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On Nonlinear Controllability of Homogeneous STLC of multiple-input affine analytic control systems was ad-
Systems Linear in Control dressed by Sussmann in [7], where a general sufficiency theorem was
proven for analytic systems of the forin= fo(x) + >0, fi(z)u,
James Melody, Tamer Bas and Francesco Bullo with the constraintu;| < 1 foralli € {1,...,m}. In order to

understand this result, it is necessary to distinguish betvieenal

Abstract—This work considers small-time local controllability (STLC) prackef[s gncbvaluatedb_rackets. O'? the one hand, a formal bracket
of single- and multiple-input systems @& = fo(@) + .7, fiu: where is a pairwise parenthe5|zgd word (i.e., an element of the free magma)
fo(w) contains homogeneous polynomials ang, , . - . , f., are constant with well-defined left and rlght factors, number of factors, and degree.
vector fields. For single-input systems, it is shown that even-degree homo- On the other hand, an evaluated bracket is the vector field that results
gleneity 'Ktjf:et(:l‘lIUdeE STLC if tnet hSt?tfe di“;g”dSiO” is }I1arger than one. Tthis, from an iterated Lie bracketing of particular vector fields. When we
along wi € ODvIous resu at 1or oad-aegree nomogeneous systems -
STLg is equivalent to accessibility, provides a? completegcharacteri)z/ation spea_k_ of the vector flel_(generated bya formal brackgt, we mean
of STLC for this class of systems. In the multiple-input case, transforma- specifically the vector field that results from evaluating the formal
tions on the input space are applied to homogeneous systems of degree twobracket with respect to particular vector fields, an operation that is
an example of this type of system being motion of a rigid-body in a plane. theoretically captured by the evaluation map in [7]. This distinction
Such input transformations are related via consideration of a tensor on the is captured by the following notation, which we employ both in the

tangent space to congruence transformation of a matrix to one with zeros tat tof S , | suffici th d th hout
on the diagonal. Conditions are given for successful neutralization of bad statement of sussmann’s general suiiciency theorem an roughou

type (1,2) brackets via congruence transformations. the sequel: iB = (i1, ..., (ix—1,4x) . . .) represents a formal bracket

of indeterminateg0,...,m}, then f& = [fi,,...[fi._,» fir] -]
denotes the corresponding vector field generated by the evaluation
map from the formal brackeB with respect to a particular set of

|. INTRODUCTION vector fields{ fo, ..., f.. }.1 Hence, for example, we have the formal

Various concepts of controllability for nonlinear systems wergrafkett.B :thuﬁ(l,O)) tha(;.geqterattesdtrlg vgctor field resultlfng from
initially explored in [1]-[3]. In particular, [2] is primarily concerned evaluating the corresponding iterated Lie bradet [f1, fo]] for a

with the property of accessibility of the analytic control systerr“-l)"’mlcul"jlr pair of vector fieldgo and_fl. . .

& = P(x,u), namely that the set of points attainable from a give Several resultg were pre§ented in [7], but in the context of this note
initial point via application of feasible input is full in the sense ngermo?\tar?[f)r(r)rﬂn?greig|sfti)gge? cr)rr:it(::d?gr’g}emofafgrh?al bragl:et.
having a nonempty interior. Sussmann and Jurdjdeimonstrated in 0 atg tﬁ 0 ; ?c 0 e'ea[s ?eflr .‘"n:é"lL |"9 s usoel 0

[2] that a necessary and sufficient condition for accessibility of thegeehode f e(rjué)m erBo F)_(:c;rllrgences ma ZC.O;—Ih o Ttr[1 11,
systems is that the Lie algebra generated by the system have full raf'S define ¥o(B) = |_ lo + 322, |Bl:. The general theorem
the so-called Lie algebra rank condition (LARC) states that systems that satisfy the LARE@and havefo(x0) = 0 are

In [4], Sussmann explored the property of small-time local controﬁ-ﬂ‘C if there exists 4 € [0, 1] such that the tangent vectorat gen-

lability (STLC) for affine analytic single-input systenis= fo(z) + erated by each formal brackBt_wnh |Blo O.dd gnolB|1 oo | Bl all
F1(a)u with [u] < 1. A system is said to be STLC at a poing if that even can be expressed as a linear combination of tangent veciars at

N : .
initial point is in the interior of the set of points attainable from it ingeneratfred by sor:we set of brackefk }i.—, With 6o (By) < 8¢(B) for
time T for all T” > 0. In this case, the Lie algebra generated by th ! kke tll’..t. B }dtljt hasllgaecome cBonveIrlltlonaI t; rzfgr tokthte fogmal
system, denoted b¥({ fo, f1}), is the smallest involutive distribution racketswithBJo oddandB|, ..., | Bl alleven abad bracketsan

containing{ fo, f1} or, equivalently, the distribution spanned by iter-

if these bad brackets have corresponding vector fields that are not con-
ated Lie brackets of, and f,. Sussmann gave various necessary ar¥ ined in the span of vector fields generated by good brackets of fower
sufficient conditions for STLC in [4]. For example, a necessary con

legree ato then they are referred to petential obstructions STLC.
tion for STLC is that the tangent vectpf:, [f1, fo]l., be in the sub-

he obstructions are onpptentialbecause they only obstructthe known
space spanned by all tangent vectors.agenerated by brackets with sufficient conditions. In [6], Kawski presents several examples of sys-
only one occurrence of;, which is denoted by.* ({ fo, f1}), . More

Index Terms—Controllability, Lie algebras, nonlinear systems.

tems with potential obstructions that are known to be STLC.

importantly, the conditions conjectured by Hermes were proved to b%BOth fShussmann n [t7] asr'}?_ é a_\ll_v;.kl in [6] afplfyha general!feg d?f"
sufficient conditions for STLC. These Hermes local controllability conion o omogeneity to - [TIS concept ot homogeneity begins

ditions (HLCC) consist of (1), is a (regular) equilibrium point, (2) V\?ttt;] d?“”“f” Off d”itlonéizas a parimeterlied m‘apHF’ ok
the LARC is satisfied, and (33" ({fo. f1})zo C S* 7" ({fo, f1})xo ? .eto”“ e(AT) - (€ »r.z;. ]”1':; e F]R -fnt)hw ereg tartte) nc;]nnega-
for all evenk > 1 whereS*({fo. f1}), denotes the span of all tan- Ve integers. A polynomiap : — IS then said 1o beé homoge-

gent vectors at, generated by brackets withor less occurrences of neous of degreé with respect o the dilation, symbolically € H

., - . _ ]‘.” . . . .
f1. Stefani [5] provided an extension of Sussmann’s necessary Cor{cﬁﬁ(tiéc;éﬂ;z/?t = ¢'p(v). Traditional homogeneity is recovered via the

: . R o hry = ... = r, = 1. The definition of homogeneity is
hat STL ligsd?™ fo)x Zm—l ! o : ,
tion by demonstrating that STLC impli€ady;” fo)zy € Syg or then extended to vector fields in the following manner: a vector field

allm € {1,2,...}. For an excellent summary and tutorial of these a is said to be homogeneous of degre# fp € Hy_; whenever
well as other results in the single-input case, the inquisitive reader’is 9 gee jp k=g .
directed to Kawski [6]. p € Hy forall k > 0. Arelated area of research that capitalizes on this

generalized concept of homogeneity is that of nilpotent and high-order
Manuscript received January 30, 2001; revised October 17, 2002 amgproximation of control systems presented by Hermes, for example,
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1 k  2k-1 3k-2 4k-3 5k-4 6k-5 7k-6 Fig. 2. Motion of arigid body in a plane expressed in body-fixed coordinates.
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from fact ii), it is clear that brackets above the diagonal have homo-
Fig. 1. Graphical depiction of brackets that generate nonzero vector fieldsgeneity degree greater than zero and, hence, by fact i) have zero value
polynomial system (1) with homogeneity degiee atxo. Similarly, from fact i), we have that brackets below this line have

homogeneity degree less than zero and, hence, by definition are iden-
In the remainder of this note, we restrict our attention to homog‘égally Z6ro. o .
) ) . . o urthermore, systems of the form (1) commonly arise in mechanics.
neous nonlinear systems that are linear in control, using the traditio a|: . . - .
L . . . . . n example of such a system is the motion of a rigid body in a plane
definition of homogeneity. We begin by addressing single-input sys- ; ) . . -

. - " e>§pressed in body-fixed coordinates, as depicted in Fig. 2. The equa-

tems. Building on Stefani's necessary condition [5] and the conce;%.t : .
, .. ions of motion for this system are
of good and bad brackets of Sussmann’s general sufficiency theorem
[7], we demonstrate that such single-input homogeneous systems of w =uz + huy
even degree are STLC if and only if they have a scalar state. This by = — woy
result, combined with the obvious fact that for odd-degree homoge-
neous single-input systems STLC is equivalent to the LARC, com-
pletely characterizes STLC for these systems. Next, we address mifle state consists of rotational velocity and the two body-fixed
tiple-input systems with the additional restriction that they be homogtanslation velocities;, and v,. The input consists of the torque
neousof degree twoln this case, we extend the applicability of Sussu2 and the forceu; applied at a moment arm ok. Hence,
mann’s general sufficiency theorem by incorporating a linear transfafs(z) = (0, —2123, z122), fi = (h,0,1) for some constant,
mation on the multidimensional input in order to neutralize potentidk = (1,0,0), and the system is of the form (1) with homogeneity
obstructions that arise from type (1,2) bad brackets (i.e., brackets wilggree two. This provides a simple example of a system for which
|Blo = 1 and|B|ip = 2). In particular, we present a formal method forSussmann’s sufficient condition in [7] is not invariant with respect
neutralizing these type (1,2) potential obstructions wherein the probléminput transformations. In particular, if a pure forde = 0) and
of finding the desired linear transformation on the input space is r@-torque are used as inputs, then the system satisfies Sussmann's
duced to finding a particular matrix congruence transformation.  sufficient condition for the multiple-input case.However, if an
offset force(h # 0) is used, then potential obstructions appear as
vector fields generated from the type (1,2) brackets, i.e., brackets
with |Blo = 1 and|B|iw = 2. In general, we employ the phragge

by =Wy + . )

Il. PROBLEM EXPOSITION

In this note, we address STLC of systems of the form (k.£) bracketsto refer to all formal brackets3 of indeterminates
m {0,...,m} with |B|o = k and|B|:w = ¢, and denote the distribution
&= fo(x)+ Zf" wi (1) spanned by such brackets #8599 (F)3 Using this system as a

i=1 motivating example, we explore the neutralization via congruence

transformation of potential obstructions generated by bad brackets of
type (1,2) with vector fields generated by other brackets (perhaps also
bad) of type (1,2).

wherelu;| < 1andz € R". f; fori € {1,...,m} are assumed to be
constant vector fields,e, fi(z) = f;, and the components g¢f(x)
are homogeneous polynomials of degkez 1. We use the traditional
definition of homogeneous polynomialnamely thap(ex) = e*p(x).
The set of such homogeneous vector fields is denotédhyOur defi-
nition of degreek homogeneous vector fields is equivalent to that used In this section, we consider the single-input system
in [6], [7], and [9] in the following manner: také. : « — ez and S )
then™ ;. is in the general framework the set of vector fields homoge- &= folw) + fru )
neous of degreé — k. With this traditional definition, we have the wherex € IR”, « € [-1,1], fi € IR", andf, € Hz. In light of
following elementary facts: if (0) = 0 for f € H; with & > 1, and HLCC and Sussmann’s general sufficiency result [7], it is clear that for
i) [f,9] € Hj+x— forall f € H; andg € H,., whereH_; is inter- asystemasin (3) with odd homogeneity degree, accessibility is equiva-
preted as the singleton containing the zero vector field. lentto STLC, since there are no nonzero brackets wjthodd and - |4
Systems of this form are theoretically interesting because their Légen. In other words, the question of STLC reduces to the LARC. The
algebra atry = 0 has a diagonal structure, as depicted in Fig. 1. In , ) - ) )
. ! . A generalized force on arigid body consists of a pure force component which
particular, the only braqkelB that generate vector fields with NONZEro 4 ces only a translational motion and a torque component which induces only
value atr, are those withB|ig = (k — 1)|B|o + 1, where|Bli := 3 rotational motion.

> iy |Bl:- This follows directly from the elementary facts previously 3The notationc is used instead oL to emphasize that (") (F) is not
given. Keeping in mind thafy, € Hj; andf; € H, foralli # 0, necessarily a Lie subalgebra.

IIl. SINGLE-INPUT SYSTEMS
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following lemma asserts that if the vector fields generated by brackéi®e unchanged equations of motion, we have the potential obstruction
of type (1, k) do not add to the Lie algebra rank, then neither do thg, [fi, f0]](0) = (0, —2hk,0) ¢ span{fi(0), f=(0)}. This potential

vector fields generated by higher-degree brackets. obstruction prevents the use of Sussmann'’s sufficient condition for any
Lemma 1: For (3) with homogeneity degrée> 0, if (-cw‘l’j-1 fo)zo € h # 0.0nthe other hand, § = 0 (corresponding to a force input
span{ f1}, thenL({fo, f1})s, = span{fi}. through the center of mass) we can then apply the sufficient condition.

Proof: Since the Lie algebra structure is invariant to (analytic) coFhis is so because we have the vector figld [f2, fo]] generated by
ordinate transformations, without loss of generality we can faltebe the good bracketl, (2,0)) being(0, —1, 0), bringing the Lie algebra
the basis vectar; . Let H}' be the set of vector fields of homogeneityto full rank, and STLC is demonstrated. Furthermore, the system for
degreek with the form (Caf + 51 (x),n2(2),...,9.(x)) whereC  h # 0 can be transformed into the pure-force systém= 0) via the
is any scalar constant and the powerofin »; is less thark for all  input transformation
i € {1,...,m}. Then,(ad}, fo)s, € span{es} implies thatf, € w 1 0 i
H;', sincead’, corresponds to the partial derivative operdtdy oz} . < ) = <—h 1> <ﬁ ) -

; 11 ) a1 11
Z:]J(rjtgs;rr;ie%fﬂ f j_[’glr:(é; ?ﬁ?ﬁgtsfbéééﬁg Z?{é;j ises;’ry;r_ué d bSince STLC is clelarly invari.ant to.full-rank input tr.ansformation.s,
vector f?elds ofntﬁe ?ornif,v Wfouee o Lo fi]-. ] (apply, for ex- %e see that a parthular choice qf input tran_sformatlon may prowde
ample, [11, Prop. 3.8]) aIIlv/ect(Z)rfieIdsE{lffo rf1}) area}11ultiple a m_eans_of removing a potential obstruction, t_hus extending the
B ' e o applicability of Sussmann’s general theorem for this class of systems.
Remark 4: It is worth noting that Kawski [6] has considered tech-

P 2

Of61.

Turnin r ntion ms with even homogenei . . . -
urning ou attentio to.sy§te S wit even homoge _ety delgreenlquesfor neutralizing and balancing bad brackets. However, this tech-

we see that in generdl({ fo, f1})=, does include potential obstruc- . . > . o .
ue is not related to ours. Kawski’'s technique applies in the single-

tions generated from bad brackets, i.e., there are bad brackets alonan# it setting, and neutralizes brackets possibly with brackets of dif-
diagonal of Fig. 1. In particular, typen, (k — 1)m + 1) brackets are P 9, P y

) .. ferent degree via parameterized families of controls carefully tailored
(odd, even) whem is odd. We make use of the necessary condition : . "
. . 0 the system and the brackets in question. In some cases, these families
Stefani restated here for convenience. . oo - .
N . R . of controls involve switching between control limits, with the param-
Theorem 2—Stefani [S]If the systemi = fo(w) + ful@)ur IS oo trecting the switching times. Our technique utilizes the freedom
STLC, then(ad o)y € S* ™ ({fo. f1})ao. 9 9 : d

When applied to even systems, Theorem 2 states tI,]oe{‘tmultlple|ndependent|nputstoenforceallnearrelatlon between the

(ad2* fo) € span{fi} is necessary for STLC. However ifmputs in order to neutralize brackets of the same type.

e . 1

(adj; fo)z, € span{fi},then Lemmalassed$mL({fo, f1}) =1,

and systems witm > 2 cannot be STLC (for otherwise LARC is _ _ o

violated). This reasoning and the fact that the system +2* + u Moving to the generic multiple-input homogeneous system

with # € IR is STLC provides the following result. of degree two, suppose that there is some bad bracket of
Proposition 3: If the system in (3) has odd homogeneity degredne form (i.(i,0)) that generates a potential obstruction, i.e.,

then itis STLC if and only if it satisfies the LARC. On the other hand,fi: [fi: foll=o & span{f& (o) }i=,. We would like to find a full-rank,

if the system has even homogeneity degtee> 0, then itis STLC if linear transformatiof” on the input space such that the transformed

A. Neutralization via Congruence Transform

and only if the state is scalar. system
I
—
IV. MULTIPLE-INPUT SYSTEMS
T = fo(;l') + fiTi; | uy
We now return to consideration of the system in (1) whérec ; ; T

‘Ho (). An extension of the previous results to this multiple-input case
is problematic. In particular, the necessary condition of [5] runs into the
problem of a possibility of balancing between potential obstructiofs the corresponding potential obstruction removed. Of course, the
generated from bad brackets of the same degree. This considerafioirrank input transformation will not affestpan{ f. }{, . We make
along with the motivating example of planar rigid-body motion lead u®e restrictionju;| < 1/ where) is the spectral radius & in order
to investigate neutralization of potential obstructions by vector fieldg have the resulting; satisfy the boundf:;| < 1.4
generated from brackets of the same type. Suppose that there is at least one type (1,2) potential ob-

Of course, for the system in (1) the general sufficient condition of [Bfruction, i.e., there is somg € {1,...,m} such that
can be applied to determine STLC. Since the Lie algebra has a diagdbét [ /5. foll.a ¢  £°(F).,. Consider the codistribution
structure, the choice &f € [0, 1] in the theorem is immaterial. Using Ker£*" (F) that annihilates the distributiof®"*) (F). Then there
Sussmann’s concepts of good and bad brackets, the sufficient cormaiist exist some differential one-form € Ker£®V)(F) such that
tion allows us to neutralize potential obstructions from bad bracketslfs: [f3: foll)«, # 0. Let B2 be the codistribution containing all
with vector fields generated by good brackets of lower degree. Our géavectorsy € Ker£("") (F) with the property(y[f;. [f;, foll)z, # 0
with this section is to address the case where there are potential obstfacsome;. Let us suppose th335:10‘2) has exactly dimension one.
tions that cannot be neutralized in this manner, and to neutralize th€dwosing any nonzeré € B2, we define the map) from
potential obstructions with vector fields generated by other bracketsBR™ x TIR" to R by vz : (f.g9) — (B[f.[g. fol])x,. This map
the samedegree via appropriate choice of linear transformation on thigherits bilinearity from the Lie bracket and, hence, is a tensor of
input space. In this endeavor, the diagonal structure of the Lie algeloryariant order two at,. Next, we derive a matrid¥z € R™*™
will be particularly useful. from ¢ 5 via

Returning to the motivating example of planar motion in (2), it is
clear that this system is STLC. (For example, use the feedback trans- (Wp)ij :=alfi. £5) 4
formationu, = wv, + ) anduz = @z — huy 10 obtain the system a6 yodification of the control bound can result in difficulties in the bal-

described byy = @2, va = —wvy, andi, = ). However, in at- ancing of brackets in [6], this is not a concern in our case, since the neutralization
tempting to apply Sussmann’s general sufficiency result directly amat we achieve is independent of the relative magnitudes; of
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foré,j € {1,...,m} and wheref;, f; are the input vector fields of (1). type (1,2) brackets cannot be neutralized by vector fields generated by
By employing the Jacobi identity and the fact that the input vector fieldse type (0,1) brackets, i.e., the direction of potential obstruction. The
commute, it is clear tha¥ 5 is also symmetric. Denoting b\ilg the tensory s in coordinates i40, 0, 27; 0,0, 0; 2k, 0, 0). The associated
corresponding matrix for the transformed system, it is easy to see thadtrix V5 = (4h%, 2h;2h,0) has eigenvalue8h® £ 2v/h* + A2,

W3 = TTW,T. Inthis manner, the question of whether the obstructingf coursei # 0 is assumed, for otherwise there is no potential
brackets can be neutralized is reduced to the following linear algelmtastruction. It is easy to see th#i; is sign indefinite and, hence, the
question: construction in the proof of Lemma 5 provides the transformation

given a symmetric matrid s # 0, is there a full-rank, square c1(hVh — oo (VI F A2 ao(h)h — o (B)VIF A2
matrix I" such that the congruence transformationligf, ¥; = T = < 1(B) alz((h)) 2(h) a;((h)) )

TTW;T, has all zeros along the diagonal?

Supposing for a moment that such a congruence transform existheres; andos are continuous functions @ > 0 with o; > 0 for
Since it is full rank, it must be true that there is some particuiand  all finite » > 0. This transformation yieldﬁlg = (0,-2:-2,0),
jwith i # j such tha(¥5):; # 0. In simplified terms, such an input and the resulting type (1,2) brackets of the transformed system
transformation not only neutralizes the potential obstructions aloggneratd f1, [f1, fo]] = (0,0,0), [f1,[fz, fo]] = (0,1/h,0), and

B! °) , but also replaces them with vector fields generated by godfh, [f-, fo]] = (0,0,0). Thus the potential obstruction to STLC is
brackets annng(1 2)_ Furthermore, the input transformation will notremoved, and the Lie subalgebra generated by the systern &t
create type (1,2) potential obstructions that are annihilate%ﬁgf). spanned by vector fields corresponding to good brackets, namely
(This would be tantamount t67 0T # 0). Of course, the input trans- { fi, fo, [f1, [f2, fol]}. Hence, application of Sussmann’s general
formation will also affect the vector fields generated by higher degreesult [7] demonstrates STLC. It is interesting to note that whilés
brackets, possibly creating potential obstructions. not equal tdl" as previously determined, it does transform the system

Recalling that a symmetric matrix is called indefinite if it has at leasto one with a pure force and a torque input for ény 0.
one positive eigenvalue and at least one negative eigenvalue, we have
the following answer to the posed question

Lemma 5: Given a matrix¥g = \113 #+ 0, there exists a full-rank
matrix 7 such thath ; = T ¥ 4T has all zeros on the diagonal if and Not only can this technique neutralize a potential obstruction from a
only if ¥4 is indefinite. bad type (1,2) bracket with a vector field generated by a good type (1,2)

Proof: First, recall that by virtue of the symmetry of thebracket, butitmay alsobalance two potential obstructions generated by

matrix ¥, there exists a choice of orthonormal eigenvectodVo type (1,2) brackets. Consider the two input example withr) =

V= (v1.....vm) suchthal " 5V = diag(\i, ..., \n) where\;, (@223, 2123, 2% —23), fi = (1,0,0),andfz = (0,1,0). This system
are the real eigenvalues Bf; . Expressing the columnisof 7' interms  has two potential obstructions of type (1,2), namiy. [f1, fo]] =

of the orthonormal eigenvectors, we havies)i; = 327, A, (1] v;)?.  (0.0,2) and[fa, [f2, fol] = (0.0, —2). Furthermore, the good bracket
If ¥, # 0 is semidefinite, then without loss of generality, we can takéls (2,0)) evaluates asfi, [fe. fol] = (0,0.0). For this example,
Uy > 0, and henceé¥ )i = SN ;(tTv;)? > 0. For necessity, ¥s = (4,0;0,—4) is clearly |ndef|n|te and, hence, we have the de-

we must show that®;);; > 0. For any full-rankT" there is some Sired transformatiod” = (0.5, —0.5:0.5,0.5). The resulting type

column; and some eigenvalug; such that\, (¢7v;)? > 0, and (1,2) brackets for the transformed system evaluatefagfi, foll =

since); > 0 for all j, we have(¥5);; > 0. (0,0,0), [f1, [fo, foll = (0.0.1), and[f2. [f2. fo]] = (0.0,0), and

Suppose\h is indefinite, and group the eigenvalues into thos@9ain STLC is achieved. An interesting varratron on this example is ob-

which are positive{ A} }7+ | those which are negative\ }7;7 -, and tained if we replacgo () with (z2a3, x1 23, 27 + 23 +ax1 22), where
o € R. This system ha¥s = (4, 2a; 2a, 4) indefinite for|a| > 2.

those which are zerp\}, } 122, . The eigenvectors are srmrlarly groupe

into {v; }74, {0}, and{vQ};", . We proceed by constructing This condition has the mterpretatron that even when the vector fields

the matrixZ". The firstm, columnst; of T’ are chosen so that = »?, generated by the two bad breckets have values Mh the same
sign, they can still be neutralized with a vector field generated by a

achievingt? ¥st; = 0 fori € {1,..., mo }. The nextm4 columns ) ) )
¢, are chosen according tg..,., = UT/(AT)W oI /AT )2 for good bracket provided that its value alofigs large enough.

allj € {1,...,m4}. For this choicet;J_f, foralli € {1,...,mo}
and all j e {1,....mq}, and /4., ¥stjsm, = O for all D. Effect of Neutralization on Other Directions
j € {1,...,my}. The final mm_ columnst, are chosen to be
tegmo+m, = v /(N2 o /(A ) forallk € {1,...,m_}.
Similarly, this final group of columns |s orthogonalfe; };2% and has
the propert}tk+nlo+m+qj}tk+,,L0+7,l+ =0forallk € {1,...,m_}.
Furthermore{{t,};~,,,+, is linearly independent. This completes the
construction off".

C. Example of Balancing Two Bad Brackets

Next, we consider the effect of neutralization of potential obstruc-
tions along one direction wrth|r33(1 2) on the value of the brackets
along another direction Wlthrmgl 2). We consider the system that
evolves one € IR* described byfo(z) = (2224,0, 22 42122, 1 29),
f1 = (1,0,0,0), and f2(0,1,0,0). The type (1,2) brackets for this
SyStem arqfh [fla fU]] = (0101 2, 0), [f27 [fZa fU” = (00* 090)1
and[f1,[f2, fo]] = (0,0,1,1) and, hence%gl’z) is spanned by the
B. Planar Vehicle Example Revisited covectorg0,0,1,0) and(0, 0,0, 1). If we concentrate on neutralizing

the bad bracket in the directioh = (0,0, 2,0), then we havel'; =

Applying this line of reasoning to the Planar vehicle exampléd, 2; 2, 0) with eigenvalues. = 24:2+/2. The constructed transforma-
previously presented, the codistributiof} is spanned by tion matrixT = (—27'/4, 271/%.0,2'/#) neutralizes the bad bracket

= (0,—2h,0). In this example, if we use the canonical isomoralong 5. However, the transformation produces a potential obstruc-
phismsTIR” ~ T*IR" ~ IR™ and furthermore if we endolR™ with  tion along the covectdi), 0,0, 1), as evidenced by the resulting vector
the natural inner product based on a particular choice of basis, we @aids [f, [fi, fo]] = (0,0,0, —\/_) (1,2, foll = (0,0, -1, 1),
mterpret‘B;O’ 2 asthe projection of the vector fields generated by thend [f, [f, fo]] = (0,0,0,0). In fact, this system is known to be

type (1,2) brackets onto the orthogonal complemen&‘{ifl)(}') It not STLC, as can be seen by applying the coordinate transformation
represents the direction in which the vector fields generated by the:= »5 — x4 andy, = z; fori # 3.
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TABLE | V. CONCLUSION
APPLICABILITY OF NEUTRALIZATION VIA CONGRUENCETRANSFORMATION . )
We have presented a complete characterization of STLC for the class

of single-input, homogeneous polynomial systems linear in control,
#ofgood #of bad where homogeneous is used in the traditional sense. Specifically for
dim(B{;”) brackets brackets  outcome odd-degree systems, STLC is equivalent to the LARC, while even-de-
0 n.a. n-a. no obstr. gree systems are never STLC except for the degenerate case of a scalar

1 1 0 no obstr. . . . .

1 1 1 neutralized state. For multiple-input homogeneous systems linear in control, we

1 >0 2 possibly neut. have investigated neutralization of bad brackets with brackets of the
>2 open question same type. The methodology presented in this note provides a means of

neutralizing bad brackets of type (1,2). By consideration of the tensor
generated from the bracket structiid-, fo]] applied to the direction
containing a potential obstruction, we have reduced the question of neu-
tralizing an obstruction to that of finding a congruence transform that
We have developed a methodology for neutralizing potential obesults in a matrix with all zeros along its diagonal. It is shown that such
structions generated by bad brackets of type (1,2) for homogeneousalgansformation exists if and only if the matrix in question is indefinite.
gree-two systems that requires indefiniteness of the méitgidlefined  When this test is translated back to type (1,2) brackets, it has intuitive
in (4). To interpret this requirement, we recall that a matrix is positivienplications, which are illustrated with several simple examples. The
definite if and only if all of its principal minors are positive definite.methodology presented is limited in its effectiveness by the fact that
On the other hand, a matrix is negative definite if and only if all of it§ removes a potential obstructi@mly along a particular direction in
principal minors are negative definite when of odd dimension and pase tangent spacalthough an extension to multiple directions appears
itive definite when of even dimension. Hendk; will be indefinite if  attainable. Although the neutralization via congruence transformation
some principal minor is itself indefinite. Recalling that thiéh entry of  result has been presented in the context of homogeneous systems, its
¥ 4 is the value of the evaluated brackgt [f;. fo]] along the covector development does not rely on the homogeneity of the drift vector field
3, the implications of the indefiniteness test become intuitively cleaand, hence, applies to neutralization of type (1,2) brackets for any non-
For the moment, let us restrict our attention to cases V\/ﬁﬁé) has linear system that is linear in control.
dimension one, sa%go’?) = span{ ., } for someg. If there is a po-
tential obstruction from a single, type (1,2) bad bracket and a type (1,2) REFERENCES
good bracket is not_annlhllateqm by ,8,_then the obstruptlon can al- [1] H. G. Hermes, “On the structure of attainable sets for generalized dif-
ways be removed since the principal minor corresponding to these two ~ terential equations and control systema, Diff. Equationsvol. 9, pp.
brackets is always indefinite (i.e., the mat(iX«, b; b,0) has eigen- 141-154, Jan. 1971.
valuesa £ /a2 + 4b2). If two or more evaluated bad brackets are not [2] ? El)-_ f?uésm%f;f:] anIV-lgurdjE\éi;, “ﬁgnt;gl”afgi%d nonlinear systems,”
annihilated atro .by 4, then they can all be S|multaneoysly neutrfillze.d @] R I-:e.rmgtrf;l1 anj A..J. kr%?ller, “NonI'inea{' controllability and observ-
so long as a pair of the evaluated bad br_ackets provide opposite sign ability,” IEEE Trans. Automat. Confrvol. AC-22, pp. 728-740, Oct.
when operated on by. On the other hand, if one or more evaluated bad 1977.
brackets all have the same sigrnratalong the covectot and all good [4] H.J.Sussmann, “Lie brackets and local controllability: A sufficient con-
brackets are annihilated by at zo, then the technique fails. Notice dition for scalar-input systems3IAM J. Control Optim.vol. 21, pp.
that while the examples all had just two inputs, the technique applies[s] 686713, Sept. 1983.

. . : G. Stefani, “On the local controllability of a scalar input control system,”
without modification to homogeneous degree-two systems with more”™ ~ i, Theory and Applications of Nonlinear Control Syste@sl. Bymes

E. Interpretation and Impact

than two inputgm > 2). and A. Lindquist, Eds. New York: Elsevier, 1986.
When other directions are involved, the neutralization may en- [6] M. Kawski, “Higher-order small-time local controllability,” iNon-
counter difficulties. Supposing thaB&lo’Z) is spanned by{/ii}f:1 linear Controllability and Optimal ContrglH. J. Sussmann, Ed. New

. . Y . . York: M | Dekker, 1990, vol. 133, P d Applied Math tics,
with k > 2, the question of neutralization of potential obstructions Cg.r 14 ;;?31413476{ ve ure and Applied Maihematics

becomes one of simultaneously transforming the matricesso that [7]1 H. J. Sussmann, “General theorem on local controllabili§iAM J.

they all have zeros on their diagonals. If the ranges of the matfiges Control Optim, vol. 25, pp. 158-194, Jan. 1987.

are orthogonal, then the problem can be solved with a block diagonal8l fjfi)\./esrseirtre\];\i/e ﬁ'g‘:ﬂfg;;ﬂ%'&ie (ég’mugﬁa'-gcwfslgé\ge” at Harvard

tranSforr.natlonT‘ where e‘.”‘Ch block .appmp”ately tra_lr_]Sfo_rms each [9] H.G. Heryr‘nes,“NinO{ent ahd high-orderagpryoxin;ations of vector field

¥,. This procedure requires a straightforward modification of the = gystems,"SIAM Rev.vol. 33, pp. 238264, June 1991.

construction off". These interpretations are summarized in Table I. [10] A. A. Agrathev, “Is it possible to recognize controllability in a
Finally, notice that the homogeneity #f is not essential to the de- finite number of differentiations?,” iOpen Problems in Mathemat-

velopment of neutralization via congruence transform, the construction 1@ Systems and Control Theory. D. Blondel, Ed. New York:
Springer-Verlag, 1999, Communications and Control Engineering, ch.

of the matrix¥ z being sufficiently general that it applies to any non- 4, pp. 15-18.
linear system that is linear in control. For example, neutralization 0f11] H. Nijmeijer and A. J. van der Schafionlinear Dynamical Control
potential obstructions from type (1,2) brackets for the sysfefm) = Systems New York: Springer-Verlag, 1990.

(2ows, w123, 5in% 21 — sin 23), f1 = (1,0,0), andf> = (0,1,0)
proceeds identically to that of the previous example withr) =
(wow3, x123, 01 — @2). Clearly the proposed technique provides for
neutralization of potential obstructions from type (1,2) brackets for
these more general systems. A generalization of neutralization via con-
gruence transformation to inhomogeneous nonlinear systems would in-
volve incorporation of the rich differential geometry of nilpotent and
higher order approximations and foliations described, for example, in

[9].
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