2; /ðTÞ ¼ S1x�ðTÞ � S1w1ðTÞ � S2w2ðTÞ ð43Þ
_w1 ¼ aw1 � c1l1; w1ð0Þ ¼ 0; ð44Þ
_w2 ¼ aw2 � c2l2; w2ð0Þ ¼ 0; ð45Þ
_a ¼ �Q 2x� � aaþ Q1b1 þ Q 2b2; aðTÞ ¼ S2x�ðTÞ � S1b1ðTÞ � S2b2ðTÞ ð46Þ
_b1 ¼ ab1 � c1c1; b1ð0Þ ¼ 0; ð47Þ
_b2 ¼ ab2 � c2c2; b2ð0Þ ¼ 0; ð48Þ
v�1 � s1u�2 þ c1q1 ¼ 0; ð49Þ
v�2 � r2u�1 þ c2q2 ¼ 0; ð50Þ
B1u�1 � r1v�2 þ b1/� r2l2 ¼ 0; ð51Þ
v�1 � s1u�2 þ c1/þ l1 ¼ 0; ð52Þ
B2u�2 � s2v�1 þ b2a� s1c1 ¼ 0; ð53Þ
v�2 � r2u�1 þ c2aþ c2 ¼ 0; ð54Þ
� s2u�2 þ c1aþ c1 ¼ 0; ð55Þ
� r1u�1 þ c2/þ l2 ¼ 0: ð56Þ
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We next solve the linear system of algebraic Eqs. (49)–(56) to obtain u�1;v�1;u�2;v�2;l1;l2; c1; and c2: By substituting these in
(40)–(48), we obtain the following two-point boundary-value system of linear differential equations:
_x� ¼ ax� þ s1s2c2
1 � s2c1b2 � B2c2

1

B2 � 2s1s2
q1 þ

r1r2c2
2 � r1c2b1 � B1c2

2

B1 � 2r1r2
q2 �

ðb1 þ c2r2Þ2

B1 � 2r1r2
/� ðb2 þ c1s1Þ2

B2 � 2s1s2
a; x�ð0Þ ¼ x0;

_q1 ¼ �Q1x� � aq1; q1ðTÞ ¼ S1x�ðTÞ;
_q2 ¼ �Q2x� � aq2; q2ðTÞ ¼ S2x�ðTÞ;
_/ ¼ �Q 1x� � a/þ Q1w1 þ Q 2w2; /ðTÞ ¼ S1x�ðTÞ � S1w1ðTÞ � S2w2ðTÞ;
_w1 ¼ �c2

1q1 þ c2
1/þ aw1; w1ð0Þ ¼ 0;

_w2 ¼
r2

1c2
2

B1 � 2r1r2
q2 þ

r1c2b1 � r1r2c2
2 þ c2

2B1

B1 � 2r1r2
/þ aw2; w2ð0Þ ¼ 0;

_a ¼ �Q2x� � aaþ Q 1b1 þ Q2b2; aðTÞ ¼ S2x�ðTÞ � S1b1ðTÞ � S2b2ðTÞ;

_b1 ¼
s2

2c2
1

B2 � 2s1s2
q1 þ

s2c1b2 � s1s2c2
1 þ c2

2B2

B2 � 2s1s2
aþ ab1; b1ð0Þ ¼ 0;

_b2 ¼ �c2
2q2 þ c2

2aþ ab2; b2ð0Þ ¼ 0:
We now introduce scaling coefficients, Pj; j ¼ 1; . . . ;8, continuously differentiable on ½0; T�, which when multiplied by x� gen-
erate q1; q2;/;w1;w2;a; b1; b2, respectively, that is
q1 ¼ P1x�; q2 ¼ P2x�; / ¼ P3x�; w1 ¼ P4x�; w2 ¼ P5x�; a ¼ P6x�; b1 ¼ P7x�; b2 ¼ P8x�:
A simple substitution into the above set of differential equations, and some manipulations lead to the following set of 8 cou-
pled differential equations with mixed-boundary conditions for these scaling coefficients, which can be solved indepen-
dently of the state trajectory x�ð�Þ:
_P1 ¼ �2aP1 � FP1 � Q1; P1ðTÞ ¼ S1;

_P2 ¼ �2aP2 � FP2 � Q2; P2ðTÞ ¼ S2;

_P3 ¼ �2aP3 � FP3 � Q1 þ Q1P4 þ Q 2P5; P3ðTÞ ¼ S1 � S1P4ðTÞ � S2P5ðTÞ;
_P4 ¼ �FP4 � c2

1P1 þ c2
1P3; P4ð0Þ ¼ 0;

_P5 ¼ �FP5 þ
r2

1c2
2

B1 � 2r1r2
P2 þ

r1c2b1 � r1r2c2
2 þ c2

2B1

B1 � 2r1r2
P3; P5ð0Þ ¼ 0;

_P6 ¼ �2aP6 � FP6 � Q2 þ Q1P7 þ Q 2P8; P6ðTÞ ¼ S2 � S1P7ðTÞ � S2P8ðTÞ;

_P7 ¼ �FP7 þ
s2

2c2
1

B2 � 2s1s2
P1 þ

s2c1b2 � s1s2c2
1 þ c2

2B2

B2 � 2s1s2
P6; P7ð0Þ ¼ 0;

_P8 ¼ �FP8 � c2
2P2 þ c2

2P6; P8ð0Þ ¼ 0;
where
F :¼ s1s2c2
1 � s2c1b2 � B2c2

1

B2 � 2s1s2
P1 þ

r1r2c2
2 � r1c2b1 � B1c2

2

B1 � 2r1r2
P2

� ðb1 þ c2r2Þ2

B1 � 2r1r2
P3 �

ðb2 þ c1s1Þ2

B2 � 2s1s2
P6;
and the corresponding state trajectory is generated by
_x� ¼ ðaþ FÞx�; x�ð0Þ ¼ x0:
The set of equations above that determine the Pi’s are coupled Riccati equations with mixed-boundary conditions. No
general existence and uniqueness results exist that can be directly applied to this set of equations. One way to obtain some
conditions for existence and uniqueness of Pi’s would be to formulate the differential game as a static mixed-leadership
game in the infinite-dimensional L2½0; T� space (as it was done in [4, p. 411], for the regular Stackelberg differential game),
obtain conditions that involve linear operators, and then convert them into checkable conditions on the system parameters
and the interval ½0; T�. Under such conditions, which would lead to the existence of a unique set of solutions
fPjð�Þ; j ¼ 1; . . . ;8g to the coupled Riccati equations over a given interval ½0; T�, the Stackelberg solution to the linear-qua-
dratic mixed-leadership differential game is given by
u�1ðtÞ ¼
r1c2P2ðtÞ þ ðb1 þ r2c2ÞP3ðtÞ

2r1r2 � B1
x�ðtÞ;

u�2ðtÞ ¼
s2c1P1ðtÞ þ ðb2 þ s1c1ÞP6ðtÞ

2s1s2 � B2
x�ðtÞ;

v�1ðtÞ ¼ s1u�2ðtÞ � c1P1ðtÞx�ðtÞ;
v�2ðtÞ ¼ r2u�1ðtÞ � c2P2ðtÞx�ðtÞ:
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4. Concluding remarks

In this paper, we have introduced the notion of mixed leadership in two-player Stackelberg differential games, where each
player controls several variables some of which s/he uses as leader and others as follower. We have adopted the open-loop
information structure where the players’ controls are functions of the initial state and time, and for this class of games we
have obtained a complete set of equations satisfied by the control laws. These equations are coupled differential and alge-
braic equations where some of the differential equations have specified initial conditions while others have their terminal
conditions specified. Obtaining effective algorithms for solving such equations is still a challenge which we leave for future
research. Another challenge is to obtain the counterpart of the results in this paper under the closed-loop information struc-
ture and using the feedback Stackelberg concept (again within the mixed-leadership framework); this extension is currently
under study.

References

[1] T. Bas�ar, On the relative leadership property of Stackelberg strategies, Journal of Optimization Theory and Applications 11 (6) (1973) 655–661.
[2] T. Bas�ar, A. Haurie, Feedback equilibria in differential games with structural and modal uncertainties, in: J.B. Cruz Jr. (Ed.), Advances in Large Scale

Systems, JAE Press Inc., Connecticut, 1984, p. 163.
[3] T. Bas�ar, A. Haurie, G. Ricci, On the dominance of capitalists’ leadership in a feedback Stackelberg solution of a differential game model of capitalism,

Journal of Economic Dynamics and Control 9 (1985) 101–125.
[4] T. Bas�ar, G.J. Olsder, Dynamic Noncooperative Game Theory, SIAM Series in Classics in Applied Mathematics, SIAM, Philadelphia PA, USA, 1999.
[5] G.F. Cachon, Supply chain coordination with contracts, in: A.G. de Kok, S.C. Graves (Eds.), Handbooks in OR and MS, SCM: Design, Coordination and

Cooperation, vol. 11, Elsevier, Amsterdam, The Netherlands, 2003 (Chapter 6).
[6] E. Dockner, S. Jøgensen, N.V. Long, G. Sorger, Differential Games in Economics and Management Science, Cambridge University Press, Cambridge, UK,

2000.
[7] X. He, A. Prasad, S.P. Sethi, G.J. Gutierrez, A survey of Stackelberg differential game models in supply chain and marketing channels, Journal of Systems

Science and Systems Engineering 16 (4) (2007) 385–413.
[8] G. Leitmann, On generalized Stackelberg strategies, Journal of Optimization Theory and Applications 26 (4) (1978) 635.
[9] M. Simaan, J.B. Cruz Jr., On the Stackelberg strategy in nonzero-sum games, Journal of Optimization Theory and Applications 11 (6) (1973) 533–555.

[10] M. Simaan, J.B. Cruz Jr., Additional aspects of the Stackelberg strategy in nonzero-sum games, Journal of Optimization Theory and Applications 11 (6)
(1973) 613–626.

[11] H. von Stackelberg, Marktform und Gleichgewicht, Springer, Vienna, 1934 (An English translation appeared, The Theory of the Market Economy,
Oxford University Press, Oxford, England, 1952.).


	Differential games with mixed leadership: The open-loop solution
	Introduction
	The mixed-leadership differential game model
	A linear-quadratic problem
	Concluding remarks
	References


