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For a general class of nonquadratic convex noncooperatwe games, there exist distributed
algorithms employing iteration n the policy space and accurate/inaccurate search
techmques, which yield the umque stable Nash equilibrium
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Abstract—In this paper, a general class of nonquadratic convex
Nash games 1s studied, from the points of view of existence,
stability and iterative computation of noncooperative equilibria
Conditions for contraction of general nonlinear operators are
obtained, which are then used in the stabihity study of such
games These lead to existence and uniqueness conditions for
stable Nash equilibrium solutions, under both global and local
analysis Also, convergence of an algorithm which employs
maccurate search techniques 1s venfied It 1s shown in the
context of a fish war example that the algorithm given 1s n
some aspects superior to various algorithms found in the
Iterature, and s furthermore more meaningful for real world
implementation

1 INTRODUCTION
DISTRIBUTED ITERATIVE SCHEMES are important
and highly relevant in the computation of equilibna
1n noncooperative games, particularly because they
could be implemented 1n a real world game situation
when the game 1s incomplete (Harsany, 1967,
1968a,b) In such incomplete games, and with
distnibuted computation, the agents do not have to
know each other’s cost functionals and private
iformation, as well as the parameters and subjec-
tive probability distributions adopted by the others,
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they only have to communicate to each other their
tentative decisions during each phase of compu-
tation Such naturally also carry computational
advantages over centralized schemes

Some earhier results on this class of problems are
the following Perhaps the first serious algorithmic
work done on Nash games was by Rosen (1965),
who studied a gradient-type algorithm for convex
games More recently, a contraction mapping
theorem has been given by Bertsekas (1983) for
general asynchronous distributed algorithms for
teams and equation solving problems A recent
paper by Papavassilopoulos (1986) deals with van-
ous updating schemes for stochastic quadratic
adaptive Nash games Results concerning noncoop-
erattve games with 1nconsistent probabilistic
models can be found 1n Basar (1985) and Basar and
L1 (1985)

In this paper, the general class of nonquadratic
convex Nash games 1s considered, first for two
players, and subsequently for N players In
Theorem 1 a general condition for contraction of
general nonlhinear operators 1s obtained, which can
be applied to the stability problems arising in such
convex games Existence and uniqueness conditions
for stable Nash equilibna are given, under both
global and local analysis Then the result obtained
here on umqueness and stability 1s compared with
Rosen’s (1965) result which applies to similar types
of static games Some algonthms and learning
schemes using both accurate and 1naccurate
searches are also developed It 1s shown in the
context of a fish war example that the algorithm
given 1n this paper 1s 1n some aspects superior to
both Newton’s algorithm and the gradient algor-
ithm for this class of problems, and 1s furthermore
more meaningful for real world implementation

The paper 1s organized as follows In Section 2,
the problem 1s formulated 1n a Hilbert space setting
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In Section 3, conditions for existence and unique-
ness of globally and locally stable Nash equilibria
are provided In Section 4, an naccurate search
algorithm 1s presented and 1its convergence 1s
analyzed Section 51s devoted to an example chosen
from the field of economics which enables the
authors to illustrate numerically various aspects of
the accurate and 1naccurate search algonthms and
to compare them with other existing algorithms In
Section 6, the results from two player games are
extended to n-player games In Section 7, possible
extensions are considered and concluding remarks
provided

2 PROBLEM FORMULATION

In this section, the problem is formulated 1in a
Hilbert space setting, and the Nash equilibrium and
stable Nash equilibrium concepts are introduced

Let N = {1,2} be the player set, U and V be
the strategy spaces of decision makers 1 and 2,
respectively, and J' U x V> R be the cost func-
tional for decision maker 1 (DMi), 1e N Then the
normal form of the game 1s described by {U,V}
and {J',J?}, where 1t 1s assumed that U and V are
appropriate Hilbert spaces with inner products
{, d,and {, ),, respectively

Defimtion 21 A pair of strategies (u¥ e U,v"e V)
constitutes a Nash equilibrium solution 1f

JHu®, o) < JHu, oY)
JHu" o) < TV, v)

for all ue U and veV
Define the sequence {u,,v,} by the following
algorithm

Upyy = argexltjunJ Yu, v,),
Ui

vk+1=arg1;1mJ2(uH1,v), eV, (1)

or equivalently,
U+ = argmind?(u, v),
veV

Uyy = argl;l}lmJl(u, Uee1) UoeU  (21)

Defimition 22 A Nash equlibrium solution 1s stable
if 1t can be obtained as the limit of (2 1) or (2 1) for
any mmtial point It 1s locally stable 1f convergence
1s valid for all imitial conditions 1n some e-neighbor-
hood of the equilibrium solution O

Now some structure 1s brought on J', n particu-
lar, assume that J'(u, v) 1s second order continuously
Fréchet differentiable (Luenberger, 1969), J'(u, v) 1s
strongly convex 1n u, and J?(u, v) 1s strongly convex

in v Furthermore, assume that for each ve V there
exists a u,€ U such that

JYu,,v) < JYu,v), foralluelU, (22a)

and likewise, for each ue U there exists a v, € Vsuch
that

J¥u,v,) < J¥u,v), forallveV (22b)
Note that a set of sufficient conditions for (2 2a)
and (2 2b) when U and V are finite dimensional 1s

that for every sequence {,} e U and {v,} e ¥, with
hinllu,‘u = h{nllv,‘ll = + o0, and every ue U, veV

lerg JYu,v) = 00 and Jim JHu,v) = 0

When U and V are infinte-dimensional Hilbert
spaces, a similar condition applies, with the
unboundedness requirement on J* and J? replaced
by some appropriate coercivity growth bound (Eke-
land and Temam, 1974), which 1s not given here
because 1ts specific form will not be needed 1n the
analysis to follow

The problem addressed below 1s the dertvation
of conditions under which algorithm (2 1) [or equi-
valently (2 1')] converges to a Nash equilibrium
when the cost functions J' are of the type given
above Towards this end first note that since J*(u, v)
and J?(u, v) are strictly convex and Fréchet differen-
tiable 1n u and v, respectively, under the further
conditions (2 2a) and (2 2b) the following are the
necessary and sufficient conditions for a Nash
equihbrium to satisfy

VJu,v)=0
V,J3u,v) =0

By strong convexity and continuous second-
order Fréchet differentiability, the operators
V2J' and VAJ? exist, are continuous and are
strongly positive (1€ <h,VZJ'h>, > 0,forallhe U,
h#0, and (h,V%J*h),> 0 for all heV, h #0)
Therefore, (V2J!)~! and (VAZJ?)™! exist, and by
the implicit function theorem on Banach spaces
(Kantorovich and Akilov, 1964, p 689) there exist
L, VU and L, U—V, both continuously
Fréchet differentiable (locally), such that

Vqu(Ll(v)9 U) =0, VUJZ(u, LZ(“)) =0,

1s some open neighborhood of some given pair
(@, 7)) e U x V Since this 1s defined for every such
pair, and L, and L, are umque 1n each case because
of strong convexity, 1t follows that L; and L, can
be extended to the entire domain as continuously
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Fréchet differentiable mappings
Hence,

(1) a Nash equilibrium solution (u, v) must satisfy
W =L,v*) and " = L,u"),
(1) Algonthm (2 1) 1s equivalent to

w1 = Ly(vy) and  vp4q = Loty y)

for all vye V, (23)
and (2 1) 1s equivalent to

Ups1 = Lop(w) and uyq = Li(vesy)

for all uge U, 23)

where L, V- U,L, U—V are continuously
Fréchet differentiable mappings

The question of existence and stability of {u®, v"}
can now be addressed

3 EXISTENCE OF A STABLE NASH EQUILIBRIUM

The following theorem concerns the existence,
uniqueness and stabihity of a Nash equilibrium
solution

Theorem 1 Suppose that J'(u,v) and J3(u,v) are
strongly convex 1n u and v, respectively, satisfying
(22a) and (22b), and are second order Fréchet
differentiable Furthermore, assume that J'(u,v)
and J*(u,v) satisfy one of the following two con-
ditions for some positive a < 1 and f < 1

1) Tl = IUVRIY) V2,
X Jl](u,u)[(vfl']z)_1V§uJ2](a,u)|| =a<l1

for all ie U and with v = L,(@1),u = L,L,(a),

) | Tl = I[(VRI?) V2,
X Jz](u,v)[(vfz']l)— ‘Vzv‘]l](u,ﬁ)” = ﬁ < 1,*

for all 5e Vand with u = L,(),v = L,L,(5) Then,
there exists a unique stable Nash equilibrium solu-
tion, 1e for any upeU or vy&V, the sequence
{u,,v,} generated by (21) or (2 1) converges, and
the limit point 1s a Nash equilibrium solution [J

Remark 31 Note that for the algorithm to be
implemented 1t 1s not necessary that the decision
makers know each other’s cost functionals, as long

*Here, by an abuse of notation, | | 1s used to denote
appropriate operator norms (Luenberger, 1969) If U and Vare
finite dimensional spaces, | || can be taken to be the spectral
norm, and then the two conditions (1) and (1) become equivalent

as the tentative decisions are transmtted Hence,
this scheme 1s implementable 1n the context of
incomplete games |

Remark 32 The contraction condition (1) or (1) in
Theorem 1 1s tight 1n the sense that for the particular
case when J'=J?=J, and J 15 duad-
ratic, 1t reduces to the known condition of strong
convexity of J 1n (u,v)eU x V |

Proof of Theorem 1 Here the theorem 1s proved
under (1) The proof under (1) follows a similar line
of argument, and 1s therefore omitted

By (239, for any given ueU,
u=L(v)=L(Lya)) Let TU->U,T=L,L,
Then if T 1s a contraction mapping, the result
will follow from the Banach contraction mapping
theorem (Luenberger, 1969)

Now for any @€ U, by the chan rule of Fréchet
derivatives,

T'(w) = Ly(v)Lya) where v=L,) (31)
But from the definition of L,, L,

V2ZJ (u, v)Ly(v) + V2,J (u,v) = 0,
= Ly(v) = —(V2J ' (u,0))"'ViJ (4,v),

VauJ (@, v) + ViuJ (@, v)Lsy() = O,
= Ly(#) = ~(VaJ (@, v)) "' Vi *(@,v),

hence (3 1) becomes

T(@) = (ViJ '(u,0)) ™ Vi J u, 0)(V2:J (@, 0)) ™
x VoI (@,0) = T,(),

Where v= Lz(ﬁ),u = Ll(U)
Then, by the mean value theorem, for any
w,u"e U, and by condition (1) in the theorem,

ITW) — T < W —u”|
x sup T + 0@’ — u")|| < alju’ — u||
0<f<1

(32

Clearly, (32) mmples that T 1s a contraction
mapping from a complete space into itself This
completes the proof of the theorem a

Now, a related question 1s the following If some
other synchronous or asynchronous algorithm 1s
used, are the conditions in Theorem 1 still sufficient?
The answer 1s 1n the affirmative, mainly because
there are only two players
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Theorem 2 For any asynchronous algonthm of the
type

Upyy, = L(v)*

vk+'k - Lz(uk), k = O, 1,

where the integer sequences {I,} and {,} are positive
and bounded, the sequence generated by the algor-
ithm converges to the unique Nash equilibrium
solution for all vye V or uge U provided that the
conditions 1n Theorem 1 are satisfied

Proof Let Kk =k+ 1, and k" =k'+ 1, =k +,
where {J,} 1s a positive and bounded integer sequ-
ence because of the positivity and boundedness of
{1} and {,} Then, the asynchronous algorithm
can equivalently be written as

Ups ) = Li(Ly(w)) = T(uy)

Now, since j, > 0and 1s uniformly bounded, there 1s
a one-to-one correspondence between the sequence
{0,50,J,,, }and{0,1,2, }, and therefore Theorem
1 directly apphes here to yield the desired result
O

Remark 33 Theorem 1 provides a uniqueness
condition which leads to convergence and stabihity
There 1s an earlier result in the literature (see Rosen,
1965) which pertains to another condition on the
uniqueness and existence of Nash solution and
convergence of a gradient-type algorithm for con-
strained convex Nash games Under the assumption
that equihbrium 1s achieved 1nside the constraint
set, one sufficient condition for uniqueness given n
that paper 1s (for a two-player game and with
U = RP,V = RP)

[szJ‘(u, v) V2JYu, v)]
V2,03 u,v) VZJ¥u,v)

[sz.l Yu,v) V2,J4u, v):|
>0,
V2 JYu,v) VZJ*u,v)
for any (u,v)eU x V (33)
For this problem, condition (1) given in Theorem
1 becomes
(V22 (u, v)) V2T (4, )
x (V2J3(8,v)) "'V J (@ v)l < 1
for any e U,v = I2(@),u = L}(v) (34

*The interpretation here 1s that DM2’s decision at time
instant k (1€ v,)1s used by DM1 1n his computation only at the
time instant k + J, > k, a similar interpretation applies to the
second recursion

In general, 1t 1s not possible to compare (3 3) and
(34) Butfor p, = p, = 1,and with J*, J? quadratc,
(33) and (3 4) can be compared, and some nsight
nto these two conditions can be gained Toward
this end, let

1
Jl - Equlll + szzlz + uRllzv + Ciu + CEU

Then condition (3 3) becomes
4(R}\R%H — R4RE) > (R — RE)? (33)

where R}, 1s a scalar for 1,5,k = 1,2 and R}, >0,
R2 > 0 Condition (3 4), on the other hand, 1s

IR}T'RALRE RA| < 1,
1e  |RMNRA|I—IRALREI >0 (34)

Clearly, in this case, (3 3') 1s more restrictive than
condition (3 4') since the right hand side of (3 3') 1s
non-negative and could, in fact, be made positive
But in general, 1t 1s difficult to compare the two
c~nditions O

Note that in the general formulation, the authors
did not impose any structural restrictions on the
Hilbert spaces U and V, hence, the preceding
results also apply to stochastic problems with static
information patterns An example on this will now
be provided, as an illustration of the use of Theorem
1

Example 31 The formulation 1n Bagar (1985) will
be followed and the notation of that paper used
Let (), F) be the underlying measurable space
and P! and P? be the subjective probabihity mea-
sures perceived by DM1 and DM2, respectively
Each DM: has a private measurement ' on the
random variable x, where x and )', 1 = 1,2, are
random vectors on the two probability spaces
(Q,F,PY)1=1,2 Define

J'3h ) = E{g(x,y' () Y22}, fori= 1,2,

where E' denotes the expectation corresponding to
P* and ¥ 1s the strategy of DM belonging to the
Hilbert space I'",1e N

With the above formulation, the following
immediate consequence of Theorem 1 will now be
given

Corollary 1 For the static two-person stochastic
game 1ntroduced above, suppose that J'(y!,7?)
and J3(y!,7?) are strictly convex mn y' and y?
respectively, are second-order continuously Fréchet
differentiable, and satisfy conditions similar to (2 2a)
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and (2 2b), with (y*,%?) replacing (u,v) Assume that
the following conditions are satisfied for at least
one 1,1,) = 1,2,1 #).

I T = IL(E{VZg'(x, ' (), VYD~
x E{VZ,.80y (v v ()y'}]
x [EA{VZg(x, 73", ()T

x (V380 7 (Y (MY DIl = a < 1

Then, the stochastic game admits a umque stable
Nash equilibrium solution O

Remark 34 Even though the condition of the
corollary looks rather simple on the surface, the
inverse operators 1mn Ty, and T,, may, in fact, be
very difficult to evaluate, since they involve some
integral operators Nevertheless, the corollary does
ndicate the possibility that a policy space iteration
algorithm could converge to the umque Nash
equilibnum solution even 1n general convex stoch-
astic games, with the players having different proba-
bilistic models of the decision process ]

If conditions (a) and (b) 1n Theorem 1 cannot be
satisfied globally, then the global stability of Nash
equilibrium solution 1s not guaranteed But with a
similar proof, conditions for local stability and
local uniqueness can be established The following
corollary does precisely that, and provides a local-
1zation of the results of Theorem 1

Corollary 2 Suppose that there exist closed subsets

U, c U and V, < Vsuch that

(0 for any (u,v)eU, x V,J u,v),J%u,v) are
strictly convex n u and v, respectively, and
are second-order continuously Fréchet
differentiable,

(n) for any ueU,,(u,Ly(w)eU, x V;, and for
any ve Vy,(Ly(v),v)e Uy x V,,

(m) either one of (a) or (b) 1s satisfied for some
positivea < lor <1

@ (Thl=a<1, for all @eU,, and with
v = L,(@), u = L,L,(@a),*

b [T, =p<1, for all deV,, and with
u=Ly(0), v=L,L,(0)

*Here T,, and T, are defined as in (1) and (1) of Theorem 1

Then there exists a umique locally stable Nash
equilibrium solution n U, x V;, a

Remark 35 Conceptually, 1t 1s not difficult to
generalize Theorem 1 and Corollary 1 to games
with more than two players, see Section 6 for one
such extension The maimn difficulty 1n such a
generalization 1s that one has to deal with cumber-
some notation, and the expressions become quite
complicated ]

4 INACCURATE SEARCH ALGORITHMS AND
CONVERGENCE ISSUES

In the previous section, 1t was assumed that at
each stage of the iterated algorithm, exact solutions
of the underlying optimization problems could be
obtained by each decision maker But this 1s not
always possible, especially 1n cases when J! and J2
are highly nonlinear, in which case the decision
makers have to resort to inaccurate search using
any one of the available numerical algorithms (such
as Newton’s algorithm, steepest descent algorithm,
etc) In this section, a desirable property of such
an algorithm 1s identified, a specific naccurate
search algorithm 1s proposed, and finally the con-
vergence of such an algorithm under the hypotheses
of Theorem 1 1s proved

First, the inaccurate search algorithm to be used
by the decision makers 1s introduced

Consider (21),1¢

Vg+1 = ar%g}}m'] X, v),
1 = Brg] rgunJ Yu,v,4,), for any upeU,

which 1s equivalent to (under the convexity and
differentiability assumptions)

Uper = Ly(w), sy = Ly(Ux4y)
or
uk+ 1 = Lle(uk)’ fOI‘ any uo € U
Suppose that at stage k, DM1 and DM2 compute

Ug+1,Ux+1 using any algonthm A,(v) and B,(u),
respectively, which satisfy the following property

Property 41 Given any (u,v)eU xV, let
2= L;(v),0 = Ly(u), and A,(v), By(u),k = 1,2, ,be
such that regardless of the starting points
49e U, @ eV,

hm AP )0?) = L,(v) = 4 (4 1a)

Jim BP(u)(0'”) = Ly(u) = 6 (4 1b)
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where A,(v), Bi(u) are some point-to-set mappings,
and

Ai"’(v) = Alv)S,Av)
B{"(u) = By(w)S,By(u)

S, Auv)
S.By{u),

with S, S, being some set-to-point mappings which
choose arbitranly a single element out of their
domains

Note that (4 1) 1s satisfied 1f A (v) and By(w),
and J!' and J? satisfy the conditions of “global
convergence theorem” used 1n nonlinear program-
ming problems (Luenberger, 1973, p 120) Con-
ditions (4 1) are reasonable assumptions due to the
fact that most descent algorithms converge because
J* and J? are strictly convex 1n u and v, respectively
Now, let u{™ (v, u®) and v{™,(u, v'®’) be defined as
follows

w1 (v, u'”) € AP(v)(u?),

for any u®e U, and veV,

o, 0'%) € B(u)(e'®),

for any v eV, and ueU

Then, the inaccurate search algorithm 1s given
below

Inaccurate Search Algorithm Given two arbitrary
positive sequences {8} o, {8x}i% o0,

(1) fork = 0,leti, = uy, where uge U 1s arbitrary,

(m) for k=0,1,2, , let DM2 choose ©,,, as
Ber 1 = 05913, v 1), for any v}, e ¥, where
K 1s chosen such that sup {||L,(#%) —v|} < S
and supremum 1s taken over all v belonging
to the point-to-set mapping BX(&)(vl) )
Then, DM1 chooses i, ., as

- _ K = (0
Uy = “}( i 1(Uk+1a“kﬁ1),

for any u{%) €U,

where K 18 chosen such that
SUP{HLl(ﬁH 1) —“H} < gk’
(m) update on k and return to (n) O

Defimtion 41 Let H, = AX(0,+,)S.BE@),
k=0,1, , Given a positive sequence {e,};%, let
{ti,} be obtained as #, ., € H,(#), for all k, where
the set H, (1e K, K) 1s chosen such that for all
possible S,,

Hy#y) = {ueU |lu— L,L,@)|l < e,k = 0,1,
42)

Then, 1t can be said that {H,} yields an inaccurate
search with error level {e;} 0

Remark 41 Note that ¢, 1s the error made by a
finite step approximation, 1e the composite error
made by using B{¥(u) and 4{X(v) rather than using
B{™ and A{™ at stage k Also note that A,, B, and
H, have been used, to allow for the situation where
the decision makers use different algorithms at
different stages O

Remark 4 2 The above inaccurate search algorithm
1s more realistic for real world implementation than
some of the algorithms given previously, e g Rosen
(1965), Cohen and Culiolu (1985), 1n two aspects

(1) In Rosen (1965), a gradient-type algorithm
18 given, 1n which each player uses the algorithm
for only one 1teration step at each stage k rather
than for K or K steps as 1n the algorithm presented
here The inaccurate search algorithm introduced
above 1s more realistic, since at each stage k 1t
yields a decision closer to the optimum, while also
accounting for the fact that absolute mimimum may
never be reached

(u) In Cohen and Culiolu (1985), where the
objective 1s off-line computation, a descent function
which depends on both players’ cost functionals 1s
used However, when the goal 1s on-line compu-
tation of equilibria, 1t 15 more realistic to assume
that the players do not know each other’s cost
functionals exactly (eg incomplete games), and
hence cannot implement the type of algorithm given
by Cohen and Culiolu (1985) Thus if one switches
from pure computational algorithm to real world
implementable algorithms 1n repeated games, 1t 1s
more reasonable to use the above inaccurate search
algorithm The algorithm also possesses some good
convergence properties, as will be illustrated in the
example of the next section O

The following resuit on the convergence of such
an algorithm 1s now presented

Theorem 3 Suppose that the hypotheses of Theorem
1 are satisfied Then, for any positive sequence {e;}
satisfying

lem e =0 43)

and for any maccurate search {H,} with error
level {e,}, the sequence {i,7,} generated by the
mnaccurate search algorithm converges to the unique
Nash equilibrium solution for any mmtial choice
ugeU Ol

Remark 43 Condition (4 3) clearly implies that
as k becomes larger, H, should approach the accu-
rate search, which 1n turn means that K —» oo and
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K — o as k » oo But if one 1s satisfied with the ¢-
Nash equilibrium solution, then, by contmnuity of
J! and J?, the solution can be obtained by holding
K and K finite, for any given ¢ > 0 O

Proof of Theorem 3 First note that with (u¥,v") a
Nash equihbrium solution, for all k = 1,2,
e s — u¥l = iy — LyLy() + Ly Lo() — u™||
< sy — LiLa@@)l + 1L, Ly(a) — u®||
Since 4, . , € H(), and L, L, s a contraction oper-
ator with parameter a < 1 as in Theorem 1(1), the
following holds

N+ s — LyLo(@)l < e,

I LyLa() — u™ll < afli, — u®|
and hence
e s — Ul < e + allig — u]l, forall k
Iterating on k gives

sy —u® < e +alee—y + alli_, —u™|]

= e, + ae_y + & ||ty — u"|

<e + oe_y + ale,_,
+  +afeq + o ug — u|

k+1 N
L s+ @ Hlug — u|
where s, satisfies the linear difference equation
Sk+1 = OSk + €y

Since 0 < a < 1, and ¢, — 0 by (4 3), clearly s, —» O,
and hence

o
Jim i@, — ") = hm s,

all

+ |lug — || m o**1 =0
k— o

Therefore, %, — u” and, by continuity, o, —» v¥ As
a side remark note that condition (4 3) 1s not only
sufficient but also necessary for s, — 0 d

5 AN ILLUSTRATIVE EXAMPLE ON
NONQUADRATIC PROBLEMS A FISH WAR GAME

In this section a static repeated nonquadratic
game 1s considered, to gain some msight into the
conditions and algorithms given above

Suppose that there are two countries involved n
a fish war (Levhari and Mirman, 1980), with the

cost functions being

J' = —logu — B;log(x —u — v*1)
J? = —logv — B,log(x — u*2 — vy
where0 < B, 1, 2 1,0<1t<1,0<x <o0,1 =12,

and

(w,v)eD = {u,v) u=0,v=0,

U+ vFr < x, 42 4+ v < x}

Here, u and v are the current consumption levels
of country 1 and country 2, respectively, and §,,
1 = 1,2 are discount factors Each country attempts
to minimize his own cost J* which 1s coupled with
the other country’s decisions The variable x denotes
the population of the fish 1n the region, which we
assume to be constant throughout the repeated
consumption and reproduction process Suppose
that country 1 does not know country j’s cost
functional J’;1 # 3, but 1t knows country j’s con-
sumption levels at the previous stages and i1t chooses
its optimal present consumption level according to
J’s previous consumption level They repeat the
process in this fashion until they reach a noncooper-
ative equilibrium consumption pair (if 1t exists)
This example 1s somewhat contrived but 1s designed
to emphasize the essentials of the notion of stable
Nash equilibrium and to illustrate the apphcability
of the previous results

First observe that the above formulation falls
well within the framework of the learming and
decision process (2 1) or (21') Hence, Theorem 1
can be used to obtain a condition under which this
game evolves finally to a Nash equilibrium solution

Assume that the game admits a Nash solution
(u”,v")e D (by appropnately choosing 1, f,, 4, and
x) Then,

vai=—Lly_
u x—u—uvh
X — v
<u 1()=I_+_17’ (51)
1
vor=_Ly g
v ox—ut2—v
x__ullz
<>v=L2(u)=1+TB (52
2

1 8
271 _ & 1
VaJ' = 0 + (*——x —u_ v”l)z >0,

1

v2gt = Bt
“ (x —u — v*1)?’
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1+af,

FP 9224

Fi1G 1 The reactions curves of the two players

1 1
ViJ)P=S 4+ —F"2 50,
v? v (x—ut —v)?

V2 )2 = Bopaut? !
o (x — u*? — v)?

From the above, we see that (a) J' and J? are
strictly convex 1in u and v, respectively, and L,
and L, are differentiable, and (b) condition (u) in
Corollary 2 1s automatically satisfied (see Fig 1)

The contraction condition [condition (in a) in
Corollary (2)] 1s

(L + 28,1 + =8,
Hilta ’

for all #e[0,x!/#2], (53)

mnz— l(x — al‘z)ﬂt - 1| <

a sufficient condition for which 1s

-1 "
st (14 1Bl + By
Hilt2

(54

Clearly, (5 4) defines a nonvoid set of x, u,, u,,
ﬁ 1» ﬁ2 and 7

A special case of (54) 1s obtained when
Uy =, =1, m which case (54) reduces to
(1 + =801 + tf,) > 1 This1s a known result, since
in this case L,,L, are hnear functions and the
convergence condition 1s the same as 1n the case
when J! and J? are some approprnate quadratic
functions

Hence, if (5 4) 1s satisfied, then there exists a stable
Nash equlibrium solution on D Thus starting from
any initial consumptions in D, the decision process
generated by the two countries converges to the
Nash equihbrium point

In what follows, some numerical results for the
above Fish War problem will be presented using

the following different schemes

(1)  Accurate search algorithm (2 1) (ASA)
(n) Inaccurate search algorithm (see Section 3)
with 4,, B; being

(a) Newton’s algorithm (ISNA)
(b) gradient algorithm (ISGA)

() Newton’s algorithm (NA)

U1 = U — (ng-]z(uk, v))” 1VUJ2(uk, Uy,

Uy = Uy — (Vfqu(“kw o))~ IVqu(“ks ),

where g, 1s some appropriate step size

The convergence aspects of the above schemes
will be analyzed and compared

In view of the authors’ earhier discussion here,
the permissible set of 7,8,,8,,x,4,,4, Wil be
restricted to the region

prpy— 1

Da = {(T’ﬂl’ﬂzaul’ubx) X > l,x #2

(LBl + Tﬁz)"’}
Hil2 ’

and a particular (1, 8,, fi, 41, 12, x) Will be chosen
from this set to test the above schemes, 1 e

(T’ﬁxaﬁz’ﬂx,#z’x)
=(02852,08,048,11,12,1259)eD,

For this set of parameters, the umique Nash
equilibrium solution 1s (u",v¥) = (0 3,09), and the
corresponding pair of Nash costs 15 (J'",J'")
= (1 8159,0 3920)

The numerical results for the five different sch-
emes described above are given in Tables 1 and 2
Comparing these tabulated numerical results, the
following observations are made

(1)  ASA s superior to all other algorithms (con-
verges 1n 26 steps, faster than others) *

(n) ISNA 1s superior to NA (ISNA converges 1n
28 steps, while NA converges 1n 40 steps)

() ISGA 1s superior to GA (ISGA converges 1n
about 80 steps while GA converges very
slowly) Note that if a large step size 1s chosen,
then both of these algorithms may converge
faster, but ISGA 1s still superior to GA

(tv) Newton’s algorithm 1s better than the gradient
algorithm, since here J' and J? are strictly
convex 1n u and v, respectively

*Here and below, by “convergence”, it 1s meant that {u,, v,}
converges to (u¥, v") within a degree of accuracy of four
significant places
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TABLE | THE FISH WAR GAME OF SECTION 5 NUMERICAL VALUES FOR THE DECISION VARIABLES (4, v) UNDER THE
FIVE DIFFERENT SCHEMES

ASA ISNA* ISGAYt NA GAl

k u v u v u v u v u v

1 02000 02000 02000 02000 02000 02000 02000 02000 02000 02000
5 02731 09303 04251 07737 03159 08236 06688 05867 02018 02019
10 02943 09064 03405 08566 03512 08397 05191 07108 02039 02040
15 02988 09014 03097 08892 03480 08471 03956 08202 02058 02059
20 02997 09003 03021 08976 03426 08532 03278 08771 02075 02077
25 02999 09001 03004 08995 03376 08586 03064 08947 02091 02093
30 0 3000 09000 0300t 08999 03332 038634 03014 08989 02105 02107
35 03000 09000 03000 09000 03271 08709 03003 08998 02118 02120
40 03000 09000 03000 09000 03195 08794 03000 09000 02130 02133
45 03129 08865 02141 02144
50 03082 08915 0215t 02155
55 03050 08948 02161 02165
60 03030 08969 02170 02174
65 03018 08981 02178 02182

*In the algorithm, 8,,5, are chosen as 3, =01 x 093, = 09* (see (2 3), inaccurate search algorithm and

Corollary 2 3, here a = 09924)

tHere, 8, and 3, are chosen the same as above, the step size of the gradient algonthm 1s chosen as

a, = 1/100 + k)

1 Step s1ze 1s chosen the same as above, 1€ a, = 1/(100 + k) (For some larger step sizes, the algorithm diverges )

TABLE 2 THE FISH WAR GAME OF SECTION S5 NUMERICAL VALUES FOR THE COST FUNCTIONS (J!,J2) UNDER THE FIVE

DIFFERENT SCHEMES

ASA ISNA* ISGAt NA GAl

k J1 J2 J1 J2 J1 J2 J1 J2 J1 J2

1 16364 16217 16364 16217 16364 16217 15248 15014 18159 03920

5 19313 03647 14323 05391 1608 04255 11738 09298 16281 16129
10 18303 03861 16683 04363 16151 04495 13261 06666 16189 16030
15 18209 03907 17774 04023 16380 04451 15721 05002 16107 15942
20 18170 03917 18073 03942 16572 04388 17371 04218 16033 15863
25 18162 03919 18141 03925 16745 04331 17970 03987 15967 15791
30 18160 03920 18155 03921 16901 04281 18118 03934 15906 15726
35 18159 03920 18158 03920 17148 04213 18150 03923 15851 15666
40 18159 03920 18159 03920 17433 04129 18157 03921 15801 15612
45 17678 04057 15755 15562
50 17853 04008 15712 15516
55 17971 03973 15673 15473
60 18046 03952 15636 15434
65 18091 03939 15602 15397

*In the algonithm, 3,,5, are chosen as 8, =01 x 09* 3, = 09* (see (2 3), inaccurate search algorithm and

Corollary 2 3, here a = 09924)
t Here, 3, and
a, = 1/(100 + k)

5, are chosen the same as above, the step size of the gradient algonthm s chosen as

1 Step size 15 chosen the same as above, 1e a, = 1/(100 + k) (For some larger step sizes, the algonthm diverges )

In the above analysis and comparison, the search
steps between k and k + 1, for any k, have not been
taken 1nto account in the accurate search algorithm,
1e. 1t has been assumed that the steps for each k
(k-scale) correspond to slow time scales, while the
steps involved between the pair (k,k + 1) (n-scale)
correspond to fast time scales ad

6 GAMES WITH MORE THAN TWO PLAYERS

In this section, Theorem 1 1s extended to many-
player Nash games The extension follows basically
the lines of reasoning similar to that for Theorem
1, the main hurdle being the complexity of notation
to be used

Let N = {1, ,n} be the player set Suppose that
DM;, with strategy space U’, has a rational response

function L, [J U/ - U'for1 =1, ,n,and consider
i

the following sequential updating scheme

Scheme 6 1
1 2
Uy = Ly(ug, ,up),
mo_ 1 -1 m+1
Ug+1 = Lfux+1, upssup™t, L uf),
- 1
Upsr = LUy, . 5Uk4y), m<on,

forall @3, ,up)e[[U' O
1=2
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Successively substituting gives

2 ~
uk +1 = LZ(Ll(ul%’ ’ u:)’ ul?, Y uZ) = LZ(uI%’ ’ u;),

u;:'+ 1= Lm(Ll(uI% s s u;)’ Zl(uf > HZ), ) Z"m -1

x g, upuptt, ul) =L, u),

u;‘*- 1= Ln(Ll(uf, [ u:), ) I‘n - 1(“!%, s u;))

= L,(u,f, ’ u:)

Now define T ﬁ U - f] U, by

1=2 1=2

L

T(a) = 4, foranyueU=1][]U"

Z =2

Then, the problem reduces to that of finding the
fixed point of the equation u = T(u)

Note also that a particular case of the above 1s

when players have circular dependent rational

responses, 1€

“It+1 = Ly(ug),

m — m-—1 —- n—-1
upr1 = Lp(ugs ), Supey = Lo(ugih),

which 1s equivalent to

uier = LoLyoy  Ly(u) = TG)

The operators L, are derived from the imphait
functions V,J'(u!, ,u") =0,1€N, respectively, as
discussed 1n Section 2

Now the result for 3-player games will be stated
as a corollary of Theorem 1 The n-player case
follows the same derivation, but 1s much messier
(L1, 1985)

Corollary 3 Suppose that J* 1s strongly convex in
1ts 1ith argument, and 1s continuously second-order
Fréchet differentiable, 1e N Furthermore, assume
that the following condition 1s satisfied

IT =a <1 for some positive o,

B
D] 61)

A
where T= [
C
and
A= (Vz‘zljzvz 1J2)(u1.u2,ﬁ3)(v;llJ1Vl2‘]1)(14‘,!72.!33)’

B= (V2—21J2V2 1J2)(ul,u2.ﬁ3)(vl— 1J1V13J1)(u1,ﬁ2,|i3)
- (VZ_ZIJZVZSJZ)(ul,uz.lﬂ),

C= (V3—31J3V31J3)(u‘ u? u3)(V1—11']1V12J1)(u' u? u3d)
- (V3—31J3V32J3)(u1 u? u3)(V2-21J2V21J2)(u1 ud ud)
x (Vl_ll‘]lVlle)(ul i2,u3)

D = (V53 J°V310%) 01 (Vi Vi3 Nt 2,
- (V;31J3V32‘13)(u‘ ul.ul)(Vz—zljzvz 1J2)(u1,u2 u3d)
X (Vi V130 Dt a2y + (V33 0°V320 %01 4203
x (Vz_zl-lzvza-]z)(ul u?,ud)

for any
(@, 4% eU? x U3,
and with
u' = L%, @), u? = Lyu',i®), u® = Lyu',u?)

and the operator norm 1s the one induced by the
norm 1n the product Banach space U? x U3
Then, there exists a unique Nash equilibrium
solution, and furthermore, the sequence
{ug,ui,u3} defined by Scheme 6 1 converges to the
Nash equilibrium solution for any mitial point

Proof Thus follows a similar line of proof to that
of Theorem 1 0

7 CONCLUSIONS

In this paper, conditions for the existence, umque-
ness and stability of Nash equihbrium solutions 1n
general nonquadratic convex games have been
obtained Under these conditions, the Nash equilib-
rium solution can be computed n a distributed
manner, without requiring that the players know
each other’s cost functionals An maccurate search
algonithm has also been obtained, and a proof for
1ts convergence to the unique Nash equilibrium has
been provided, under a number of reasonable
conditions Animmediate consequence of this result
is that the distributed computation of the Nash
solution 1s robust against small inaccuracies 1n the
computation during each phase The numerical
studies included 1n the paper do indeed corroborate
these theoretical findings, and also demonstrate
the superionity of the authors’ algonithms under
different 1naccurate search schemes over other ones
which directly use Newton’s method or gradient-
type 1terations

Several extensions of the results presented in this
paper seem to be possible One of these would be
to constramned Nash games, where the reaction
functions would clearly not be differentiable, 1n this
case a different proof will have to be devised 1n
order to venfy a result of the type given in Theorem
1 A second extension would be to discrete-time
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dynamic games, by carefully constructing the strat-
egy spaces and decomposing the general conditions
into stagewise components Finally, the general
contraction mapping result here may be used n
the study of asychronous distributed algorithms
(Bertsekas, 1983, L1 and Basar, 1986)
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