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Abstract—This paper introduces and analyzes a decentral-
ized network congestion control algorithm which has dynamic
adaptations at both user ends and link ends, a so-called general
primal-dual algorithm. We obtain sufficient conditions for local
stability of this algorithm in a general topology network with
heterogeneous round-trip delays. Then, as an implementation
of this algorithm in the Internet, we introduce an AQM (Active
Queue Management) scheme called Exponential-RED (E-RED),
which outperforms RED and is inherently stable when combined
with TCP-Reno or its variants for high-speed networks.

Index Terms—Congestion control, dual algorithm, primal algo-
rithm, primal-dual algorithm, RED, TCP.

I. INTRODUCTION

ECENTLY, there has been a flurry of research activity
Ron decentralized end-to-end network congestion control
algorithms. A widely-used framework, introduced in [15], is
to associate a utility function with each flow and maximize
the aggregate system utility function subject to link capacity
constraints—an optimization problem known as Kelly’s System
Problem [15]. Congestion control schemes can be viewed as
decentralized source and router algorithms to drive the system
operating point to the optimum or some suboptimum solution
of this maximization problem.

Congestion control schemes can be divided into three classes:
primal algorithms, dual algorithms and primal-dual algorithms.
In primal algorithms, the users adapt the source rates dynam-
ically based on the route prices, and the links select a static
law to determine the link prices directly from the arrival rates
at the links [15]. In dual algorithms, on the other hand, the links
adapt the link prices dynamically based on the link rates, and
the users select a static law to determine the source rates directly
from the route prices and the source parameters [15], [25], [36].
Primal-dual algorithms combine these two schemes and dynam-
ically compute both user rates and link prices [1], [35]. For a
comprehensive survey of these algorithms, see [31].

A modified primal algorithm, called the Active Virtual Queue
(AVQ) algorithm, was introduced in [20]. Here the link prices
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in the original primal algorithm [15] are slowly adjusted so
that asymptotically in time, the link prices become equal to the
Lagrange multipliers in Kelly’s system problem [20]. More im-
portantly, in the presence of feedback delays, the parameters of
this algorithm can be chosen such that the network is locally
stable [21], [22]. The main benefit of this algorithm is that it
achieves arbitrary fairness among the users and leads to full link
utilization. This idea was adopted in [30] to modify the dual al-
gorithm to allow slow adaptation at the sources and achieve the
same benefits as the AVQ algorithm.

Both the modified primal algorithm and the modified dual al-
gorithm have dynamic adaptations at both sources and routers,
and thus can be regarded primal-dual. However, all the algo-
rithms in the primal family relate the network congestion mea-
sure directly with the link aggregate rate, which corresponds to
averaging the feedback from the network at the sources; and all
the algorithms in the dual family relate the source rate directly
with the route congestion measure, which corresponds to aver-
aging the source rates at the links before the feedback of more
explicit congestion information to the sources [14].

In this paper, we first briefly review the above developments
and identify their role in allocating resources fairly in a network
of competing users. We then generalize the class of primal-
dual algorithms, and provide design guidelines to stabilize these
algorithms in general topology networks with heterogeneous
feedback delays. In this class of algorithms, the source dynamics
are similar to those in the primal algorithm in [15] and [33] while
the link dynamics are similar to those in the dual algorithm [25].
Following the approach introduced in [33], we obtain a local sta-
bility result which shows that stability does not depend on the
source adaptation speed, but depends only on the link adaptation
speed. This result subsumes the dual algorithm as its limiting
case when the source adaptation speed approaches infinity.

From the stability analysis of the general primal-dual algo-
rithm, we also show that Random Early Detection (RED) could
stabilize TCP-Reno if modified slightly. Our modification to
RED sets the packet marking probability to be an exponen-
tial function of the length of a virtual queue whose capacity is
slightly smaller than the link capacity. Due to the exponential
marking profile, we call it Exponential-RED (E-RED). From
our analysis, it can be shown that E-RED stabilizes TCP-Reno
and all its packet loss/mark based variations. Compared with
other queue-length-based AQM schemes, like RED [7], REM
[2], PI [12] and BLUE [6], E-RED is the first such scheme that
can be proved to stabilize TCP-Reno for a general topology net-
work with heterogeneous delays. In parallel with our work, an-
other recent paper [10] has also obtained scaling rules for RED
and PI to stabilize TCP-Reno.

We finally perform some ns-2 and Matlab simulations to
compare E-RED with RED and to discuss the dependence of
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E-RED’s performance on the network scenario and the E-RED
parameter choices. The simulation results show that E-RED
outperforms RED when combined with TCP-Reno in the sense
that it achieves less queue length oscillation, higher bandwidth
utilization, and lower queueing delay at the same time. The
simulation results also show that E-RED works well with
HighSpeed TCP [8] and Scalable TCP [18].

II. OVERVIEW OF PRIOR WORK

Consider a set of users/routes, R, and a set of links/resources,
L. For each user » € R, its route consists of a set of links,
which is a subset of L, denoted L,.. Each link [ € L may be
used by several routes; accordingly, we write [ € r if [ € L,.
Each user € R has an associated flow rate z, and a utility
function U,.(x,.). Furthermore, each link [ € L has an associated
link aggregate rate y; = ),  p.c, Tr, and a fixed capacity c;.
Introduce the source rates (column) vector = := (z,.,7 € R),
the link rate (column) vector y := (y;,! € L), and the routing
matrix A := (A;-,l € L,7 € R), where A;. = 1ifl € r and 0
otherwise; then we have y = Ax.

We impose the standard conditions on each user’s utility func-
tion U,.(x, ), namely that it be increasing, strictly concave, and
continuously differentiable in z, for z,, > 0. Further assume
that U/ (z,) — —oo as x, — 0, and that the utilities are ad-
ditive so that the aggregate utility for the system is U(z) =
> rer Ur(2r). The system problem, first introduced in this con-
text by Kelly [16], is the concave programming problem:

max U(z) subjecttoy < c¢ over x>0 )

where ¢ = (¢;,1 € L), a column vector. The Lagrangian is:

L(z,p) =Y Un(w:) + Y _pilci —y1) ()

r€ER leL

where p; is the Lagrange multiplier associated with link [, € L.
This multiplier is the shadow price of the link, and in many
algorithms it also summarizes the link congestion information.
Associate with each user r an aggregate route price g, defined
as ¢ == Y, pi- Introduce the link price (column) vector p =
(p1,1 € L) and the route price (column) vector ¢ = (¢, € R).
Then we have ¢ = ATp, and noting that pTy = pT Az =
2T ATp = 27 ¢, the Lagrangian can be rewritten as:

L(z,p) =Y (Uelws) = mrg) + Y pa. ()

reER leL

From the Kuhn-Tucker theorem [3] of nonlinear programming,
& solves (1) if and only if there exists a p such that the pair (&, p)
constitutes a saddle point for the function L(z,p), where z is
the maximizer and p is the minimizer, with z > 0 and p > 0.
Making the natural assumption that the constraint set for  is not
empty and is bounded (and thus compact), the strict concavity of
the aggregate utility function leads to the existence of a unique
optimal solution Z to (1). This then guarantees the existence of
P, and thus the existence of §. The uniqueness of & determines
the uniqueness of §. If A has full row rank, then p is uniquely
determined from ¢, and thus p is also unique. A pair (Z, p) is in
saddle-point equilibrium if and only if [16]

U;('%T) :(jr
pi(cr — ) =0and p; > 0,and ¢; > 3

VreR @
YieL (5
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A. Primal Algorithm

An issue of importance, driven by both theoretical and prac-
tical considerations, is the distributed computation of (Z,p)
using only the realistic decentralized information available
to individual users. The congestion control problem deals
precisely with the tasks of finding such algorithms that are
decentralized, and selecting among them the one with the best
performance. The users adapt z, with respect to g,., and the
links adapt p; with respect to ;. The TCP algorithms are user
adaptation laws, and AQM algorithms are link adaptation laws.

For the logarithmic utility function, U,.(z,) = w,logz,,
Kelly et al. introduced the Primal Algorithm [15], where each
user r implements the following algorithm:

&p = ky(wp — z,qr) (6)

where £, is a scaling factor or the step size. Each Link /, on the
other hand, computes its price as

pr= fi(yi), where f; >0, f] >0. @)

Without incorporating delay into the algorithm, it was shown
in [15] that this primal algorithm is globally stable. If we
include propagation delay and neglect queueing delay, thus
treating delay as a constant, then we have the relationships:

y(t) = Z x (t — Tl};) (8)
r:ler
()= p(t-) ©)
ler
where le; is the forward delay from source r to link /, and Tf;n

is the backward delay from link [ back to source r, and we have
round trip delay 7;. := Tl’; + Tf;n, forany / € r.

Denote the Laplace transforms of x(t), y(t), p(t), and ¢(t),
respectively, by X (s), Y(s), P(s), and Q(s), and define the
routing matrix with delay in the frequency domain as A(s) =
(Ap.(s),l € L,r € R), where

Aj-(s) = exp (—87'/:,) , ifler
=0, otherwise.
Then we have the relationships [33]
Y (s) =A(s)X(s)
Q(s) =diag(e™"") AT (=5)P(s)

(10)
(11

and the primal algorithm with delay is given as follows [13]:

Zp(t) = ke (wr — 22 (t = Tr)gr(t))  (12)
() = fi(u(t)). (13)

Conditions for local stability were first conjectured in [13], and
then proved and extended in [32]-[34]. For a certain class of
functions f(-), global stability has been established in [37].

Note that the link price computation in the primal algorithm
above is static. An algorithm called AVQ was introduced in
[20], where users choose the same dynamic adaptation, but at
the links, p;(t) is a function of both y;(¢) and a virtual queue ca-
pacity ¢; which is a time-varying link parameter. The global sta-
bility of this algorithm has been established in [23], [35] without
delay, and local stability has been established in [21], [22] in the
presence of feedback delays.

User end :
Link end :
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B. Dual Algorithm

The dual algorithm introduced in [25] employs the following
algorithms at the link and user ends:

Links : ]5[ = 'Yl(yl — Cl) (14)

where v; > 0 is an adaptation parameter. In [30], +; was chosen
to be 1/¢.

o = 2,(,) = UL ().

The above dual algorithm is a special case of the dual algorithm
in [14], [15]. It was also derived in [36] for the special case of
logarithmic utility functions.

For this dual algorithm, global stability was proved in [25],
while local stability was proved for a particular choice of
utility functions in [29]. The restriction on the choice of utility
functions means that arbitrary relative fairness among the users
cannot be achieved using the algorithm in [29]. Following
the time-scale decomposition idea in [21]-[23], to track an
arbitrary utility function, the dual algorithm was modified in
[30] by introducing slow time-scale dynamics at the user end.
In other words, z,, = z,-(&, g ), where &, is a slowly adjusted
source parameter, just like the virtual queue capacity ¢; in the
AVQ algorithms. This ensures that the dual algorithm can also
allocate the network resources fairly.

Users : (15)

C. Primal-Dual Algorithm

Both the primal algorithms and the dual algorithms have dy-
namics at one end (user end for the primal algorithm and link
end for the dual algorithm) and static adaptation at the other.
However, in the current Internet, TCP is a dynamic source algo-
rithm, and most AQM algorithms, like RED, Vegas, etc, relate
the price to the queue length or queueing delay, and thus are dy-
namic link algorithms. This motivates the work on primal-dual
algorithms, to directly relate ,- to ¢, and p; to y;.

As already mentioned, Z solves the system problem if and
only if there exists a p such that (Z,p) is the saddle point of
L(z,p). So we can approach this optimization problem from a
game theoretical point of view: L(z, p) is the gain for player 1
(P1) who controls x, and loss for player 2 (P2) who controls p.
So P1 is the maximizer and P2 is the minimizer, and we have
a 2-player zero-sum game, with (&, p) the unique saddle point:

L(z,p) < L(#,p) < L(#,p) Va20,p=0.

To reach this unique saddle point equilibrium, we can choose it-
erative algorithms with dynamic adaptations from both players.
The simplest such algorithm is the gradient algorithm:

OL(z,p)

.r:krizkr U, r) — Q4r 16
b=k B2 U - ) (6)
. JL(z,

D= —w# =y — ). (17)

Such algorithms were considered in [1] and [35], which can be
regarded as primal-dual algorithms in the sense that &, depends
on ¢, and p; depends on ;. At equilibrium, we have

7 =U" (qr) (18)
and
= ifpl >0
u { <o im0 (19)
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for all {,r. So the equilibrium point solves the system problem
(1) exactly. In [35], a passivity approach was used to show global
stability of this equilibrium without considering delay. In the
next section, we will embed this algorithm within a more general
class of primal-dual algorithms, and for this general class we
will establish local stability in the presence of delay.

D. Remarks on the Link Model

As we have already stated, most of the AQM algorithms
choose the marking probability as a function of the queue
length. So it is intuitive to choose p; to be a function of the
queue length b;, and not as a function of the aggregate link
arrival rate y;. This is the model chosen by the dual and
primal-dual approaches. However, in the primal approach,
p; is chosen to be a function of y;. Does this then mean that
one has to measure the link arrival rate, and not the queue
length, to compute the marking probability? In general, the
answer seems to be no when there are stochastic disturbances
in the network. In [17], Kelly argues that if the queue length
hits zero several times within a round-trip time, even if the
marking is queue-length-based, the source acts as though the
marking probability is a function of the stochastically averaged
version of the queue length. Thus, in the deterministic model
of congestion control, the source only sees the price p; as a
static function of y;. However, the conditions under which the
queue length hits zero frequently have not been provided in
[17]. Recently, in [4], it has been shown that the parameters
of popular AQM schemes determine whether the queue length
hits zero frequently or not. Specifically, if both the queue length
and the capacity are scaled in proportion to the number of users
in the network, and the marking probability is based on the
queue length divided by the number of users in the network,
then we have a queue-based model; else, the queue length hits
zero frequently and we have the rate-based model. Thus, the
primal-dual algorithm considered here requires that the AQM
parameters are chosen such that the queue length does not hit
zero frequently. Since we also would like to have negligible
queueing delay, this suggests that the AQM algorithm based
on the primal-dual algorithm analysis must adjust its marking
probability according to the occupancy of a virtual queue,
whose capacity is slightly smaller than that of the real link [9].
Thus, we can maintain a large virtual queue, which always
stays nonzero, as well as a small real queue, yielding negligible
queueing delay. We will discuss this further in later sections.

III. A GENERAL PRIMAL-DUAL ALGORITHM AND
ITS LOCAL ANALYSIS

The primal-dual algorithm (16), (17) is too specific and still
far from being interpreted as a TCP-AQM combination. We in-
troduce here a general primal-dual algorithm, whose source law
includes current versions of TCP as special cases and whose link
law includes most current AQM algorithms as special cases. De-
fine [z]T := max(0,z) and

+ [ h(x), ife >0

The general primal-dual algorithm is given by

iy = fr(or) [U)(20) —
pe=g1(p))[y — al,

(20)
21

+
qT]z

r
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where f.(z,) and g¢;(p;) are continuous functions, lower
bounded by constants f, > 0 and g; > 0, respectively.

A. Global Stability Without Delay

It immediately follows that the equilibrium point of the gen-
eral primal-dual algorithm (20), (21) solves the system problem
exactly. Using an approach similar to the one in [35], one can
show that the general primal-dual algorithm without delay is
globally asymptotically stable (GAS). Define!

Db

and introduce

V(z,p) = Z Hy(ar) + Z Ju(pu).-

reER leL

Using these, we can establish the following theorem on global
stability of the system; see [31] for a proof.

Theorem III.1: V(x,p) is a Lyapunov function for the
system described by (20), (21), and thus the system is globally
asymptotically stable.

B. Local Stability Analysis With Delay
With feedback delay, we can modify (20)—(21) to

iy (t) = fr (w0 (8), 20 (t = T7)) (U (2r(2)) — (Ir(t)]:,
pi(t) =g (pu(®)) [y (1) — il

where, by slightly abusing notation, we allow f,. to be a con-
tinuous function of both z,.(t) and z,. (¢t — 7)), which is again
lower bounded by the constant f,. > 0.

Before we proceed with the local analysis by linearizing the
algorithm around the equilibrium values, we first note the fol-
lowing on the boundary conditions in (22) and (23) and the con-
stant delay assumption in the system modeling. For the users,
%, > 0,Vr € R, since U,(x,) — oo as x — 0. For the links,
we restrict the link set L to the active link set L, := {l € L :
p1 > 0}, i.e., we consider only the bottleneck links. Since the set
L\ L, does not affect the local analysis, for the rest of this paper
we will assume that L = L,. Then, the boundary conditions in
(22) and (23) can be ignored for local analysis. Also, we assume
that the queueing delay can be neglected when compared with
propagation delay, and thus the round trip time can be taken to
be a constant. This is a reasonable assumption if one assumes
that each router uses a virtual queue to compute link prices [9].

Let us now linearize (22). At the equilibrium point, we have
Gr = U/(%,). Linearization around it gives

ir(t) = fr (U;I(ir)xr(t) - qr(t))

where fr = fq(&r,Z,). Note that in the above equation and
in the rest of the paper, by slightly abusing notation, we use

(22)
(23)

IThe definitions of H,.(x..) and J;(p;) were suggested by Murat Arcak in his
correspondence with John Wen and the third author of this paper in a different
context.
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Zr, qr, Y1, and p; also to represent the perturbations from their
equilibrium values .., ¢, 9;, and p;, respectively.
In the Laplace domain, we have

5Xo(5) = =foQu(s) + foU] () X, (5).
Solving for X,.(s) yields

S 1
X, =—f -
S XTAES
= L i 24
GO =Gy e, Y @Y
where
0, = [T, (=U/ (i) (25)

Note that 6, > 0, since U,(z,) is strictly concave and thus
U/!(z,) < 0.
For the link dynamics, linearization yields

Pt = qi(P)yr.

In the Laplace domain, we have

Pi(s) = @Yl(s)- (26)
The return ratio of the closed-loop feedback system (10),

(11), (24) and (26) is given by

L(s)=diag <_ U; o jTQ-}-Z) AT (—s)diag (@) Als).

27
Notice that we can rewrite L(s) as:
T, g,e 5T
L(s) =di
() = diag <—U,{’(£T) ST (sTy + eT))
x AT (—s)diag (g1(p1)) A(s)- (28)

This now leads to the following theorem on stability, whose
proof can be found in the Appendix.

Theorem I11.2: The closed-loop system described by (22),
(23), (8), and (9) is locally asymptotically stable around the
equilibrium point if the following two conditions hold:

A~

~Ul (&) > -2 (29)
r Ty
a@) 1 1
< — 30
o 20wl 30)

where a,. is a positive constant for each r, and a; = max,.¢; a,.,
T, = max,.crT,.

Remark 1: Condition (29) is satisfied for the general class of
utility functions introduced in [28]. For example, if U,.(z,.) is of
the form w, log x, (logarithmic utility function), we have a,, =
1. If U,-(z,) is of the form —w, /27" (power utility function of
order n,.), we have a,, = 1/(1 4+ n,.).

Remark 2: From (28) and the proof of Theorem II1.2 in the
Appendix, we see that the sufficient condition for local stability
(1.s.) depends only on the link price adaptation speed ¢;(p;) and
the user utility function U,.(z,.), and not on the source rate adap-
tation speed f (- (t), z,.(t—T,)). If we adapt the source rate in-
finitely fast (i.e., choosing f,.(-) = k, and letting k, — 00), we
arrive at the dual algorithm. The corresponding sufficient con-
dition for stability of the dual algorithm also depends only on
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the link adaptation speed and the user utility function. If g;(p;)
is fixed to be 1/¢; as in the dual algorithm [25], then the utility
function must be specified as in [29]. To allow arbitrary utility
functions, we could either add a slow adaptation at the source
[30] or choose a different g;(p;). Thus, the interesting observa-
tion from our analysis is that slow adaptation at the source (as
in [30]) is not necessary for the dual algorithm to be stable, and
achieve full utilization and arbitrary fairness. The dual algorithm
can also be stabilized with slow adaptation at the links since the
Ls. result does not depend on f,.(z,).

IV. IMPLEMENTATION IN THE INTERNET AND
E-RED AQM SCHEME

In the current Internet, the source law is TCP and the link
law is an AQM scheme, such as DropTail or RED. We wish to
make as little changes to the current protocols as possible, but
still achieve guaranteed stability and better performance. In this
section we utilize the local stability analysis for the primal-dual
algorithm to modify TCP+RED such that the combination is
locally stable.

A. General Form of TCP

Consider the general form of TCP introduced in [33], which
contains all possible TCP variants. Let W,. represent the window
size of source 7. Suppose the window size increases by m,. W
for each unmarked acknowledgment and decreases by 7, W4
for each marked acknowledgment, where m,., n.., 4, and d,. are
constants, with m,. and n, being positive and 7, < d,. being
both integers. We note that the choice of 2, = —1 and d,, = 1
corresponds to TCP-Reno (m, = 1, n,, = 2/3 for the standard
version), and the choice of 7, = 0 and d,, = 1 corresponds to
the Scalable TCP in [18].

This window based adaptation can be written in differential
equation form as

W, = z,.(t - T}) (m, Wi (t) — n, W (g, (1)) . 3D
We note here the implicit assumption that g, is sufficiently small
so that we do not distinguish between 1 and 1 — g,.(¢). This is
widely accepted in the modeling of TCP [19], [27].

The source rate is z,. = W,./T,., so we have

—T. o
L (o ai (1) = n, T (1), (1)

=n, T Yo (t — T,)zd ()

r

X <ﬁx¢r—dr(t)Tgr—(lr - qr(t)> . (32)
ny

Comparing this with the source law (22) of the primal-dual al-

gorithm, and considering the fact that f,.(z,) is lower bounded

by fr > 0 and that (32) represents the dynamics of TCP only

when z,. is not close to zero, we have

Ir (xr(t)vwr(t - Tr)) :max(ﬁ, nrJ:r(t)x;%T (t - TT)T;lT_l)

and

Ul (ar(£)) = =" ()T~
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Thus,

r ‘1' - dr

fr = 0T and U (2,(t)) = U’ (2,(t)) -

x.(t)
So, we have
dy — i) 1
e P L Y R
(Z) . and a i

In particular, TCP-Reno and HighSpeed TCP correspond
to a power utility function of order 1 and a, = 1/2, while
Scalable-TCP corresponds to a logarithmic utility function and
a, = 1.

B. Exponential RED (E-RED)

From Theorem II1.2, we know that to stabilize the window
adaptation source law in the TCP family, the link dynamic adap-
tation should satisfy

p 1
D 2a; T
Consider the link dynamics
. i +
pr = max <@ ﬂzc—l> [y — al,, 34)

with 8 < 1/(2a;T,,,). Tt satisfies the stability condition (33)
if p; is not close to zero (more specifically, p; > gici/B).
Throughout this paper, we assume that the above condition on
py is satisfied. Equation (34) can be implemented at the packet
level by setting the packet marking probability (the link price)
p; as an exponential function of the virtual queue length b;:

0./ if 0 S bl < thmin,l

BL(by—thumin.1)
= (b —thmin i :
Pmin,1€ ! ’ lfthmin,l < bl < thmax,l

17 if bl 2 thmax,l

P =

(35)
where thmin,; < thmax, are the two queue length thresholds be-
tween which the exponential marking is selected and p . 1 is
the marking threshold when b; = thumin . Let pmax,; denote the
marking probability when b; = thax 15 then, thmin 1, thmax,i,
and Pmin,; must be such that prax,; < 1. If Prmin,; and pmax,; are
selected properly such that ppin; < i < Pmax,i, then between
the two probability thresholds, the derivative of p; in (35) is
just (34) and the linearization satisfies (33). Then, this marking
scheme locally stabilizes TCP given that the fluid model of the
system dynamics is valid. We call the above marking scheme
Exponential-RED or E-RED in short, since the marking profile
is an exponential function of the queue length. We note that the
form of (35) is similar to the fair dual algorithm in [14]. How-
ever, the source control laws are static in the fair dual algorithm,
and hence the stability conditions in [14] are different than the
ones in this paper.

In the TCP-AQM scheme, the prices p; and ¢, are expressed
in terms of the marking probabilities, which is why we use py,
@, to represent both the prices and the marking probabilities.
However, the price feedback from p; to g, is linear in (9). while
the probabilistic feedback is actually not linear:

¢ =1-JJ(1=p). (36)
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We notice, however, that if p; and ¢, are sufficiently small for
alll € L,r € R, we can approximate (36) by (9). In this and the
next subsection, we assume that the small probability condition
holds; subsequently in Section IV-D, we consider the stability
issue for the general case.

Given the linear feedback from p; to ¢,., from Theorem II1.2,
the condition 5; < 1/(2a;T,,) guarantees the local stability of
E-RED combined with any window adaptation source law in
the TCP family. Note that E-RED simply uses a marking profile
different than RED, and employs a virtual queue.

Remark 3: The slow link adaptation makes the queue length
very large. To maintain a small queue length, so that the
queueing delay is negligible and thus the RTT can be modeled
as a constant, we need to implement the E-RED algorithm in a
virtual queue whose capacity is ¢; = y;¢;, where 0 < v, < 1
is the link utilization parameter. Then, b; is the queue length in
that virtual queue, and we can have a large b; while maintaining
a small real queue.

C. E-RED With the Average Queue Length

In RED, the marking probability is a linear function of the
average queue length. In E-RED, we can also take the marking
probability to be an exponential function of the average value
of the virtual queue length. We call this variant E-RED-aq and
the original E-RED without averaging E-RED-iq (iq stands for
instantaneous queue length).

For this variant, we replace b; with 7; in the marking (35),
where r; is the exponentially weighted moving average of b,
based on samples taken every ¢; seconds. Thus,

71 ((k + 1)61) = T(k5l)(1 — a[) + agb; 37

where 0 < «; < 1isthe weight. Asin [27], we use the following
continuous approximation to (37):

’I.”l = —Iil(’l“l — bl) (38)

where k; = —log(1 — y)/6;. In the Laplace domain, we have:
() = s =—m(s)
r(s) = s).
s(s 4+ k1) u
The dynamics of E-RED-aq yields
. B .
pr=pi—ni-
c
Since at equilibrium 7; = 0, linearization yields
pr = PP, (39)
cr
and in the Laplace domain, we have
Bipt ki
Pi(s) = — —=Yi(s). 40
1) e s(s+ ki) 1) “0)

Combining the source algorithm (20) with logarithmic or
power utility function and E-RED-aq, we arrive at the following
loop function:

Tr 0 —sT,
L(s) =diag ( ¢

U7(3,) To(sT, + 6, )) A=)

Bipr ki
X dlag < o m) A(S)

:diag( Urf(m fs;_frg )> AT (=s)

Bip ki
di A
x diag < P (s)

(41)
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This now leads to the following theorem on the stability con-
dition for the source algorithm (20) and E-RED-aq:

Theorem IV.1: The closed-loop system composed of the
source algorithm (20) and E-RED-aq is locally asymptotically
stable around the equilibrium if the two conditions in (29) and
(30) are satisfied.

Proof: See the Appendix.

This theorem suggests that E-RED-aq requires the same link
adaptation as E-RED-iq, so the averaging of the queue length as
in RED is not detrimental to stability.

D. Probabilistic Feedback

In this subsection, we will show that even under exact prob-
abilistic feedback, the local stability results still hold. We intro-
duce two pseudo price variables v, and z;, defined as

—log(1 — ¢), —log(1 —pp).
Then (36) leads to the linearized relationship

ve(t) = Zzl (t—7h).

ler

(42)

Let v and z be the column vectors of all v, and z;, respectively,
and let V() and Z(s) be Laplace transforms of v(¢) and z(t).
Then, we have a relationship similar to (9):

V(s) = diag(e™*T") AT (—5)Z(s). (43)

Comparing (28) with (41) and noticing that for E-RED, g;(p;) =
Bipi/ci1, we see that the loop function of either E-RED-iq or
E-RED-aq combined with (20) can be written as

L(s) = diag <"”— fr(s)e—sTr> AT (—s)diag <%g~l(s)> A(s)
) qr l (44)
where f,.(s) and g;(s) are two functions of s. The stability re-
sults build on the fact that the spectral radius of the matrix
diag(\/p1/91)R(s)diag(\/ &+ /d-) is bounded by 1, and thus we
can select the parameters such that the eigenloci of L cross the
real line to the right of —1. Then, the stability condition is ob-
tained from the generalized Nyquist Criterion.
Now, for the probabilistic feedback, with the relationships
(10) and (43), we have

X, (6) = 2 (6)Q () 2 £ (5) Vi)
=2 )0 - Vi)

2 = G R) = =7 P)
- ﬁ’gm)ms).

So the new loop function is in the following form:
1(s) = dig (22020 et ) A )

. D .
xdiag [ —————qi(s) ) A(s). (45)
(il ) A
Thus, for the probabilistic feedback law (42), the same sta-
bility conditions as those in the price feedback law (9) are
obtained if we could prove that the spectral radius of the ma-

trix diag(+/pi/ci(1 — pr))A(s)diag(v/Z..(1 — )/ Gr) is also
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heterogeneous delays.

bounded by 1. Since >
that

1 &r < ¢ VI, we just need to show

e

b < dr

< - (46)
1- pi 1- qr

ler

Theorem IV.2: The inequality (46) holds, and thus the sta-
bility results for the linear price feedback case also hold under
probabilistic feedback.

Proof: See the Appendix.

V. SIMULATIONS

We implemented the E-RED algorithm in the ns-2 package
and performed simulations on a network whose sources use
TCP-Reno, and whose routers choose E-RED-iq, E-RED-aq or
RED. Let & := 5T, /2; then, { < 1/2 is the local stability
condition for E-RED-iq with TCP-Reno. We make all sources
ECN-capable, and set the maximum window size to be 1000 in-
stead of 64, so the maximum window size will not be a threshold
for the flow rate in all scenarios. We also let all sources send
packets of identical size, 1040 bytes, including the IP and TCP
header. For E-RED, we choose the parameters &;, Pmin, i, Pmax,i»
thmin,i, Vi, and a; (o = 1 corresponds to E-RED-iq and o < 1
corresponds to E-RED-aq), and compute thpayx; from pumin i,
Pmax,l, thmin,l~

For most simulations in this section, we consider a network
with a single bottleneck link and multiple flows, as shown in
Fig. 1. Since there is a large population of users in the Internet
and the fluid model makes sense only when the number of users
is large, we choose a sufficiently large number of users for most
of the simulations. We vary the values of N, ¢, d, dy1 to dy2 to
obtain different network configurations. We set the buffer limit
(of the real queue) always to be max(0.3¢, 25) packets, where
¢ is measured in Mb/s, which guarantees that the bottleneck
queueing delay for sufficiently large capacity is bounded by
2.5 ms (actually, we will see that if E-RED stabilizes the system,
then the real queue length is much smaller than its buffer limit
and thus the queueing delay is much smaller than this bound).
As for the parameter settings, for RED, we set thresh to be 1/5
of the buffer limit and mazthresh to be 3 * thresh, keep all
the other parameters at their default settings, and choose ECN
marking instead of dropping; for E-RED, we set thmin; to be
1/5 of the buffer limit (of the real queue). The other parameters
for E-RED will be varied for different scenarios.

A. Stability and Performance Comparison of RED and E-RED

We first compare the stability and performances of E-RED
and RED. From the analysis in [11] and [26], we know that
RED becomes unstable when the capacity or the round trip
delay becomes large. In the first simulation scenario, we choose
a large link capacity network with ¢ = 1 Gb/s, N = 2000,

IEEE/ACM TRANSACTIONS ON NETWORKING, VOL. 13, NO. 5, OCTOBER 2005

Queue Length (packets) Vs Time (seconds)

300 T T
250 - } -

queue length (packets)
2
o
T

| A

o 5 10 15 20 25 30 35 40
time (secon ds)

Throughput (bps) Vs Time (seconds)

1.20+09

f““—WWWWNLM‘J\N‘L\’V\W&WW‘”"*WJ\‘J‘W\W’W‘W‘Wm‘W‘”’ ]

8e+08 | f 4

Throughput (bps)

6e+08 |- / i
4e+08 - /ﬂ\ﬂ g

26408 |- B

o 5 10 15 20 25 30 35 40
time (seconds)

Fig. 2. RED in a large capacity network: instantaneous queue length (top
graph), and throughput (bottom graph).

d = 10 ms, and the delays of all other links being uniformly
distributed between 1 and 20 ms. So the maximum round trip
time is 7,,, = 100 ms. For the E-RED parameters, we set
Prmin,l = 0.0005, Prmax,; = 0.1, v = 0.95, £ = 1. Even though
our sufficient stability condition suggests £ < 1/2, we have
chosen ¢ = 1 in order to understand how conservative our sta-
bility results are. For RED, we monitor the instantaneous queue
length, and measure the throughput with a time granularity of
0.1 s; they are shown in Fig. 2. From the graphs, we see that
RED is unstable in the sense that both the queue length and the
throughput show significant oscillations, and the queue length
hits zero and the full buffer size frequently. For E-RED, we
monitor the real queue length and the virtual queue length, and
measure the throughput with the same time granularity; they
are shown in Fig. 3. From the graphs, we see that E-RED is
stable in the sense that the virtual queue length oscillates around
its equilibrium very slightly, the throughput is less oscillatory
than that of RED, and the real queue size is always small after
the transient phase. So E-RED stabilizes TCP-Reno in large
capacity scenarios while RED does not. To compare the per-
formances numerically, we measure the average queue length
(Avg(glen)), standard deviation of queue length (Std(qlen)),
and average throughput (Avg(thr)) for both algorithms after
the transient phase (over the interval between 10 s and 39 s for
this scenario); these values are listed in Table I. In the second
scenario, we choose a large round trip delay network with
¢ = 300 Mb/s, N = 1000, d = 10 ms, and the delays of all
other links being uniformly distributed between 45 and 95 ms.
So the maximum round trip time is 7;, = 400 ms. We set
Pmin,i = 0.00067, pmax,; = 0.1,y = 0.95, ¢ = 1. The queue
length and throughput for RED are shown in Fig. 4, and we
see that RED is unstable. The real queue length, virtual queue
length and throughput for E-RED are shown in Fig. 5; we see
that E-RED is stable and achieves a higher and less oscillatory
throughput and lower and less oscillatory queueing delay than
RED. For the numerical comparison, the average throughput,
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Fig. 3. E-RED in a large capacity network: real queue length (top graph),

virtual queue length (middle graph), and throughput (bottom graph).

average queue length, and standard deviation of queue length
(measured after the transient phase) for both algorithms are
listed in Table 1.

So for both large capacity and large delay networks, given
that the number of users is sufficiently large, E-RED stabilizes
TCP-Reno while RED does not. Furthermore, E-RED achieves
higher bandwidth utilization and smaller queueing delay.

One may argue that the advantage of E-RED over RED is
mainly due to the use of a virtual queue. We have performed
simulations with RED in a virtual queue (REDvq) and found
that REDvq is unstable if the virtual queue limit and the REDvq
parameters are taken to be the same as those of RED in the real
queue. The reason for the instability is that the link adaptation
speed is much larger than what Theorem III.2 suggests. From
Fig. 3, we see that at equilibrium, b; ~ 27000 packets. Since
we have chosen ¢ = 1, we get

2(27000 — 60) x 8320
0.1 x 109

and the following stability condition on link adaptation speed:

2 x 0.0442 x 8320

P = 0.0005 exp ( ) = 0.0442

hr) < =17. 107¢
9P) € =500 3610
For RED, the default setting for p,ax 1s 0.1 and this requires
0.1
maxthresh — thresh > ———— = 13584
7.36 x 106
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TABLE 1
NUMERICAL COMPARISON OF RED AND E-RED IN LARGE CAPACITY (LC)
AND LARGE DELAY (LD) NETWORK SCENARIOS

AVQ/Scenario | Avg(qlen) (pkts) | Std(glen) (pkts) | Avg(thr) (Mbps)
RED/L.C 117 131 939

E-RED/LC 9.74 11.8 951(~ 7¢)
RED/LD 27.7 34.3 278

E-RED/LD 11.8 16.2 285(=~ ye)
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Fig. 4. RED in alarge delay network: instantaneous queue length (top graph)
and throughput (bottom graph).

and hence a much larger virtual queue length. If we increase the
virtual queue limit 120 fold so that the difference between the
two thresholds is now 14 400 (which is larger than 13 584), then
the simulations (not shown here due to space limitations) indi-
cate that the system is stable under these new parameter settings.
So both linear and exponential marking profiles can stabilize the
system if the adaptation speed is chosen according to the condi-
tion in Theorem III.2. However, for linear profile to satisfy the
stability condition, we need the knowledge of p;, while E-RED
does not require that. This auto-configuration is one of the rea-
sons for choosing the exponential marking profile.

Remark 4: From the above simulation results, we see that
once the virtual queue becomes stable (oscillates around its
equilibrium point slightly), the system will become stable,
and the real queue size will be small and the throughput will
oscillate around ~;¢; slightly. In the following simulations, to
save space, we provide the graphs of only the virtual queues for
the E-RED algorithm.

B. E-RED-ig and E-RED-aq

We then test the stability and performance of E-RED-aq. We
still choose the topologies as in the previous subsection, and
choose a; = 0.001 and £ = 0.9. The virtual queue size of the
two network scenarios are shown in Fig. 6. From the graphs, we
see that E-RED-aq is also stable with TCP-Reno.
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C. Sudden Traffic Changes

To study the transient response of the proposed algorithm, we
consider a scenario where a large traffic source suddenly joins
the network and leaves after a while. We choose ¢ = 100 Mb/s
and N = 200, and the round trip delays to be from 20 ms to
100 ms. One UDP flow, with fixed rate of ¢/3 joins at 50 and
leaves at 70. The virtual queue is shown in Fig. 7. We see that
the transient response is fast.

D. Dependence of Stability on the Parameters: &, vy and pmin,1

We then study the influence of the parameters on stability
and performance. We have shown that £ = 1 also stabilizes
the system while & < 1/2 is suggested in Theorem III.2. To
further test how conservative the condition is, we have chosen
& to be 2, 4 and 8. The network parameters are chosen as ¢ =
200 Mb/s, N = 200, and RTT between 20 and 100 ms. The
E-RED parameters are chosen as puin,; = 0.0005, prax,; =
0.1, v = 0.9. We have plotted the virtual queue lengths for the
three ¢ values in Fig. 8. We see that as ¢ increases, the virtual
queue shows higher oscillation, and when ¢ = 8, the system is
unstable. So this simulation shows that the slow link adaptation
condition is not very conservative.

In simulations not shown here, we have also studied the influ-
ence of y on the system performance. We studied two scenarios,
one with ¢ = 150 Mb/s and N = 100, and another one with the

6000 |- VSNV i
Ao g g o et il L/wwmﬂ/w

& 5000 -
2
s //
= 4000 |
P
3 3000 [ J
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= 2000

1000 J) g
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Fig. 7. UDP traffic in and out, virtual queue.

same ¢ but N = 250. For the first scenario, we have seen that the
system is unstable for v > 0.93, and is stable for v < 0.93. For
the second scenario, we have seen that the system is unstable for
v > 0.97, and is stable for v < 0.97. For both scenarios, once ~y
is small enough for the system to be stable, the oscillation level
does not change much as v decreases. Thus we know that for
a fixed network scenario, there is a threshold value of -, under
which the system is stable. This threshold value can be larger if
the number of sources is increased while keeping the per flow
throughput constant. This is to be expected since what we have
observed is essentially a statistical multiplexing effect.

In simulations not shown here, we have also seen that if pyin
is smaller than the equilibrium value p, the value of pp,in ; only
changes the initial setup time, and does not influence the sta-
bility and transient response. However, if pmin; > p, we will
never reach the operating point and the system cannot be stable.

E. TCP-Reno, Highspeed-TCP, and Scalable-TCP

We studied the combination of E-RED with two popular TCP
variants for high-speed networks: HighSpeed-TCP [8] and Scal-
able-TCP [18]. We performed ns-2 simulation for HighSpeed-
TCP, and performed Matlab simulation for Scalable-TCP since
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Fig. 9. The window sizes of the three HS-TCP flows with E-RED.

it is not included in the current ns-2 package. For both simu-
lations, the scenario is the following: N = 3, the capacity per
user is 10 Mb/s, and the round trip delay for each user is 200 ms.
The window behavior of the three users under HighSpeed TCP
is shown in Fig. 9. The average throughput per user measured
over 75 seconds is 0.8c. For a small number of sources, the
use of fluid models is questionable since there are not enough
sources for the law of large numbers to hold [31]. Despite this,
the combination of E-RED with HighSpeed TCP gives a rea-
sonably high throughput. The fact that the fluid model does not
apply was noticed in the simulations from the behavior of the
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queue length. The queue length does not converge to its equi-
librium value. However, simulations (not shown here) have in-
dicated that if IV is sufficiently large, the system converges to
its equilibrium under E-RED.

The Matlab simulation for Scalable-TCP shows thatif £ = 1,
both the source rates (shown in Fig. 10) and the link marking
probability (not shown here) oscillate, without a trend of either
divergence or convergence. If ¢ = 0.9, all rates and probability
converge. These results suggest that & = 1 is the critical point
between stability and instability. This Matlab simulation also
supports our earlier claim that the slow adaptation condition in
Theorem II1.2 is not only sufficient but also very close to being
necessary.

F. Multi-Link Network Simulations

All the simulations above were for a single-link network. Our
theoretical analysis applies to a general topology network and
in this subsection we will examine the performance of E-RED
in a multi-link network. The network is composed of 6 routers
and 500 source-destination pairs (users), as shown in Fig. 11.
The 500 flows from the 500 users are all FTP traffic and they go
along 5 different paths: R1 — R2 — R4 — R5 (L1), R3 — R2—
R4 — R6 (L2), Rl — R2 — R3 (L3), R6 — R4 — R5 (L4),
and R6 — R4 — R2 — R3 (L5), with each path containing 100
flows. All the inter-router links have a capacity of 100 Mb/s and



1078

Virtual Queue Length (packets) Vs Time (seconds)

’ / \/\/\JM\“WV\/\/‘W\/\W\ AAAA T\
v \/f/

5000 |- -

4000 [ -

3000 / B
|

1000 | 4

7000

6000 [

virtual queue length (packets)

N
<]
Q
<]

o

o 5 10 15 20 25 30 35 40
time (secon: ds)
Throughput (bps) Vs Time (seconds)

1.4e+08
1.2e+08 |- “\J\ -
1e+08

8e+07

Throughput (ops)

6e+07 -

L J 1 F J,\'v \ p ANkl ]
/ \ fl w«\w e /ﬂ 1f\/f‘ W f,;,.n/‘\,,vv\]/ \/‘W,\(/J»v\;/,\ ,\./'\ fv\,v ]r‘\w, J ) \/hfj\ \/W. WM"NVVA

4e+07 —I

26407 7
o

[

5 10 15 20 25 30 35 40
time (seconds)

Fig. 12. The virtual queue length (top graph) and throughput (bottom graph)
of the link between R2 and R4 in a multilink network.

a delay of 10 ms; and all the user-router links have a capacity
of 10 Mb/s (large enough for these links not to be bottlenecked)
and a delay uniformly distributed between 0 ms and 10 ms. We
plot the virtual queue length and throughput of the link between
R2 and R4 in Fig. 12; those of the other inter-router links show
similar behavior. From the graphs, we see that E-RED stabilizes
TCP-Reno for this multi-link multi-path multi-flow network and
achieves satisfactory performance.

G. Summary of the Simulations

We summarize here our results from the simulations:

o For the general network with heterogeneous delays,
E-RED stabilizes TCP-Reno, even when the capacity or
the round trip delays are very large, given the condition
that the number of flows is sufficiently large.

» E-RED-aq also stabilizes TCP-Reno, by reducing the link
adaptation speed (Theorem IV.1).

¢ The transient response is fast when there are sudden
changes in the available bandwidth.

» For a fixed network scenario, there is a threshold value of v
to guarantee stability, and for most realistic scenarios, this
value of -y could be between 0.9 and 0.95. As N increases,
this value of v can be made very close to 1.0.

 The choice of pimin,; does not influence the stability and
transient response, given that prin; < P,

e If & > 1/2, the system might be unstable. If £ < 1/2 and
the system is unstable because /V is not large enough, the
system cannot be stabilized by making ¢ even smaller. This
suggests that the large oscillations for small N are due
to the TCP’s AIMD behavior and cannot be eliminated
through slow adaptation speed.

VI. CONCLUSION

In this paper, we have introduced a general class of primal-
dual algorithms and the E-RED algorithm. This class of primal-
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dual algorithms has been shown to be locally stable in the pres-
ence of delay. The E-RED algorithm has been shown to stabilize
TCP-Reno and its high speed variants, both analytically as well
as through simulations. The simulations were performed under
different scenarios and different parameter choices. These sim-
ulations clearly show that E-RED outperforms RED with larger
throughput and lower queueing delay. They also suggest guide-
lines for tuning the E-RED parameters.

APPENDIX

In this appendix we provide proofs for Theorems I11.2, IV.1,
and IV.2. First, we present the following lemmas as preliminary
to the proof of Theorem III.2 and Theorem IV.1:

Lemma 1: If 0, > 0,0, > 0,177 > 0,1y > 0,1, =
max(Tth), A1 >0, >0, + X2 <1, then

Iy fre 7T T\ T fpeIw T2
T, JwTi(jwTi + 61) T JwTa(jwTs + 62)

crosses the real line at the right of —2 as w varies from —oo to
00.

Proof: Ttis easy to see that f(—w) = f*(w), where f*(w)
is the convex conjugate of f(w), so we only need to consider the
case of w > 0. Without loss of generality, we assume T} < T5,
then 1, = 15. Let x1 = w17, x9 = w15, then 9 > x1 > 0,
and Ty /Ty, = x1/x2, To/T,, = 1. Define

0; —Jzi 1 4 m
Ci(x;)) = ——— ,.e = — cos eI TPITE
jri(jo +6;)  x;
(0,7/2). Then, f(w) =
Re(f(w)) and

flw)=2A

where ¢; = arctan(z;/0;) €
)\1(.1’1/.1‘2)C1($1) + /\202(1172). Let R =
I := Im(f(w)). Then,

3 A1 cos ¢y sin(¢y + 1) + Ao cos ¢a sin(p2 + 2)

R =
€2
and
I A1 cos ¢ cos(gpy + 1) + A2 cos ¢ cos(pa + 2)

)

To show that the curve crosses the real line to the right of —2,
it is sufficient to show that R > —2 if I = 0. Since R > -2 if
9 > 1/2, we only need to consider the case of z; < x5 < 1/2.
From I = 0, we get

A1 cos ¢1 cos(¢p1 + 1) = A2 cos ¢2 (— cos(pa + x2))

We consider the following two cases:

Case 1: cos(¢1 + 1) > 0 and cos(¢pa + z2) < 0, which
lead to ™ > ¢ + x9 > w/2 > ¢1 + 21 > 0. Then, we have
cos ¢y = sin(7/2 — ¢3) < sinzy < Ta, and 0 < — cos(pa +
x2) = sin(¢pa + 22 — 7/2) < sinza < x2.

If ¢1 + 1 < ¢, then cos(¢p1 + 1) > cos ¢2. So we have
IR = Az [ —cos ¢ cos(¢2 + x2) sin(¢1 + 1)

T cos(¢1 + 1)
+ cos ¢ sin(¢z + 22)]

< %[—008@52 +@2) sin(¢1 + 21)+cos P2 sin(¢2 + 22)]
2

< %[(—cos(gbg + x2)) + cos ¢a] < .

.Z‘2+.Z‘2 -9
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If¢1 +x1 > ¢2, then ¢1 > ¢2 - > ¢2 — x9 > 0, since
pa > /2 — 12 > 1/2 > 5. So cos¢py < cos(pa — x2) =
COS (hg COS T + Sin ¢ho sin xo and thus we have

1
|R| = . [A1 cos 1 sin(¢1 + 1) + A2 cos ¢a sin(¢a + x2)]
2

< S [A1(cos ¢o cOs 22 + Sin ¢o sin x) sin(Py + 1)
T2
+A2 cos ¢ sin(pa + 72)]
1
< — [Mi(cos g + sinza) + Ag cos ¢
2

1
< :U— [)\1(3?2 + 3?2) + )\2:1?2] <2.
2

So under case 1, we have R > —2.

Case 2: cos(¢1 + 1) < 0 and cos(¢pa + z2) > 0, which
leadtom > ¢1 +x1 > /2 > ¢ + x2 > 0. Then, we
have cos¢; = sin(n/2 — ¢1) < sinz; < z; < x9, and
—cos(¢y + x1) =sin(¢y + z1 — m/2) < sinzy < z1 < x0.If
¢2 + x2 < ¢, then cos(¢2 + 22) > cos ¢1. So we have

|R| = )\2 [cos @1 sin(py + 21)

cos ¢1 (— cos(P1 + x1)) sin(d2 + x2)
+
cos(¢a + z2)

< 2—; [cos ¢ sin(¢py + z1)
+ (— cos(p1 + x1)) sin(¢2 + z2)]

< 1 [cos p1 + (—cos(¢py + 21))] < T2+ %o =2
T2

If ¢o + 29 > ¢1, then ¢y > ¢ — w9 > 0, since ¢ > 7/2 —
1/2 > 1/2 > x5. S0 cos ¢ < cos(¢p1 — x2) = coS ¢y coSTa +
sin ¢1 sin x2 and thus we have

1
|R| = . [A1 cos ¢y sin(gy + x1) + A2 cos o sin(pa + z2)]
2

1
< — [A1cosysin(gy + 1)
2

+A2(cos ¢ cos xo + sin ¢y sin ) sin(pg + x2)]
1
T2

< — [A1cospr + Aa(cos py + sinay)]

1
< .17_ [/\1(1?2 + /\2(.7?2 + 112)] < 2.
2

Sounder Case 2, we still have R > —2. Then, we have proved
that R > —2 if I = 0 and thus the curve crosses the real line to
the right of —2. O

Lemma 2: If \; > 0,60; > 0,T; > 0,Vi = 1,2, 3 and
Tm = maX(ThTQ,Tg) )\1 + )\2 + )\3 = 1 then

3
= Z Aigi(w
1=1

crosses the real line to the right of —2 as w varies from —oo to
Q.

Proof: Suppose f(w) crosses the real line to the left of
—2; then there exists an w* such that Im(f(w*)) = 0 and
Re(f(w*)) < =2.1If s := ZL 1 Ai < 1, then we can pick
A, = M. /s, and the new combination f’(w*) = Z 1 Aigi(w*)
also lies on the real line to the left of —2. So we only need to
consider the case when Z?:l A; = 1, under which f(w*) lies

;e 3T
Z T JwT (jwT; —1—0)

1=1
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in the triangle formed by A;, A, and A3, where A;,7 = 1, 2,
3 are the points in the complex plan corresponding to g;(w*),
1 = 1, 2, 3. From the triangle property, there exists some point
on one of the three edges of the triangle that is on the real line
to the left of —2. From Lemma 1, we know that this cannot be
true. O

Lemma 3: For any integer N > 0,if A\; > 0,6, > 0,T; >
0,Vi =1,2,...,Nand T, = max(T; : i = 1,2,...,N),
Zfil A; < 1, then

N
= Z Aigi(w
=1

crosses the real line at a point to the right of —2 as w varies from
—00 to oo.

Proof: From Caratheodory’s Theorem [3, Prop. B.6, p.
679], let X be a subset of R™; then every element of conv(X)
can be represented as a convex combination of no more than
n+ 1 elements of X . So the convex combination of g;(w)’s can
be represented as a convex combination of three g;(w)’s. From
Lemma 2, we know that it is true for any integer V. O

With Lemma 3 at hand, we can now prove Theorem III.2 and
Theorem IV.1:

Proof of Theorem II1.2: Let a,
Then, from (29), a, < a,.

Let 8; := (gi(p1)ci/Pr)- Then from (28) and (29), we have

T.0,% f.e=sTr Gipy
L(s)=di s . AT(—5)dia .
(9)=ding (120 BT ) A spaiag (1) )
Since the open-loop system is stable, by the generalized Nyquist
Criterion [5] the closed-loop system is asymptotically stable if
the eigenloci of L(jw) do not encircle — 1. Now the eigenvalues
of L(jw) are identical with those of

T. 0, eI Tr T
T 2jwT, (jwT, + 6,.)

;e wT:
Z T JwTi(jwT; + 6;)

= =/ (&:U! (r)).

i) = din 7

where

A(jw) = diag (\/@) A(jw)diag ( H’gﬂ) _

Let 0(Z) denote the largest singular value of a square matrix
7 and p(7) its spectral radius. Given the condition in (30), we
have:

o* (Ajw)) =p (A7 (~jw)A(j0))
=p <diag <72&T§mfr> AT (—jw)

r

deg<@m> (ﬂ@)

2a, Ty, N .
diag <q—> AT (—jw)diag(Bipr)

—jw)A(jw)

|

diag G) A(jw)diag(2,)

<1x1=1.

The last inequality above uses the facts that

Y dr=fgi=aVlel, Y pi=¢VreR

r:lEr l:ler

(47)



1080

and

B < Vr:ler

! 2a, 1,

and thus the absolute row sums of these matrices are all less than
or equal to 1.
Now, if A is an eigenvalue of L(jw), then

T, f,.e~3wTr
AeCo <OU{2TmeT (jwTy + 6, )})

From Lemma 3, the eigenloci of L(jw) do not encircle —1; thus
by the generalized Nyquist Criterion [5], the closed-loop system
is stable. ]
Remark 5: We can also show that (6,.e~/“Tr/jwT,
(jwT,. + 6,.)) always crosses the real axis to the left of the point
—2/m, which suggests that our local stability condition will not
be too conservative regardless of the value 6 takes in [0, o).
Proof of Theorem IV.I: Define a, as in the proof of
Theorem II1.2. Then, a, < a,Vr, and (41) becomes
T.GrZy

1(s) = diag (T0rFr BT a7
VT G ) ’

Bipt ki
di A(s).
x diag ( P (s)

Similar to the proof of Theorem III.2, we need to show that the
eigenloci of L(jw) do not encircle —1. Now, the eigenvalues of
L(jw) are identical with those of

T, O IwTr flT(
T 2§ T (jw T, + 6,)

L(jw) = diag( —jw)A(jw)

where

Bipr K
c Jw 4+ Ky

2T,Gr Ty

A(jw) = diag i

A(jw)diag
Given the condition in (30), we have:
o* (A(jw)) =p (AT(—jw)A(jw))
— (g (2725 ) At ()
. J K .
wane (0 7y ) 409)
diag <2arTm> AT (—jw)
dr
waing (| )|
diag <$> A(jw)diag(z,)
The last inequality above uses (47) and

B

w+nl

<1xl=1.

K1
Jw + K

vr,l:ler,

a rEtm

and thus the absolute row sums of these matrices are all less than
or equal to 1.
Now, if A is an eigenvalue of L(jw), then

f e—ijr

A u - .
€co (0 {2jWTm(jWTT + 97“) }>
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From Lemma 3, the eigenloci of L(jw) do not encircle —1; thus
by the generalized Nyquist Criterion [5], the closed-loop system
is stable. (]
We finally prove Theorem IV.2.
Proof of Theorem IV.2: Note that:

Zpl(l _pl) S QT(I - (Ir)

lEr
= Z(ezl —1)<e’ -1
ler
= > (@-n<JJa—1
ler ler
N N
=) a<[[a+N-1
i=1 i=1
where @; := e* > 1 forall [, and (a;,1 < 7 < N)isa

permutation of (a;,! € ). Let us now prove the last inequality
by induction: it is obviously true for N = 1 and N = 2. Let us
suppose that it is true for N. Then, for V + 1, we have

N+1 N

ZaiSHai+N—1+GN+1

i=1 i=1
N+1 N

= H a; +Hai(1 —aN+1)+N+ (aN+1 — 1)

1=1 1=1
]\T
[
=1

N+1
N+1)-1)

= Hai+N—
N1

< Hai-i-((

Thus the inequality also holds for NV + 1, and therefore for
all V. (]

(ans1—1)
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