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Within the framework of stochastic two-person nonzero-sum games, we deal
with two commonly used models in engineering and economics——namely, the
LQG (Linear-Quadratic-Gaussian) and the duopoly problems. We investigate
how variations in information available to either player affect the equilibrium
Nash strategies for these two models, whose existence and uniqueness have
been proven in the paper. We show that for the LQG model better information
for either player results in lower average Nash costs for both players; whereas
for the duopoly model better information for one player helps him alone to
achieve a higher average Nash profit, and it hurts the other player in the sense
that his average Nash profit decreases. We further relate these properties of the
Nash solutions for these two games to some of the distinct features of zero-sum
games and team problems.

I. INTRODUCTION

Every stochastic two-person nonzero-sum static game involves

(i) x: unknown state of nature; x € X, the set of possible states of
nature. Usually a probability distribution is given on X.

(ii) u: the control variable of player 1; u € U, the set of all possible
control values that can be picked by player 1. Similarly, »: the control
variable of player 2; v € V, the set of all possible control values that can be
picked by player 2.

(iii) Ji(x, u, v) and Jy(x, u, v): the objective functions of players 1
and 2, respectively (assumed to be known by both players).

(iv) z; = hix, w;): the measurement made by player i about the

* This work was partially supported by the National Science Foundation Grant No.
GK 31 511 and the U.S. Office of Naval Research under the Joint Services Electronics
Program by Contract No. N00014-67-A-0298-0006 through the Division of Eingineering
and Applied Physics, Harvard University.

370

Copyright © 1974 by Academic Press, Inc.
All rights of reproduction in any form reserved.



INFORMATIONAL PROPERTIES OF NASH SOLUTIONS 371

state of nature x. i,(-, -} is a measurable function in two variables and w;
represents the noise corrupting the measurement; the statistics of w; are
known by both players for { = 1, 2. Alternatively, the probability density
function p(z; | x) may be specified.

(v} v, the control law of player i; y; € I'; , the space of all admissibie
control laws for player i. More specifically, I is the space of all Borel
measurable functions mapping the measurement space Z, into U. Similarly,
I, is the space of all Borel measurable functions mapping Z, into V.

vi) Jilys,ve) & E{J(x, u,0)l u = yi(), v=ys()}, i=12: the
expected cost (or payoff) to player i under the assumption that player 1 uses
the control law y;(-) € I'y and player 2 uses y,(") € I, . E{-} denotes the
expectation operation taken over the prior statistics of the random
variables x, wy , and w, .

With the assumption that J(y, , yv,) stands for the expected cost (payoff)
incurred to player i for a given pair of policies {y, € I, v, e I}, the
prime objective of player 7 is to pick a policy y; € I'; so as to minimize
(maximize) his average cost(payoff)against some optimal policy of player,
j 7= i. Hence, the equilibrium solution for the game will be given by
{y.¥ e I'y, vy, * € I}, satisfying the inequalities

j1(71*(')> y:*() < jl(}’l > v ()
and 4]

Ty *(), v X)) < Tl * (), v2)

for all y; € I'; and y, € I', . Such an equilibrium solution is known as the
Nash (or equivalently Cournot) solution for the game considered in this
section, and J(y;*, v,*) is said to be the expecred (average) Nash cost of
player.

It is clear from the above that the term “stochastic game” is used here
in a rather different sense the well-known “Stochastic game” of Shapley
(Proc. NAS 39, 1953). However, the terminology is so natural in this
instance and yet the problems are so different that no confusion should
result. Also, the adjective “static” is used in the sense that the
information z; is not affected by the control actions u, v taken, as might
be the case when ““dynamics™ are present.

Different measurements z, = h,{x, w,) will, in general, provide player i
with different information about the unknown parameter (state of nature)
x, and different information about x will, in general, yield different Nash
policies for both players, which will in turn give rise to different Nash costs.
Hence, within this framework, one of the goals of this paper is an attempt
to investigate the effects of the change in information to either player on
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the Nash costs of both players. We basically work with two scalar models
commonly used in the engineering and economics literature—namely, the
LQG (Linear-Quadratic-Gaussian) and the duopoly model—and also
assume /,(-, ) to be linear in both variables, with the random variables
involved being statistically independent and Gaussian. The information
available to each player about the random state x varies with the variance
of the additive Gaussian noise corrupting his measurements. We in-
vestigate the variations in the Nash costs of both players as a function of
the variations in the information available to either player. We show that
for the LQG model ““better information” (yet to be defined precisely in
Section 1L.1) for player i results in lower average Nash costs for both
players but that it sometimes helps player j(j 54 i) more than it helps
player i. For the duopoly model, however, “better information” for player
i definitely helps him in achieving a lower average Nash cost (or higher
average Nash profit), but it always hurts the other player in the sense that
his average Nash profit decreases.- These two distinct properties of the
LQG and duopoly models can be related to rather distinct features of
zero-sum games and team problems, which are two extreme cases of
nonzero-sum two-person games.

A second goal of this paper is to demonstrate an approach to the Nash
solution of a certain class of stochastic game-theoretic problems, partic-
ularly with respect to its existence and uniqueness. In this respect, the
method used is not restricted to the two specific models discussed in the
paper and has considerable general applicability. This point will become
clear in the sequel.

II. Tuge Two MODELS

I1.1 The LQG Model

The first model to be considered in this paper is the LQG model!
commonly used in the engineering literature—that is, the nonzero-sum
two-person stochastic game defined by the quadratic cost functions

Ji(x, u, v) = (x -+ u + v)° ¢, + vPd; (22)
and
Jor(x, u, v) = (x + u + v)? ¢y + v*d,, (2b)

1 This model describes a situation in which two players share a common objective
but have possibly different physical constraints and/or costs on their noncooperative
actions to achieve that objective.
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where ¢, , ¢, , d; , and d, are positive scalars known to both players, and
x is a2 Gaussian random variable with mean X and variance o; i.e.,

x € N[X, o] (c > 0).

Player i observes the random variable x through noisy observation z;; ,
where

Zig = X+ Wi, Wi €N[0,s5;], s:,>0, i=12 (3)

with wyp , wyy , and x statistically independent.

For this problem, U = V' = Rt and I} = I';, = Z, which is the space
of all Borel measurable functions mapping R into Rt Hence an admissible
control policy for player i is to pick y,;(-) as a measurable function of his
observation z;; ; i.e,, y, €2 (( = 1, 2).

DerpiNniTioN 1. Within the setup described above, we say that a
measurement z;; provides better information about the random variable x
than a measurement z;; if, and only if, 5,;, < s/, .

The use of the term “better information” can be justified for the problem
at hand by observing the following two facts:

(2) Denoting the mean-squared estimation error E{(x — E[x | z;; )%
by e(s;), it is not difficult to show that e(s;; < e(s;;) if, and only if,
S, < Sip

(b) By using entropy analysis, the information flow about x is given
by R{s;;) = H(x) — H(x | z,.), where H(x) denotes the entropy associated
with the random variable x; i.e.,

1) = — [ p) log px)

where p(x) is the probability density function of x. H(x | z,;} denotes the
equivocation; i.e.,

o0 0
H(x|z;y) = — f_ f_ P(x, z;) log p(x | z;p) dx dz;p

where p(x, z;,) is the joint probability density of the random variables x
and z,;, and p(x | z,;) is the conditional probability density of x given z;; .
It can be shown that, for the measurement defined by (3), Shannon’s
information flow R(s;;) is given by

R(s;1) = % log (U—Jrsi)

SiL

and hence R(s;z) > R(s;p) if, and only if, s, < s}, .
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It can be shown that, within the framework of Definition 1, our concept
of “better information” can be interpreted as the concept of “informative-
ness” (condition G) introduced by Marschak and Miyasawa (see [3], in
particular pp. 149-150). This equivalence can be established by identifying
the increase in the variance of the noise as a noise source cascaded onto
the original channel.

Under the hypothesis of Definition 1, we now seek a Nash solution pair
for the LQG problem posed in this section and want to investigate how
better information on part of either player affects the average Nash costs
of both players.

II. 2. The Duopoly Model

The second model to be considered in this paper is a stochastic Cournot
duopoly situation—i.e., the problem of two firms with identical products
operating in a market in which the structure of the market demand function
is known. To be more precise, we consider a linear demand curve of the
form

p=oa—PB@g+r), )

where p denotes the price of the commodity, ¢ is the production level of
firm 1, r is the production level of firm 2, and g -- r is the total quantity
demanded. 8 > 0 is a scalar that determines the slope of the demand
curve, and it is known to both firms. « is a random variable whose statistics
are known by both firms to be Gaussian with mean & > 0 and variance
£ > 0; ie., a € N[a, £]. Each firm has access to information about the
value of « through noisy channels and, adopting an additive model, we
define the observation of firm i by

Zip = o+ Wp, W;p € N[O, s5;p], s;p >0, i=12

where o, wyp , and wyp are statistically independent.

Within the framework of the duopoly problem defined above, we again
consider a static nonzero-sum stochastic game, and furthermore we
assign quadratic cost functions to both firms. Firm i wants to maximize
his average profit P; under the assumptions that firm j(j 5 i) acts
rationally and that the process is noncooperative—that is, there can be no
explicit collusion. The profit functions P; are defined by

Pl(fx: q, r) =4qgp — k142> kl >0 (Sa)
and
Pz(% q, I’) =rp — k2q2> k2 >0 (Sb)
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and the average profit function Py(y,p, vsp) for the ith firm, for fixed
yip (') and yyp(*) € 2 is given by

Pi('yll) > 7/2.9) = E{Pfq = yio(Zip), ¥ = ’)’21)(221)))5 y1p()s vop()}, i=1,2
®

where the expectation operation is taken over the prior statistics of o,
Wip , and wyp .

For the purpose of consistency in the paper, we will henceforth be
dealing with the cost function J;p(«, g, r) instead of the profit function
Piple, g, 7), where J;pla, g, 7) = —Pipla, g, 7) (I = 1, 2). We again seek
a Nash solution pair yf; , yi €2 consistent with inequalities (1), and
furthermore we investigate how better information (in the sense of
Definition 1) on the part of either firm affects the average Nash profits of
both firms.

11.3 Existenice and Uniqueness of Affine Nash Policies

The solutions to the nonzero-sum game problems of Sections II, 1 and
11.2 will be obtained by first embedding these two problems within the
framework of a more general stochastic game problem and then by
deriving the Nash solution to this auxiliary problem. To this end, we
consider a nonzero-sum stochastic game defined by the quadratic cost
functions

Ji(x,u, 0) = (x + u + 0P puy + vy + g + oxpy + Xuy (72)
and
Jo(x, u, v) = (x -+ u + 0) pg + %y + s + uXps + Xye s (70

where pu,; are scalars known to both players, with gy, pp, pg, and p.
positive. x is a Gaussian random vector with mean X and variance o > 0.
Player 1 controls u through an observation z, and player 2 controls ¢
through an observation z, , where

Z; = h[x + w;, w,; € N[O, Si]9 S; > 0, = 1, 2 (8)

with x, w, , and w, statistically independent.

Defining the average cost function Jy(y, ,y,) for the ith player in a
similar. way as in item (vi) of Section I, we seek a Nash solution pair
{1, ys € 2) for the problem defined by (7) and (8).

The LQG model and the duopoly model of SectionsII.1 and 1.2,
respectively, can now be thought of as special cases of this more general
problem through the following identifications:
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Identification 1. The problem defined by (7) and (8) becomes identical
to the LQG model of Section IL.1 when p; == ¢;, tg = dy , ptg = pg = g
=0, g = Co, iy = dy, g = g = pigp = 0, iy = hy = 1, 5y = 591, and
83 = Sz, -

Identification 2. 'The problem defined by (7) and (8) becomes identical
to the duopoly model of Section II.2 when

u1=%, ,uz=§~+k1, Ms=—§, pa = —P, us——g,
MGZ'gi’ /"‘7='§“+k25 F's“‘—ga Bo = —P, M’lo——"g"
xE—%, JT:_"%", h1=h2: ﬂ; 0"—529 §3 = Sip,

Sg = Sp, U=g¢q, and v=r.

The following two propositions will establish the existence and uniqueness
of affine Nash strategies for this general problem.

PROPOSITION 1.  There exists a Nash solution pair for the stochastic
nonzero-sum game defined by (7) and (8) if, and only if, there exists a person-
by-person optimal solution (i.e., minimizing control laws) for the team
problem defined by the cost function

Jw, v) = (x + u 4 0)? pupe + Wpopg + Vpapy )]

and the observations (8), where u and v belong to the same class of admissible
controls as in the original game problem. Furthermore, the optimal solution
to this team problem is equivalent to the Nash solution of the original game
problem.

Proof. We observe that a pair [u = y;%(z1), v = y,*(z2)] is a Nash
solution to the nonzero-sum game defined by (7) and (8) if, and only if,
the same pair provides a Nash solution for the nonzero-sum game defined
by the cost functions

jl(us l)) = ’71-71("5: u, U) _I_.f;.(v: x) (loa)

jZ(ua U) = 7]2-]2(.76, u, IJ) +f‘2(u= x) (IOb)

and the measurements (8). In (10a) and (10b), n; > 0 and 5, > 0 are
scalars and f;(v, ) is any scalar measurable function in two variables for
i = 1, 2. This observation follows directly from the definition of a Nash

and
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solution [see relations (1)] and the static property of the information
structure (8)—i.e., the independence of the information variables z, from
the control variables u, ».
Now picking
1 = Me s N2 = 1,
Ji(0, %) = 0(puapin — paite) — VXpaphg — Xfgphg 5

and
Jolu, %) = 1 (uopre — pats) — UXpgpty — Xofia 5
we see that X )
Ji, v) = [y, v) = J(u, v),
which is defined by (9).2 Q.E.D.

ProvositioN 2. The optimal solution to the team problem (9) with the
information structure (8) land consequently to the game problem (7) with
the information structure (8)] is uniquely defined by

ut =y %z = @,z — %) + a*X (11a)
d
" V¥ = v, ¥(z) = b1*(zp — hpX) + by*X, (11b)
where
% = — H fﬁ Mo ( hlzzfl:— 5q )[1 - ( g i:—G o )( hgzizz—‘i Sy )]
; Ik -
X [1 B ( t ’—L\—l o )( ihg F—“:—G T )( hlzhcrlh—ziirs2 )( hgzol f:sg )}(1’ )
lie
, -1
@' = ﬁ?{ (1 - —f_’:s_ﬁ—f—l‘:—)[l B a1 ;’j: P2 ( Mg ‘(‘l; Hq )](11’6;)
b= e iﬁ Mg ( hzzfzj‘ o )[1 B My il M2 ( hlzilz‘]!o‘- §1 H
X [1 o ( T ﬁ—l 7 )( e /_J: e )( hlfffsl )( hfh;hfsg )]_1’
(lie)

% As one of the referees has also pointed out, Proposition 1 ¢an be made more general
to show equivalence for a much broader class of cost functions and similarly structured
n-person games (# > 2). This, undoubtedly, will increase the potential application of our
result, but for the purpose of the present paper we have found it satisfactory to leave
the proposition in its present less general form.



378 BASAR AND HO

and

-1
= -t (-l - )
(11f)

Proof. Since J(u, v) is strictly convex and quadratic in both « and v,
together with the information structure (8) the team problem admits a
unique person-by-person optimal solution which is affine in the measure-
ments of each player; this affine solution is also globally optimal (See
Radner [1], Theorems 4 and 5). Furthermore, since the mean values of
the random variables w, and w, are zero, we can restrict ourselves to
policies of the form

yi(z1) = a(zy — IX) - a.x (12a)
and
yo(22) = bi(zy — hpX) + boX. (12b)

Now, minimizing J(y, , v,) over y.(-) € 2 for fixed y,() € 2, we obtain
y(z) = — ﬁg Elx + ya(ze) | 1]

— M1 v ho =
N pa o [x + he + s, (& hlx)]

——
P Elyy(z,) | 1], (13a)

and, minimizing J(y, , y,) over yo(-) € 2 for fixed y,(-) € 2, we similarly
obtain

_ e _ hyo =
va(ea) = — b (R 5 ()
— —F  Epnz) | z). (13b)

He + Hr

Substituting (12a), and (12b) into (13a) and (13b) and requiring them to
hold for all z; and z,, we have

““‘“ﬂ_’(l + b)) = a,,

Pt e
_ ( My ) (1 + byhy) byo _
[y o + 5 v

14

Me
——rt= ,) = by,
#6+”7(+(I-) ?
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and

_ ( Mg ) (I 4 ayhy) oo —b
e + fi7 hto + 5 e

and the solution quadruple to (14) determines the solution given by
(11a)-(11f). Q.E.D.
Now, the following two lemmas follow directly from Proposition 2 and

Identifications 1 and 2, and hence their proofs will be omitted.

LemMA 1. The Nash equilibrium solution to the LQOG problem of
Section I1.1 is uniquely defined by

u* = ’)/ka(Z1L) = (2 — X) al*L + a;},x_ (15a)
and
v* = yizer) = (2o — X) biy + BS:X, (15b)
where
af = — 51 (0' d, +s ) 1
1L C1 + dl Cs _JI_ d2 2L 7]L >
* Cy d, C1 Ca -
9f = — 1 — 5
@2z o+ 4 c2~j—d2( o - d. cz+d2>
* Co d o 1
bir = co + dy (U o +d SIL) L {139
bR — Cy dy (1 . a1 Ce )_1
2t &+ dy ¢ +d e+ d ety
and

(€0 + 510 + s21) — 0

=3

™

!
&l

G Ca )
o+ d g +dy 7

LemmA 2. The Nash (Cournot) equilibrium solution to the duopoly
problem of Section 11.2 is uniquely defined by

q* = '.VikD(Zw) = (Z4p — X) aip + Q;FD& (16a)
and

r* o= V;D(ZZD) = (Zap — &) bfn + béko&a (16b)
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where
o1 2% )m( ——45%;)}‘1
C
bap = (1 - 2}/331)[2’92( 4/51/89 )]
Np = (§ + s1p)(€ + S2p) — jlgl—ﬁ‘z* &,
Br=P8+ky,
and
:82 = /g + ks

III. SoME PROPERTIES OF THE NASH SOLUTIONS
FOR THE Two MODELS

We now investigate the variations in the average Nash costs of both
players due to changes in the information available to either player for
both the LQG and the duopoly models. Variations in information will be
caused by changes in the variance of the additive noise corrupting the
measurements, which is consistent with Definition 1 of Section II.1.

Property 1. The Nash equilibrium solution pair (y;} , y57) defined in
Lemma 1 for the LQG model has the property that better information
on the part of either player lowers the average Nash cost of both players.
That is, in mathematical terms,

Tl v — g for ;=1,2 and j=1,2.  (I7)
08;1

Proof. By using Lemma 1, the average Nash cost for player 1 can be
witten as

J1L(’}’1L > 72L) =1+ “2L + b2L)2 Xep + (A + (11L + b1L)2 oy

*2 E 3 *2=2 *2
+ aipsirer -+ bifSercr + aprxdy + ajrdi(o + syp).
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Hence,

§1L(VTL  Yar)

ale
7 2bs
= 26 + o)1 +a2L+b2L)( o
” abyL
+ 231L6’1‘11L L4 2s5161b7p 21— 25,

1. 2—2d * aa;kL £ 2d( *x aaiL
T LX"dydar 2 F2di(o + s11) a1 —
SiL 0811

aa;&‘ t gb;kL
but aif(e, + d) + 200,01 + aip + bt ( FE T >, (18a)
* *
o S g, (18b)
0531 8y,
8a;kL . 1 dz
ds;  milo 0 + 4 (o +S2L)( o+ d, +s2) >0, (18¢)
and
obyy 1 Co ¢ d, N e
T ca+dz( o, +dy e +dy ™ Sor Cl—l—d1)<0'

(13d)

By substituting (18b)—~(18d) into (18a), some rather extensive but straight-
forward manipulations yield

ale('}’;kL 5 '}’;kL) _ 2 ¢y Ca
G511 = 08y -+ 0Sor + SizSer + O (1 e o = d o dz)
ab
+ ZleclblL —k (18¢)
But since
oby;
B Lo,
iL asl

(18¢) proves Property 1 for i = j = 1. It directly follows from a symmetry
property of the LQG model that (18¢) proves Property 1 also fori=j=2.
For this case, an expression for

aJ 2L(VikL » V;(L)
852L
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can be obtained from (18e) by interchanging s;; , ¢;, d;, and b,; with
S5 €, d; , and by, vespectively, with i 54 7, i = 1,2, and j = 1, 2.
In order to prove inequality (17) for i = j, consider

Al s yaz) _ oa, oY,
0831 20e(1 + oy + bus ( 08y - 08y1 )
obs;
+ birey (b]_L + 2557 8512 )
air d1
+ 2af; 2 a (cl+d1)( “td +s1L). (192)
But,
daf, _ oby
0S5, OS 0, (19b)
dayy 1 ¢ c, d,
08, 2 og+dy o+ dy (G L+ d, + SIL) <0, (19¢)
and
obf, 1 4
Bar — Mo G - @+ s1) (0 — T + ) > 0. (190)

Substitution of (19b)-(19d) into (19a) and cancellation of some common
terms yield

aJ 1L(')’;‘<L s ’)’;L) . C1Cy d, 2
293 T (e + ) o (G ¢+ dy + su)
< (1 4+ ) o+ s + 50

—(szidz)z(clidl)az] >0, (%)

which proves Property 1 for 7 = 1 and j = 2. Similarly, when / = 2 and
j =1, Property 1 follows from (19¢) by interchanging s;., c;, and d;
with s;, , ¢;, and d; , respectively, with i # j, i =1,2,and j = 1, 2.

One natural question to ask at this stage is, since both players benefit
from either player having better information, which player profits more
from the 7th player’s better measurements. It has been shown in [2] that
for the complete symmetrical game for both players—i.e., when ¢; = ¢,,
dy = d,, and s;; = s,;—an incremental increase in information for the
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ith player lowers the jth player’s average Nash cost more than it does his.
In other words,

ajiL(V{kL s VékL) < 5-77'1,(7’;!(1; s '}";kL)
8S§L 38“_

for i #4jand ¢, = ¢,, dy = dy, and s;; = 8y, . This says that worse
information on part of one player hurts the other player more than it does
him. We have also shown in [2] that 5,; <<s;;, and i 5% j imply for all
¢y = ¢, and d; = dp the strict inequality J(vi;, vH) > (v, i)
Motivated by the stage-TV comedy produced by Neil Simon, we call this
rather queer property of the Nash solution the “odd couple” effect.

Property 2. The Nash (Cournot) equilibrium solution pair (yf5 , y55)
defined in Lemma 2 for the duopoly model has the property that better
information on the part of one player lowers the average Nash cost of
that player but increases the average Nash cost of the other player. That
is,

95;p < 0, i J.

Proof. By using Lemma 2, the average Nash cost for player 1 can be

written as

jm(‘/fb 5 ')’;kz)) = a;D(Bla;kD + Bb;) — b & — a?af

+ B B(€ + s1p) + Baipbiné.
Therefore,

3111)('}’1*[) 5 ')"2*D) _ 4 * * * -2
s1p = Bsip a;p(Biasp + Bbap D&

asp « Oaip
—6—.5'1: & + 2Bap 'EED— (€ + syp)

*2 aal*l) sk abl*D %
+ Buals + BE 12 bl - BE 5P aip . (21a)
S1p S10
But,
day,  obY,
5y O, O Q21b)
asp £ (28, — B
= — L o ?

081 p 2/31%2( 28, ¢ m) (€ L+ 5p) <0, (2lo)
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and

e S I

By substituting (21b)~(21d) into (21a), simplification yields

3-]11)(')’ s’VD) ﬁzgz
SR — (B 5 o > O

which proves Property 2 for i = j = 1. By using a symmetry property of
the duopoly model, it can further be shown that

uberld o1 ) o

To prove inequality (20) for i 5= j, we consider

T p(vi 5 vas 0 -
10(¥1p > Y2p) — a5 By + Bbly — 1) &>

0Sap 0S2p
~ 3"”’ £+ 286 + 510) >
F R gt futy D2 g (20)
But,
= G =0 e
%’:—E— = 4_/91%? [so + € (1= 753?)] >0, (220)
and

aSZD 2,82')71)2

Substituting (22b)~(22d) into (222), we obtain

8J1D(;;;)D: Y2p) - fsligﬁ‘;z;p) [Sw +‘ £ (1 _ _2%_1_)]

x[szb+§(1"’§%2_)]<oa

L G N P N

28,

which proves Property 2 for i = 1 and j = 2. Similarly, when i = 2 and
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j = 1, Property 2 follows from (22¢) with s;, and B, interchanged with
s;p and B, , respectively, fori 2/, 7= 1,2, and j = 1, 2. Q.E.D.

Hence, Property 2 implies that for the duopoly model the firm that has
better information will end up with a higher share of the profit in the
market and an incremental increase in information for one firm will lower
the net profit of the other.

IV. SoME RELATED PROPERTIES OF ZERO-SUM
GAMES AND TeEAM PROBLEMS

In this section we are going to relate Properties 1 and 2 derived in
Section 111 for the duopoly and the LQG models to two distinct features
of the solutions of zero-sum games and team problems, respectively.
Zero-sum games and team problems can be considered as two extreme
cases of nonzero-sum games, or, by looking at it in another way, every
zero-sum game and every two-person team problem can be treated within
the framework of nonzero-sum two-person games by properly defining the
objective functions of the two players. In particular, a zero-sum game is a
nonzero-sum game in which Ji(x, u, v) = —J,(x, u, v}, and a two-person

cam problem is a nonzero-sum game with J,(x, u, v) = Jy(x, u, v).

By assuming that the information available to the ith player about the
state of nature x varies with respect to changes in a parameter s; which
partially defines the information structure (e.g., the variance of the
additive observation noise, as in the previous sections), then the saddle-
point solution (y5 , &) to any zero-sum game has the property that, if a
change in the information available to one player lowers the optimal
average cost of one of the players, it definitely increases the optimal
average cost of the other player. Mathematically speaking,

{ afz‘(')’iks . 'V;ks) ajj(')’fs > ')’;ks) -t . . 2
% )( 2s, b <o i) 23)

We note parenthetically that this property follows directly from the
definition of a zero-sum game and is quite independent of the form and
structure of the game involved. This salient feature of the class of zero-sum
games cousidered as a subclass of nonzero-sum games motivates us to
give the following definition.

Drerivition 2. We say that a Nash solation (yv.*, y,*) to a given

642[7/4-3



386 BASAR AND HO

stochastic two-person nonzero-sum game is zero sum dominated with
respect to parameter s; if

(aji(yé:; ¥e™®) )( an(m;:_ 72*) )"1 <0, i+#]. (24)

We now note that the Nash solution, (v, , y4), to the duopoly problem
considered in this report is zero sum dominated with respect to the
variances of the observation noises of both players (i.e., s, and s, ; see
Proposition 2). In this sense, the duopoly model has a zero-sum property
even though it is not a zero-sum game.

The equilibrium solution (y3, ydy) to any team problem, however, has
the property that—considered as a nonzero-sum game——if a change in the
information available to one player lowers the optimal average cost of
one of the players, it also definitely lowers the optimal average cost of the
other player, simply because they are equivalent. Mathematically speaking,

aJyir > var) \( &yir, va) \t
( os; )( a5, ) =1>0 (25)

Some nonzero-sum games have this “‘team” property even though
Ji(x, u, v) == Jy(x, u, v), which leads us to the following definition-——the
team counterpart of Definition 2.

DerinNtTION 3. We say that a Nash solution (y,*, y,*) to a given
stochastic two-person nonzero-sum game is feam dominated with respect
to parameter s; if

( aj,.(yla:; v*) )( aJ,-(yla’:; v2™) )‘1 ~0, ] (26)

Now it follows from Property 1 that the Nash solution (i , v37) to the
LQG model is team dominated with respect to the variances of the observa-
tion noises of both players (i.e., s,z and s,;). Hence, the LQG model has
that cooperative nature even though it is a noncooperative game.

V. CONCLUDING REMARKS

In this paper, we have investigated some properties of the Nash solu-
tions of nonzero-sum stochastic games by using two different models
(LQG and duopoly) with respect to a certain parameter of the informa-
tion structure. The results obtained and the conclusions drawn for these
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iwo models are valid for the entire range of the parameters defining these
games. Still, we are aware that these models are too specific for any
concrete conclusions to be drawn for more general payoff functions and
information structures. Even though our general method of approach is
applicable to general quadratic cases and multidimensional models,
obtaining specific concrete results for these general models requires exten-
sive and cumbersome manipulations which are sometimes far beyond even
the symbolic manipulative capacity of today’s computing technclogy.

This paper constitutes the first report on an investigation which might
branch out in two directions: (i) general formulation of information
structure in which a change in information can be modeled by a change in
the information function (i.e., the function that maps the space of all
variables of the game into the observation space) as opposed to a variation
in the distribution function of a relevant random variable; (i) investiga-
tion of quality of information as related to the payoff structure, which
might lead us to some counterintuitive results. One such result is given in
[4], where it is shown via a simple example that in nonzero-sum games
mutual ignorance might lead to mutual bliss. Our investigation indicates
that such counterintuitive conclusions are more a rule rather than an
exception for some specific models.

At the present, very few results of sufficient generality are known in this
area. We hope that this paper will initiate and stimulate some further
research along the lines discussed in this section. Our further resulis in
that direction will be reported in a forthcoming paper.
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