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Adaptive Controller Design for Tracking
and Disturbance Attenuation in Parametric
Strict-Feedback Nonlinear Systems

Zigang PanMember, IEEE and Tamer Bgar, Fellow, IEEE

Abstract—The authors develop a systematic procedure for design with known parameter values and implemented using
obtaining robust adaptive controllers that achieve asymptotic identified values for these parameters. Many success stories
tracking and disturbance attenuation for a class of nonlinear e peen reported in achieving global boundedness of internal
systems that are described in the parametric strict-feedback form . .
and are subject to additional exogenous disturbance inputs. Their stc_ates and asy_mptotlc perform_ance of the syster_n OUtPUt using
approach to adaptive control is performance-based, where the this approach in both stochastic and deterministic (noise-free)
objective for the controller design is not only to find an adaptive settings [3]-[8]. However, establishment of counterparts of
controller, but also to construct an appropriate cost functional,  these results for general nonlinear systems, using the certainty-
compatible with desired asymptotic tracking and disturbance equivalence approach, has been quite elusive, with successes

attenuation specifications, with respect to which the adaptive d initiall inlv for th h h i o
controller is “worst case optimal.” In this respect, they also depart '€POrted initially mainly for the case when the nonlinearities

from the standard worst case (robust) controller design paradigm satisfy some global linear growth conditions [9]. For nonlinear
where the performance index is fixedpriori. systems with severe nonlinearities, a breakthrough took place

Three main ingredients of the paper are the backstepping after the much celebrated characterization of the class of

methodology, worst case identification schemes, and singular : : fiE0 . :
perturbations analysis. Under full state measurements, closed- feedback linearizable syste ], [11]. A pioneering work

form expressions have been obtained for an adaptive controller IN this area has been [12], which presented a systematic
and the corresponding value function, where the latter satisfies a design paradigm based on the noimkegrator backstepping
Hamilton—Jacobi-Isaacs equation (or inequality) associated with method to globally adaptively stabilize a subclass of feedback
g?e !J”Ot'?”y_ing Cosl'_ttf‘;”‘?ttir?”} therebB)’A\'e?‘dingtto tsstiSfacéiO”t 0; a linearizable systems described prarametric strict-feedback
ISsipation inequall or the tormer. An importan -proauct o : - :
the apnalysis isqthe fi¥1ding that the adaptivré controll)/efs that meet form. Thls.approach was further refined in [13], .Wher.e over-
the duai specifications of asymptotic tracking and disturbance Parameterization was removed and was generalized in [14] to
attenuation are generally not certainty-equivalent, but are asymp- & larger class of nonlinear systems. It has also been applied
totically so as the measure quantifying the designer's confidence to decentralized systems [15], as well as to nonholonomic
in the parameter estimate goes to |nf|n_|ty. To |IIustrat¢ the main nonlinear systems [16]. For an up-to-date list of references
trﬁﬁglts, the authors include a numerical example involving a on the development of the backstepping approach, we refer
-order system.
_ _ _ the reader to [17].
Index Terms—Adaptive control, backstepping, disturbance at- |nyitively, an adaptive controller design uses (and generates
tenuation, nonlinear systems, tracking. online) more information on the system uncertainties than non-
adaptive designs and therefore should lead to controllers with
better robustness properties. In spite of this, many adaptive
I. INTRODUCTION controllers have been shown to exhibit undesirable robustness
HE DESIGN of adaptive controllers for parametric unProperties [18]-{20]Nonrobustnessf an adaptive controller
certain linear or nonlinear systems has been one Qﬂuld lead to inferior transient behavior and burstiness in
the most researched topics in control theory for the pdée closed-loop system under external disturbance inputs. To
two decades. For linear SystemS, adapti\/e controller desig}yfgercome these difficulties, various modifications to earlier
have been centered on the certainty-equivalence principle [d§signs have been proposed to robustify the adaptive controller
[2], where the controller structure is borrowed intact from €esign, for both linear and nonlinear systems [21]{23], but
these still fall short of addressing directly the disturbance
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[24]-[31], motivated by the differential game approach [32hccess to the derivative of the state variables for feedback. In
It would therefore be natural to cast a robust adaptive conttbis case, we show that one of the causes of the nonrobustness
problem in the framework of nonlinedf >° optimal control, of a certainty-equivalent controller design is the fact that,
where specific measures of asymptotic tracking, transia@ntthe closed-loop, the disturbance inputs enter the system
behavior, and disturbance attenuation can all be incorporatedbugh the differentiation of the parameter estimates, also
into a single cost functional. This has in fact been dorlown as theswapping termn the adaptive control literature.
recently in the context of parameter identification (for linA singular perturbations analysis is then naturally employed
ear and nonlinear systems) [33], [34]—a study that has l#alestablish the robustness of the adaptive controller, when the
to a new class of robust identifiers that guarantee desirmeb-time-scale identifier dynamics are utilized. The closed-
achievable levels of disturbance attenuation. The structurelodp system admits a value function that can be expressed
these worst case identifiers resembles that of a least squémeslosed form and satisfies a Hamilton—-Jacobi—Isaacs (HJI)
identifier, except for the presence of additional state eséiquation (or inequality) associated with the underlying cost
mate dynamics and an extra negative-definite term in thenction, thereby guaranteeing a desired level of performance
differential equation for the error covariance matrix. The fador the adaptive controller. Three main ingredients of the
that these have been obtained as the result wfoest case paper that pervade the derivation and the analyses are the
optimization process, leading to satisfaction of a dissipatidrackstepping methodology, worst case identification schemes,
inequality, makes them an ideal candidate to use in any coatd singular perturbations analysis. A numerical example is
optimization-based adaptive controller design—which is whatcluded in Section IV to illustrate the theoretical findings
we do here. of the paper. With minor modifications, the design paradigm
Accordingly, this paper studies robust adaptive controll@resented here can be applied to a class of minimum phase
design using the worst case design methodology. To obt@iarametric uncertain linear systems, as briefly discussed in the
explicit formulas for the controller, we consider the speciaonclusions section.
(but important) class of nonlinear systems that is described inThe problem of asymptotic tracking and disturbance atten-
the parametric strict-feedback form, which we further take tmation for parametric strict-feedback nonlinear systems has
be subject to additional affine exogenous disturbance inputeen addressed also in the recent book [35]. However, the
The design specifications for the robust adaptive controller aapproach adopted there is considerably different from the
asymptotic tracking of a given reference signal and achievere developed here and is related to the tuning function
ment of a desired level of disturbance attenuation over thpproach introduced earlier in [13]. Here, we make use of
entire time interval[0, co), which would then translate into the robust identification schemes derived in [33], and as a
much improved transient response. We present a systematisult of this combined identification and control design, the
design paradigm, which leads to robust adaptive controlleadaptive controller obtained is only asymptotically certainty
with the following three appealing features: 1) asymptotiequivalent, and it requires a smaller control magnitude to
convergence to certainty-equivalent controllers as the ideaehieve the same level of disturbance attenuation. On the topic
tification error covariance approaches zero; 2) utilization of transient performance, we should mention the two recent
robust parameter identification schemes as basic buildireferences [36] and [37] which have focused on the analysis
blocks; 3) attenuation of exogenous disturbance inputs to aofy existing adaptive control algorithms, rather than on the
desired level of performance over the entire time intervdesign of controllers with respect to an optimality criterion,
[0, c0). which puts direct weight on the transient performance of the
Departing from the standard robust control setup, our oblosed-loop system.
jective for the controller design includes the characterization The balance of the paper is organized as follows. In the
of an appropriate cost functional, compatible with the givemext section, we provide a precise formulation for the non-
asymptotic tracking and disturbance attenuation specificatiolisear adaptive tracking and disturbance attenuation problem
under which the controller designed satisfies a dissipatitm be studied in the paper. In Section Ill, we first present
inequality, or equivalently, ensures a zero upper value farbackstepping design tool for asymptotically tracking and
a particular zero-sum differential game. The cost functisimultaneously disturbance attenuating controllers for a two-
includes a positive-definite quadratic weighting on the trackingvel nonlinear system; then, we make repeated use of this
error (and possibly also weighting on internal states) andbackstepping tool to design robust adaptive controllers using
negative-definite quadratic weighting on the exogenous inputise robust identifiers derived earlier in [33] and establish their
whose ratio reflects the desired disturbance attenuation lexabustness with respect to exogenous disturbances. A numeri-
for the closed-loop system. The freedom in the choice of tlval example that involves a third-order nonlinear system with
cost function allows us to extend the backstepping methodalsingle unknown parameter is presented in Section IV, which
ogy of [12] and apply it to this robust adaptive control problentlearly illustrates many appealing features of the designed
We make use of the identifier designs obtained in [33] as a figintroller. The paper ends with the concluding remarks of
step to the robust adaptive control design. Because of the tv@ection V and two Appendixes, the first of which presents
time-scale structure of the worst case identifier, the controllsome derivations that lead to the identifier dynamics used in
design is based on the quasi-steady-state dynamics of the adaptive controller design, based on the results of [33]; the
identifier dynamics, which are precisely the dynamics undsecond one provides relevant expressions for a robust adaptive
the less restrictive measurement scheme that allows additiooahtroller designed for a modified version of the main model.
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Il. PROBLEM FORMULATION Associated with (1), we are given a reference trajectory

Motivated by the results and formulation of [12] (and alsg<(?) that the output of the system, is to track. We make the
[23]), we consider in this paper a class of single-input/singl@”ow'ng smoothness assumptions on this r_efere_nce trajectory.
output (SISO) nonlinear systems, in the followingise-prone  ASSumption A3:The reference trajectony, is » times con-
parametric strict-feedback form: tinuously differentiable, where the signal and the derivatives

y((il),---,y((in) are uniformly bounded, i.e., for somg, > 0,

&1 =z + fi(z1) + ¢1(w1)b1 + A (z1)wn (1a) andVi = 0,---,n

WS (B < Cu,  VEE[0,00)

-/tnfl =Tn + fnfl(xlv R -/En*l)
+ Gror (@1, Tm1)fnt with 4 = y,. The signaly, and its firstn derivatives are
+hl _(T1, Tt )Wa—1 (1b) available for control design. O
B = frl@y, - @) + (@1, 20 )0 For( fl{gure reference, we denote the vect(yd,yfil),
b, B (e )w, (1) T oYd ) DY Za o
The uncertainty, both intrinsic as well as exogenous to
y=* (1d) the system, is the tripl¢z(0), 0, wjo,)), that is the initial
state, the true values of the unknown parameters, and the
Here,z := (21, --,2,)" is the n-dimensional state vector, driving disturbance. Since we are interested in the worst case
with initial state belnga:(()), 1 is the scalar control Input, performance, the exogenous |npu[b7oo) can be taken to be
w = (wi, -, w,) is the ¢-dimensional exogenous inputany open-loop time function, as in the case Ff°-optimal
(disturbance) wherey; is of dimensiong;, i = 1,---,n; 5 IS control problems. In view of the results of [33], we takg .
the scalar outpuff := (61, -, 6,)" is anr-dimensional vector {5 pelong to some subset of all uniformly boundéfl..)

of unknown parameters of the system whéres of dimension ime functions, and the uncertainty trip{e(0), 8, wyo o)) t0

7i, ¢ = 1,---,n; and the nonlinear functiong;, ¢, hi, and  pejong to W, which is taken as an appropriate subset of
b,i=1,---,n are known and satisfy the triangular structurgz» « R « £ to be specified later.

depicted in (1). Note that, as compared with the parametricp,q objective of the controller design is to force the

strict-feedback form introduced in [12], the above System i to track the reference signgk asymptotically, while
further incorporates add|t|(_)nal add|t_|ve_ dlsturbaqce 'npurﬁttenuating the effect of the exogenous input (disturbance)
where the non]megr functions multiplying the d|sturbanc§]e initial conditionz(0), and the unknown parameter vector
terms are also in triangular form. We should further note thgt A precise statement of this objective is now given below
the above form of the nonlinear system is block diagonal Definition 11.1: A controller & is said to beasymptotically

in terms of the disturbances and the parameter VeCtortracking with disturbance attenuation level if there exist

6—this specific structure being essential for the applicabilit . . -
of the backstepping design procedure for the derivation of |¥8nnegat|ve function&(t, z(o, ;) andio(z(0), 6 = §) such that

- . N N i VA . :
adaptive controller when the parameter vedas unknown. or all ¢ 2 0 the following dissipation inequality holds
In order to bring an original system into the noise-prone

parametric strict-feedback form as above, one may have to sup {/t ((y = ya)? + (7, 20.0)

treat any single parameter that enters (1) at different integration  (2(0),6,w ) e LJo ’

stages as different parameters, which would then clearly lead — 22w]?) dr —~2]0 — 8|2

to overparameterization of the plant; one may also have to treat _ Qo

any single disturbance that enters the dynamics (1) at different —lo((0),6 — 6) < 0. ()

integration stages as independent disturbances, which again

would lead to an additional level of conservatism. Here,| - | denotes the Euclidean norr,:= (@’17 . 7@%)/ is
For the nonlinear system (1), we make the following twehe initial guess for the unknown parameters, andsthe r

basic assumptions as a starting point of our study. dimensional matrixQ, > 0 is the quadratic weighting of error

Assumption Al:The nonlinear functiong;, ¢;, andh; are petween the true value éfand the initial gues8, quantifying
n—i+1 times continuously differentiable in all their argumentgyr |evel of confidence in the initial guess.

(or simply areC"~*+!), i = 1,---,n. The nonlinear functions  \we will take , to be of block diagonal structure:

b and1/b areC! in all their arguments. O
Assumption A2:There exists a positive constansuch that :
hi(z)Yhi(z)>c; Ve e R, i=1,---,n. O Qo = block diagona}Qo1, - -+, Qon }

Assumption AQuarantees the smoothness of the nonlinear
functions f;, ¢;, andh;, ¢ = 1,---,n, which is required for whereQo; > 0 is of dimensions; x r; and corresponds to our
our design proceduréssumption A2equires the disturbancelevel of confidence in the initial guess, i = 1,-- -, n.
to enter every channel of the nonlinear system (1), which An important point to note here is that in the performance
is needed to avoid singularity in the identification of théunction (2), there is no weighting on the control input. Hence,
parameters when full state measurement is available. any attenuation level > 0 can be achieved by allowing the
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magnitude of the control input to increase~adecreases. The for achieving disturbance attenuation without the necessity
smaller the value ofy is, the better will be the disturbanceof increasing the guaranteed attenuation level at each step
rejection property, but at the expense of a larger controf recursion and takes advantage of the achieved disturbance
effort. Any controller that achieves the above objective hadtenuation property in the original design. Therefore, this
the following property, for any > 0: algorithm leads to a controller with smaller controller gain,
while guaranteeing the same level of robustness with respect
" 1/2 to the disturbance.
g { </ ((y = ya)* + U7, 200,71)) dT) / Lemma lll.1: Consider a noise perturbed nonlinear system
0

(2(0),6,w(0,00) )EW given by
t 1/2
|w]? dr 416 — 6], + (1/7%)lo(2(0),6 — 9)) }
</0 @ Zo = fol®o) + Go(0) e + holzo)w (3a)
<7 Zq :fa(xoaxa)+ga($oaxa)u+ha(xoaxa)w (3b)

Hence, theZ; norm of the tracking error is always smaller than ) . ) ) ) . .

~ times theLs norm of the disturbance input plus a constarN€réz. is n1 dimensionalz, is scalaruw is ¢ dimensional,

that depends only on the initial states of the system. and the functions’s, go, /o, fa; 9o, @ndh, are smooth with
We will consider the class oftate trajectory-feedback 9a(To,%a) # 0, fOr any (z,, z,). Suppose that with, picked

controllersu() = yi(t, zyo,,)), Wherey is piecewise continuous as thg virtual control mp_ut to the ;ubsystem dyljam|cs_(3a),

in # and Lipschitz continuous in the state trajectafy,,;. We and W|th qo(20) some arbitrary but fixed nonnegative-definite

will refer to this measurement scheme underlying the givdHnction, there exists a control law,(z,) such that the

controller as theunknown parameter full state information'®/loWing HJlinequality is satisfied by a nonnegative-definite

(UPFSI), to differentiate it from the one where also th¥alue functionVo(z,):

trajectory of the derivative ofr is available for control

purposes—which we will refer to as thenknown parameter 1 av v\

full state with derivative informatioUPFSDI); we will have 2 (fo+ goto) + —5 —"hohg< 0) +q,<0. (4)

occasion to use this measurement scheme at a crucial interme2%o 4y* 9z, Oz

diate step in the derivation of the robust adaptive controller.

For a more in-depth discussion of the controller design undeken, there exists a control law and a nonnegative-definite
these two measurement schemes, as well as a third (M@& e functionV' (z,, z,) for the overall systenfz,, ), such

expanded) measurement scheme that allows the controllef{gt the following HJI inequality is satisfied for any desired
have access to the true value of the parameter vector—caligthnegative-definit@(x,, z), wherez := z, — av(z,)

known parameter full state informatiqgkPFSI)—we refer the
reader to [38].

We now conclude this section by introducing some notation <av>
and convention that we v/v|II _adopt throughout the paper. 0> q + 52+ or, fo+ goza
The vectorz := (2, -- -,zﬁ) Wl|l denotg some transformed av fa + gac
state variables; the vecter:= (6;,---,6,,)" will denote the Oy
estimate of the parameter vecthrwith 6; being the estimate 1!

. ~ = AR 1% oV

of 6;, i = 1,---,n; the vectort = (61,---,6.,) is then the 1 - n1Th
estimation errof — #; any function symbol with an “over bar” +— 9z, 1 9z, . )

. . . . 4’}/ av ha ha av
will denote a function defined in terms of the transformed state D .
variables, such ag denoting the equivalent form of functian Ta Ta
(of z) in terms gf transformed state variakleFor any matrix
M, the vectorM is formed by stacking up its column vectors.  Proof: First we observe that,, satisfies the HJI inequal-
For any functionak, depending on a parameter vectora. ity (4) if and only if it satisfies, along with the dynamics (3a),
denotes the partial derivativén/9¢, which is a row vector. the following inequality:

; 7

7

lll. ADAPTIVE CONTROLLER DESIGN Vo< WV,
0

. . ) _%go(xa,_ao)_(ﬂ) +’}/2|T,U|2
We first present a backstepping lemma that will be used ° o
repeatedly in the controller design stage. The intuition behind 5 1 ,/08V,
this result is that if a desired disturbance attenuation level A ﬁho <8$o> ‘ )

can be achieved through a virtual control input, then the same
attenuation levely can be achieved using the actual control
law which generates the virtual control input through a firsNow, to prove the lemma, we introduce a new disturbance
order dynamics. As compared with the existing backsteppimg = w — (1/2v?)h)(3V,/x,)’ and a new state variable
algorithms, the lemma below provides a recursive solution= z, — «,(z,). In terms of these quantities, the system
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dynamics can be expressed as follows: following®:
Zo = fol@o) + go(@o)vo + go(wo)z b =i~ L — 5, 60)=08,  (6a)
’ €
+ L@@ L2 shw)w S = = S dilhih) T~ Q0T %i(0) = Qpt (6b)
- b= 0 - (W) — ). #4(0) = 2(0)
= 7 Ti =Xi Ui T = Ui Li = Xi), Li\V) = Ti
£ = Fol002) + Tals 2 + Bl 2 § 6 (60
c
= — da,
a\Lory?) = JalLo,R) — ol To) + GolXo)y + GolXp)2 ) . '
fal ) =1l ) o <f (o) + go(wo) 90(0) where the functiong;, ¢ = 1,---,n, are defined by
+ %ho(xo)hi)(xo)<g%> ) Xi ::fi+$i+17 'L:].,,TL—].
i o Xn = fn + bu. (7)
1 - av, . o -
+ = ha(zo, 2N ()| =—2 For small values ofe, the identifier (6) exhibits a two-
22 ¢ oz, A ; ; ; ;
time-scale behavior. The coordinate transformation that yields
Za(xo 2) = hatte, 2) — ) (o) ho (o). the standard singularly perturbed form is given &y ;,
’ ’ Az, e; == (1/¢)(zi — &), i = 1,---,n. The identifier dynamics
Introduce a candidate value function for the overall systemIn this coordinate system is given by
— . = b (R B~/ 2.
V(a:o,z) — V:)(a?o) + %22. Qz Ezd)z(hzhz) Cq (8a)
N = = Bi(ei(hiha) TH e — Q)% (8b)
Differentiation of this function yields the inequality e&; = — (hhi)?e; + ¢56; + hw;. (8c)
= 0V, — For ease of reference, we introduce the notation=
V< 7 — 0o 2,02 _ 22 , .
- 83:09 #= 0o+ |wl” =[] (Z1,---,&,) ande := (eg,---,e,) . The quasi-steady-state
+ Z(? i +Z w) behavior of the identifier is given by the following dynamics,
@ Ja “ ) wherei = 1,---,n%
_ A2 2| |2_ 2—_iﬁ’ .
R e R by = SasWih) (i — i — 90, 6.0) =8 (9a)

8= - Digulhiha) Tl - Q)i Zi(0) = Qy' (9b)

We note here that the quasi-steady-state dynamics corre-
spond precisely to the dynamics of the identifier obtained
_ _i <8V0 g0 + Bz +}~a + 1 ﬁaﬁ;z) under the UPFSI_DI measurement schgme where the derivative

g, \ 9z, 4y? of the state variables are also available for feedback; see

) o Appendix A. The specific structure of the limiting identifier
By the same observation as at the beginning of the progjy enaples us to employ backstepping tools in the derivation
above, and some manipulations, we obtain that the inequalily 5 controller for the overall system that uses derivative in-

for V' above, evaluated along the full system dynamics, {§mation, i.e., a robust adaptive controller under the UPFSDI
equivalent to the HJI inequality (5). This completes the progheasyrement scheme. As it will become clear shortly, in the

of the lemma. o _ D actual implementation, we will retain the structure of the robust
We now proceed to the derivation of the adaptive controligh o jaw but will replace the identifier part with the UPFSI
design, by first obtaining a (worst case) parameter identifigfantifier (6). This leads to the desired UPFSI adaptive control
for 6 (using the framework and results of [33]) and thep,, \hose robustness with respect to exogenous disturbances
developing the control law using a backstepping procedureis then proven using a singular perturbations analysis under

Worst case identifiers fof in (1), with guaranteed dis- 5qgitional Assumptions A4 and Ay be introduced shortly.
turbance attenuation bounds, can be derived by making uUsgging the UPFSDI identifier (9), the identification errr
of the general approach and results of [33], as outlined dbeys the following dynamics:

Appendix A. These identifiers are parameterized in terms of

where the controk; is given by
uw=a(x,,2,) = a(2,,2)

n nonnegative-definite matriceg;, ¢ = 1,---,n, where@; éz = —%;¢i(Rhhy) R, i=1,--,n
is of dimensionsr; x r; and may depend on the variables
T, @iy O1, 0 0, B, g, e i =100 where

~ A o — L= . (R =1 /4~< 7 =
Qi(xla"'7$i7917"'791‘7217"'721‘) > 0. U = wz+hz(hzhz) (/)1917 4 1, , 1

1This identifier was derived in [33] as a limiting case of another full-
Note that the dependence of t@’s on the internal states order identifier for a noise-perturbed measurement scheme, using singular

; A e i ; ; erturbations analysis. It was called there approximate noise-perturbed full-
of the identifier is in a lower triangular form. Now, in term§s’tate information (NPFSI) identifier.

pf thg;e matrices and a small deglgn parametehe H>- 2This is obtained by setting the LHS of (8c) zerq solving for e;, and
identifier for 6, to be denoted by, is generated by the substituting it into (8a) by also making use of the original system dynamics.
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Introduce a candidate value function associated with ti@hoose a nonnegative functiqﬁ_ﬁ(zl,yd,él) € C™ which is

identifier again a design parameter. We introduce
~ ) no ) 29 =T — y((ll) + o
W(0,z,%1,---,%,) = ;|- 10 - - .
(OB )= zz:; | |Ei1 (10) 1(21,Ya, 01) 1:2’0+/€121+f1+¢191

[e%
F(z1,ya,01) =14 By + 27170

whose derivative is given by _ A 1 —
1/11(2“17%1791) = W hi.

W =—+2 Z |6 2 42w — v Then, the dynamics fog; can be rewritten as

=1

. - 2
21 =29 — k121 — 20 + 27 71101

wherev = (v{,---,v}). The left-hand side (LHS) of (2) Introduce a value function

can then be equivalently written as follows, by adding the _ L2
identically zero functiol¥ (0) — W (t) + f& W (r) dr: Vi(a) = 521

the derivative of which, along the dynamics af, is

V=20 — 2] — B128 + V|vil? — ¥y — Pz

t
sup {/ ((y = ya)® + U7, 2p0,7) — 7*|w]?) dr
(2(0),6,0p0.0)eW Lo

2 512 4 This completes the first step of the design.
= 7710 = 0lg, — lo((0),6 — 9)} Note that at this stage, the nonlinear functighs %, and
t @; do not depend on the covariance stalgsHence, ifn = 1,
= sup {/ <(y —ya)” + (1, z0,1) the adaptive controller is a certainty-equivalent controller. But,
(@(0),8,(0,00))EW (V0O for the general case, this certainty equivalence property will

ol 1o e 5 1o only hold asymptotically a¥; — 0,---,%, — 0, as we will
=P =Y 16, | dr shortly see.
i=1 Stepi, 2 < i<n: Assume that from the previous steps we
_ 722": Iéi(t)léfl(t) have the followiﬁg structures: |
= 7 Zi = T4 _y((;’_l) +a7j_1(21’---’zi_l’yd’---’y((;_Q)’
—lo(x(O),Q—g)}. 01, 0im1, %1, Ei-2)
(12a)
i—1
Thus, the attenuation problem with respect#tohas been V,_; :% 22 (12b)
effectively converted to an attenuation problem with respect =1
to the equivalent disturbance. In terms ofwv, the system . -l i—1
dynamics (1) and the identifier (9) satisfy, foe= 1,---,n Vit =212z — 21 — Z i ++° Z |vi]? (12c)
=1 =1
. JA , i—1 i—1
ﬂfi =Xi j‘%ei + hivi (11a) — 2 Z v — Z Vit Zm | (12d)
9i = — 91 = Ezd)z(h;hz)_lhivz (11b) =1 m=l
N = — Bi(¢i(hlhi) Lk — Q)X (11c) Br =Pz, 2 va, -yl
917...7917217...721_1)7
Thus settling the issue of design of the robust identifier, we I=1,---,i—1 (12e)
now move on to controller design undassumptions A1-A3,  _ _ (m—1)
which involvesn steps of integrator backstepping by repeated :V’"’(z}’ CAmoYdstt e la
application of Lemma Ill.1. Lety > 0 be any fixed, desired 01,3 O, X1, X 1),
level of disturbance attenuation. X I=1,i—1m=1--,i—1 (12f)
Step 1: At this step, we consider the combined stadtes:; S —Time —
asz,, and stater; := z1—yq asz,, in the statement of Lemma ST T A A o
I11.1. We chooseV, = 0 as the value function fog, under 4242 EJ: N Jz: Tz
the virtual control inputz;, which allows the desired virtual P gt ot e
control law to be chosen as zero. For notational consistency, G=1,i—1 (129)

we again letzy = 0. Following the steps of Lemma 1ll.1, the - _
o e Ty =Fi(z,- - RNy
derivative of z; then satisfies L=r flv ,fz,yd, 2Yq s
917"'7917217"'721—1)7

21 ng—y((il)—i-?l +$/19A1 +E/11}1. l=1---,¢—1. (12h)
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At this step, we first evaluate the dynamics:f erty that is consistent with the corresponding hypotheses in
(12).
Zi = Tig1 — Ud V4 Fit Bibi + By Introduce the value function for this step as
i—1
Oa;— - VI v 1.2
+ 87'1 <Zj+1 —kjzy — 21+ 2’)/2 Vii=Vio+ 352
g=t

After some algebraic manipulations, we obtain

j j-1
20 o {ve= X Pom .
=1 m=l Vi =224, — 22 — Z B2 + Z |2

i—1 =1

8@ 1 (J) aaz 1 17
+ (11) +z:1 89]E¢(hh) Rjv; Qi‘:
/ -
=1

=2 Jo;_q — 1= =
— — > h.h =)
2_)1 55, 1@,y 1 h; — Q)%

2

%
j=1 v — § VmiZm

m=l

and this completes theth design step. Again, the defini-

tions above are consistent with the corresponding induction
Following the procedure of Lemma Ill.1, we will construchypotheses in (12), and the backstepping process can be

a value function to include the state Fix a design parameter continued from = 2 to i = n—1 using the same methodology.

f,, which is a nonnegativé™~*** function, according to At step n, the actual control appears explicitly in the state

equation forz,, which allows us to complete the controller

Blzy. oo 2 G=1 g ... g . .
/ji(z]d s Ziy Ydy 7yd 917 7917217 721*1)' des|gn process
The dynamics of; can be rewritten as Remark I1l.1: The above derivation quite naturally takes
B into account the disturbance inputs that enter the dynamics
Zi =241 — kizi — 21 of z; through differentiation with respect to the parameter
i im1 estimatest, , - - -, 8;_1—known in the adaptive control liter-
+ 292 Z 7| vy - Z VinjZm ature asswapping termsThe standard certainty-equivalent
m—j controller design, however, does not take the presence of
) ) ) these terms into account. A significance of this fact is that
where we have introduced the following functions: these disturbance inputs are amplified by nonlinear gains
- ~ — 55 17/ . . .
_— 1 (13a) (8@1__1/89j)2j¢j_(hjhj) Yhy,i=1, ei— 1 which gener-
gy ally disrupt the disturbance attenuation property of the system
=1 g 1 o9& when;’s are not zero—an observation that sheds light on the
Uij = Z il it s> i1 poor transient behavior of certainty-equivalent controllers.
= 9u 29" 99; Stepn: First choose a design paramef@y, which is a
— = N1 . . nonnegativeC! function, according to
S (k) Ry, j=1,---,i—1 (13b) g o g
_ _ i /_jn(zlv'"7zn7yd7"'7ydn_l7917"'79717217"'727171)
k; :/37 + 72 Z 17;11711 (130) _
=1 Define the function®,,;, I =1,---,n, k,, anda, as in (13),
@ =kizi + 21+ [, + ibs with the index: set ton. Then, the state dynamics fey, are
’ i o given by
&1 T
+z:1 9z; (i1 = Ry = 21) By =bu — 1y, ) &, — B — 21
=
2 om 2 ow 2\ S
Yi—l () Yi—1 +2 7 T Vi Zm
+Za(j_1)yd Z PSS 7 z_:l i z_: J
j=1 Jd j=1 J J= m=j
T T N7 A This can further be rewritten as
: Ej(¢j(hjhj) 1¢j - Qj)zj
1—1 i—1 9a: _ n n—1
+ 272 ' a;} : 1711 Z VmlZm Zn = _knzn — Zp—1+ 272 Z ljiu vy = Z ;nljzrn
=1 5=l m=j j=1 m=j
+Z 87 12 </) (h )R hJ Z FomjZm with the control law defined as
’ m= ~ . 1 n —
I (13d) w= (t, x4, T04) = 7 (W — @) (14)
Zi4l =Tiq1 —U()-i-@i- (13e) For this final step, the value function for the closed-loop

— system is given b
The functions7;, k;, and @, depend on the variables y g y

(Zla"'aziayda"'ay((; b éla"'aéiazla"'azi—l)_a prop_ V= Vn :Vn—l +%ZZ
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whose derivative can be evaluated to be and henceé/ + W satisfies the HJI equation
. L n — — 1 — ——t T
V=—zf—2/312f+722|v1|2 (V+W)<FC+4—,Y2(V+W)< HVYV+W),+L=0
=1 =1 (18)

2
whereL = 22+ X0, Bzt +42 50, |9N;|2§_. This implies that

- 72 Z v — Z ﬁrnlzrn
=1 m=l the control law (14) is asymptotically tracking with disturbance
enuation levek.

This completes the backstepping design process for At

UPFSDI case. The closed-loop system under the control law'© remove the dependence of the identifier on the derivative

(14) and the identifier (9) is now described collectively by thififormation of the state variables, we will supply the con-
following set of differential equations: troller (14) with thef; and>;, i = 1, - - -, n, that are generated

by the UPFSI identifier (6). To guarantee the robustness of

2=20 — k171 — 20 + 2721731 the resulting closed-loop system, we invoke the following two
) T T TEN-1T 5 assumptions.
. (151 + hl(hihlz, _(/)191)_, (152) Assumption A4:There exists a positive constasg,, such
01 = — 61 = -S4, (hih1) thy that for someQ; > 0
— == — ~
. thl_(,h_lhl):,d)leg (15b) Qi =TT AR+ Qi A > kol
Y= = B (i ha) T gy - @) (15¢) where the matricesA;’s and Qs are functions of
(X1, 2,01, ,0;,%51,---,2,-1), and the inequalities
_ n—1 hold for all values of these variables. O
Pl = 2Zn — k121 — Zn—2 + 27° Z Zr Assumption A5:There exists a constamis >0 such that
=1 B;> kg; t =1,--- n, for all values of their arguments. [
. n2 Using the special structure of the matriggss, as given in
<wl + ha(fohe) @b =Y ’7mlzm> (15d) A4, the identifier dynamics can be expressed as
m=l .
* A — — — — _ U —
6, 1= —0, = _En,—1¢n,_1(h;,_1hn—1)_lh;,_1 (91 _Eld)z(hzhz)/ (1/2)lei/ ) (19&)
(wn_1 +ﬁn_l(ﬁ;_lﬁn_l)—1$;_19n_l) (15€) 2?1 = Ez/(¢z(lh7‘,hz) </)7‘,~ Qi)Xi + A; (19b)
. _ - _ eé; = — (hihi)%e; + ¢10; + Pw;. (19¢)
Yp1 = = Tp 1 (@i (b)) b — Q)01
(15f) This then makes the identifier prescribed here correspond
n to the worst caséH >°) identifier obtained in [33, Section 7],
= — knin — Zn_1 + 292 Zf;l for the time-varying parameter case.
=1 Remark 111.2: Assumption Aén the specific form of the
el design matriceq);’s is introduced above for two reasons.
<wl +ﬁl(ﬁ;ﬁl)_1$gél - Z 17mlzm> (15g) On the one hand, with this specific structure @f’s, the
m=l covariance matrice®;’s are bounded away from zero (from
5 _ _é - %4 (E' 7 )_%/ below) uniformly. Therefore, it is no longer necessary to use
" oL covariance resetting to enable the identifier to track the slowly
(wn + hn(hyhn) ™ ¢,00) (15h) time-varying parameters. This benefit is also evident from the
Y, = — Z,,,(@n(ﬁ;ﬁn)—%; -Q,)%, (15i) fact that the proposed identifier structure corresponds to the
worst case identifier for the time-varying parameter case, as
Introduce the vector in [33]. Furthermore, the convergence rate of the parameter

estimates is guaranteed to be exponential as long axs fke
are uniformly upper bounded (which is the persistency of
In terms of this notation, the set of (15) can be written ifXcitation condition in this context), which is a critical step
compact form as in the proof of the main result of this section, as we will

o shortly see. On the other hand, when the design matéges

(=F(+ Huw (17) are positive definite, it then mandates persistent excitations
in the measurements to keep thg’s uniformly bounded
from above. In fact, a simple choice of lettirg;’s be time-
invariant positive-definite matrices exposes fhedynamics to
L no no possible finite escapes in the absence of sufficient excitation.
V4+W=—2— Z B2 — 2 Z |97¢|2§_ Accordingly, the positive-definite component;’s, of Q;’s

=1 i=1 ' are scaled b)Ei_l’s. Consequently, the covariance matrices

will be bounded above for an arbitrary level of excitation,
even though the precise upper bounds will in general depend
on the level of excitation in the closed-loop system. O

Ci=[7 & ¥ ... T7. (16)

where the nonlinear functiong and H are defined accord-
ingly. The derivative ofV’ + W is given by

2

n

v — E VmlZm

m=l

2wl =7
=1
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In view of the corresponding result of [33, Th. 9], weof that paper, we introduce here another functi@i, c),
consider the following set of admissible uncertainty triplesssociated with the fast dynamics:
for an arbitrary positive constartt: B L Lo
We = {((0). 0. 10p0.m0): Si(8) < O [2(0)] < C. =G = et o Ton g o Hay
6] < C, |lw(t)] < C,Vt € [0,00),¥i =1,---,n.}
(20)

X7 12
7+ WYl e
Let the overall value function b& := V + W + ¢=. Then,

We can employ a singular perturbation analysis to establiglt gerivative of T along the closed-loop trajectory can be

the following robustness property of the proposed adaptiy&itten as (after some lengthy algebraic manipulations)
controller under the above class of uncertainties.

Theorem lIl.1: Consider the nonlinear system (1), and let._ L L "9 g
+> 0 be fixed. LetAssumptions Al-ABold, and the setve: L = — 2 — Y Bt =7* ) 1615, + > Wﬂé)
be defined as in (20) for som€ > 0. Then we have the =1 =1 =1 “9Yd
following. 9

1 —_
. . + 72 |w]? Nw———=7| —~et+F,, F
1) There exists a positive scalag >0 such that for all Vel = 2+2 7 220
e € [0, ¢], the control law defined by (14), with identi- 1 e ) 2 2
fier (19), achieves asymptotic tracking with disturbance ~ + 2,2 Foy HoH (V +W)e| + 17 EcH. HZ,

attenuation levely for any uncertainty triple in the set
We. Furthermore, the closed-loop signalsf, and e
are uniformly bounded off0, cc).

2) For any uncertainty triple in the setV- such that
wo,00) = 0, the expanded state vector', 6, ¢') con-
verges to zero as — oo for any e € [0, ¢o].

Proof: Introduce the value functiong and ¥, defined o ) . .
exactly as before. Let again denote the expanded state vectéfn€re the partial differential equation (18) has been used in
defined as in (16), and let nonlinear functioRsand H be the derivation, and the function is defined as
defined exactly as in (17). In terms of state variallemde, [ ,
the closed-loop system under the control law (14) and identifier © *~ Hy(V+ W)

(19) can be expressed as

é :Fn(C) +712(C)6 +H1(C)w
e¢ =F21(C) + F2({)e+ Ha(Quw

€ = — = —
+ e ECH(H (V+ W),
+ 2y Hy(HoHy) ™/

1 1 1y
: <G+F221F21 + 272 F221H2H1(V+W)/<>

———1 —1e= 1 =1 —
—Z’YQH/QFQQ <e+F22F212—72F22H2H1

+(V+ W)g) +eH Ec.

where Consider the following time-varying set:
[— (B )22 0 ] —
FQQ(C) — . . Q(t,M) I{(C,C)Ez(t) SCIT”TSM,
I 0 _(E;En)l/Q_ Vi=1,---,n} (21)
l L,
B hy 0 $161 where the positive scala¥/ is sufficiently large such that
Hy(Q):=1] 1 - 1], Fy(Q) = :
Y — 2,)/202
0 - h, | #..0n M > min{li ﬁ_@} and (¢(0),e(0)) € (0, M).
It is not necessary here to explicitly write down the analytic 720

forms of the functionsF'y1, F'1», and H;, which turn out to — L . )
. . 1. The significance of the first inequality above will be seen
be quite complicated. It is important to note, however, tha

) ; . Shortly.
these non_lmear functhns aI_I b(.elongdfé and further satisfy The first statement of the theorem can be established by
the following two relationships:

proving the following two statements.

1) If the state of the closed-loop systefd{t),(t)), be-
longs toX(t, M) for anyt € [0, o), then the controller
achieves asymptotic tracking with disturbance attenu-
ation level v for any uncertainty triple inW., and
(¢(¢), e(t)) is uniformly bounded, for sufficiently small
values ofe.

If the closed-loop system starts (0, M), then it
belongs to2(¢t, M) for any ¢ > 0 and for sufficiently
small values ofe.

F(=Ty~TuFyFn,  H=H -FulyH,.
These two algebraic relationships are obtained using the fact
that the slow manifold of the above singularly perturbed
dynamics is exactly the dynamics (17). These nonlinear sin-
gularly perturbed dynamics are linear in the fast state variable
e and the disturbance inpub. Time-scale decomposition 2)
and robust control of this class of systems has been studied
extensively in the earlier paper [39]. Motivated by the results
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Toward proving statement 1), suppose thiéft),(t)) €
Q(t, M) for any ¢ € [0,00), which implies that

2| < V2M,

6] < VCM /.

Then, there exists a constayf > 0 such thatz(t)| < x,, for

all t € [0, ), sincex can be expressed as a continuous func-
tion of ¢ and x4, which themselves are uniformly bounded.
Under the working Assumption A3,corresponding to any
uncertainty triple inWc, there exists a constaidt > 0 such
that |e(t)] < C. Furthermore, the constant can be chosen
to be independent of the parametdoecause of the diagonal
structure of the dynamics far and Assumption A2Because

of the uniform boundedness af-), the covariance matrices
3 (t)’'s are strictly larger than or equal to, in matrix sense, the
solutions of the following Riccati differential equations:

Hi = — C,.ILII; + Iﬁ;QLwi

I,(0) =@y, i=1,--,n

whereC,. is a positive constant such that

CTITi 2 d)z(h;hz)_ld); - in VCvL

ay((li—l)

1075

1 1l ——1— —
272(C—|—F22 F21 +W F22 H2H1

_ . B
(V+ W)LY (HyHy)~ —D
Ay,

——1— 1 1= — —
: <F22 Fort s P HH,(V + W)g)

+72

1 1l —1— —
C+F22F21+WF22H2H1

2

- (V+ W)

B(HH)~(/2) Joy =Y
2

1 1 1
<Csle+Foy Foy + o Foy HoH (V + W),

+C5(12)2 + 181) + Cole + Fap Fau
l 11— - —
+ oe Fy, 15515{1(1/+W)’<)|2
o ) S
< Chle+ Fyy Foy + WF221H2H/(V + W)L

+Cs(l” + 16%)

] » . ] where () denotes any continuous nonlinear function, of no
Hence, there exists a positive constaht- 0, which generally  girect interest to us in this derivation. These inequalities imply
depends on the value of the constéhtsuch that that, for sufficiently small values of> 0

%i(t) > CL..  VYte[0,00), di=1,---,m.
= 1 n — 72 n —~
The covariance matrice&;’s are then upper and lower T< -2~ 5 E B2 — 5 }: | l|2§z + 42|
bounded in the following fashion: =1 =1
1 ? v 1
2 [ —
—Yw—50| — = |e+FypF
ivI,,z. >¥t > i],,z_ K 22 22 £'21
¢ 2
1 —1 / ;

over the entire time interveD, co).

Utilizing the above bounds of(, ¢) and¥;’s, there further
exist positive scalar constants;, Cs,---, such that the
following growth conditions are satisfied @(¢, A7) for any for any uncertainty triple in the sét/c.
t € [0,00) and any uncertainty triple ilc: Let functions! andly be such that

|V + W) <Cillz] +101)

n 2 n
= =15 1 ——1— — 7= 2 7 2
EA §02< et Foy Fay + 53 Ty HoH 1= B+ 5 > 16
Y =1 =1
v 5 2 —1 1 —1— = 2
(V+ W) +|Z|+|9|> +% c+Fy F21+2—,y2F(Z(ZHZH'(VJFW)’<

and, for eachi = 1,---,n,

9 (7—1721) = (%) .§| < 03|§| Then the performance inequality (2) is satisfied for 0
gyt = fficientl ll, and this establishes statement 1
Yy sufficiently small, and this establishes statement 1).

For statement 2), let us fix arye [0, co) and any(¢, ¢) €
such thatY (¢, e¢) = M. Then the result will follow if we can

prove thatY < 0 for any uncertainty triple inV.. By the
definition of the functiorll’ and the fact thalf (¢, ¢) = M, we
have eithel” +W > M/2 or ¢Z > M/2. In the former case,
we have the following set of inequalities, under the working

15] 1 =1 — —
——— | =5 Fo HoH{(V+W />
‘ay((;l) <2’Y2 22 £12 1( )C ‘

= () 2+ () - 0] < Cu(|2] +16])
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Assumptions A4 and A5 singularity in identification, we must assume that the set of
) n vectors(hy,-- -, h,) are linearly independent for all; € R.
T< - % 12| — i ;Q Z I5716)2 + 4202 The parameter identifier for this class of systems depends

= only on the variable:;, which then allows for a backstepping
. 1 n . procedure similar to the one described in Lemma Ill.1 to be
_ min{@,—Q}<— 2|2 +'VQCZ |zi—19|2> +~2c2 employed in the design of an asymptotically tracking and
207\ 2 =1 disturbance attenuating controller. See Appendix B for the
_ ko V(1 o U Cian ) oo design equations for this class of systems, and Section IV for
< — lnlll{lw’g, %} 3 |2|* +~ ; X705, | +4°C

IN

a numerical example involving this type of a nonlinear system.
O
< — min {Ii’g, ;—g}M/Q ++%C? <0

which yields the nonpositiveness of the derivative f In IV. AN ExAmPLE

the latter case, the uniform bounds gnand z imply that To illustrate the design procedure developed in the previous
le| = 0(6—(1/2)) and furtherT < 0 for sufficiently small sections, we consider a third-order nonlinear system with

values ofe. This establishes statement 2) and therefore tR® Unknown scalar parametér To further corroborate the
first statement of the theorem. statement of Remark Ill.4, the system is taken to be of the

For any uncertainty triple ifVc: such thatuy ..y = 0, the special form (22), for which the relevant design equations can
. - o i T f in A ix B
signalsz, 6, andeJrFQ;FQlJr(1/2fy2)F221H2H/(V+W)’< all be found in Appendix
belong toL-, for sufficiently small values ot. Furthermore,

L 2
their derivatives are uniformly bounded for any fixed value tr=wp+bri 41 2 Ow

of ¢. Hence, these signals converge to zero asymptotically. iy =x3+0r1+[0 1 Ow
This verifies the second statement of the theorem, and thus tz3=u+[14+z1 —21 1w
completes its proof. O

=T1.
Remark 111.3: We note that the controller (14) depends on Y '

the covariance information of the identifier and therefore is For this system, the reference signal is generated by a
not a certainty-equivalent controller. Yet, it is asymptoticallyhird_order internal model with transfer function

equivalent to a controller designed with fixed parameters, as

1 — 0,---,3, — 0. On the other hand, with the design 1

parameter matrice;’s chosen as i\4, the error covariance m

matricesX;'s become uniformly bounded from below by a

constant positive-definite matrix when the system state | state space, the reference model can be represented by
uniformly bounded from above. The controller (14) will not
converge to a certainty equivalent controller in this case. When

the covariance matricey;’s, as well as their derivatives, a.jdl a2

are small (in the spectral radius sense), the behavior of the Fd2 = Ld3

controller is close to that of the certainty-equivalent oné&l Bq3 =d — Tq1 — 3Tq2 — 3Ta3
Remark 111.4: Consider the class of nonlinear systems Yd = Ta1

P / ’
oy =2 + fu(z1) + ¢1(@)f + hy(e)w (223) \hered is a command signal, taken to be a step function,

d = 1.

o ' The initial states for the plant and reference model are
Ln—1 :xn+fn—l($la'"axn—l)—i_d);,—l(xl)e p

+ hiy g (21w (22b) z=[0 0 0, x4=[0 0 0.
Ty = fN(xlv T xn) + (/);L(xl)e
+b(xy, - xn)u+ R (e))w (22c) The true value of the parameteis taken to be 1. The desired
Y= (22d) att(;nuation level with respect to the disturbancds taken
to be 3.

where the same disturbanee enters all subsystems, but the KPFSI Case:As a benchmark for comparison, we
nonlinear function#,; and¢; have onlyz; as their arguments. first designed a robust disturbance attenuating controller
For the results of this section to be directly applicable to(x,z4,8,d), which uses full state measurements and
this class of systems, overparameterization and overcondaft knowledge of the parametef. This was done by
vativeness have to be introduced in order to transform teenploying recursively the backstepping procedure described
system into the noise-prone parametric strict-feedback framLemma lll.1, and by picking the design parametes 3,

(1). This can be avoided, however, by utilizing the specialhich is the guaranteed level of disturbance attenuation.
structure of the system, where the functiops and h;, Due to its complexity, we are not including here the explicit
i = 1,---,n, depend only onz; and areC**!. To avoid form of the controller.
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UPFSDI Case: In this case, the parametéris unknown, 1

but the derivative of the state is available. We took the initial
guess to bé = —1, with a confidence level of)q = 1/5. The
design parametep was taken to be zero. Note that this choice g}
of the parameter) corresponds to a standard least squares
identifier. The identifier for the system in this case is given by
- . 0.6
7 1 z1 O 1 0 142 -
6=%x 0 1 0| |ar 1 - g
0 14+ —zp 1] [0 0 1 T o4 ]
T2+ éa:% g
T — |x3+ éazl @
U 02 |
x? 1 zy O
S=-3%|n 0 1 0 0
0 14z —2zy 1| T
1 0 1+z]\ ' [a2
z1 1 —mx 1 |2 R I 2 3 ¢ 5 6 7 8 3 10
0 O 1 0

Fig. 1. State trajectory of the reference model.
where the initial states are set #60) = § and £(0) = 5.

Using the expressions given in Appendix B, we arrived The design process for the above three controllers consisted
at an asymptotically tracking controligr with disturbance of programming in Mathematica, to arrive at the controller
attenuation level 3. _ _ formula, followed by implementation in Matlab codes, and

UPFSI Case: The parameter? is again unknown. The finajly simulation of the closed-loop system using Simulink.
only measurement available is the state histefy;. In  The state trajectory of the reference model can be seen in
this case, the design parametgrwas chosen, according tofjg 1.

Assumption Adto be0.1+0.1%~"X~", where the parameters e simulated the closed-loop system, under each of the
A and ¢ were both fixed at 0.1. Since the system outpyfree controllers, against two sets of disturbance inputs. First,
y =z, Is to asymptotically track 1, there is enough excitatioghe disturbances were set to zero, to demonstrate the command

in the system to keep: from escaping to infinity for a fo|iowing property of the controller. Next, the disturbance
large class of disturbance signals. When the ougpuiacks 1 inputs were picked as follows:

exactly, the covarianc& will converge to1/v/19 ~ 0.2294,
but not zero. We took the controller as designed in the wq(t) =0.1sin(27t/5), ws(t) = 0.1 cos(nt)
UPFSDI case. The additional design parametevas fixed w,(t) =Band limited white noise signal

at 0.05. In this case, the identifier is given by, after some

. ) . with power 0.01 and sample rate 5 Hz
algebraic manipulations

The system response under the KPFSI controller is depicted

27’ 2
s *1 2+ 2r1 + a3 ) in Fig. 2. When the disturbances are set to zero, the output
= 3(7)1 _371(34{3371 + 1) tracks the reference signal exactly (the difference is in the
11—

order of 10°®). Under sinusoidal and white noise disturbance
—z1(3 4+ 3z, +2?) —1—a 1 inputs, the system output still follows the reference signal,
14523 +4ad + 2t (24 1) ~(x—&) with the tracking error bounded by 0.4.

x1(2 4 21) 1 € The system response under the UPFSDI controller is de-
picted in Fig. 3. Despite the large initial error of the parameter
estimate, the system has a fair transient response which settles

Y= -%(zf+27 - 01X +0.1

2 . .2
. @2 + 0 in less than 5 s. The parameter estiméteonverges to the

&= |w3+ 011 true value faster in the noisy case than in the noise-free case.

u This is due to the increased level of excitation for the noisy

1+ 2 T 142 — 22 1/2 system. After t.he transient, the performance of the.controller is

+ 1 1 —n similar to that in the KPFSI case for both sets of disturbances.
T+a —22 —21 2(14x +22) The transient performance depiqte_d here appears to be worse

1 than that of the UPFSI case. This is because of the relatively

= (x—2) slow convergence rate of the least squares identifier. As will

‘ B be pointed out later, in the UPFSI case the controller makes

where the initial conditions aré(0) = 6, %(0) = 5, and use of the additionah priori excitation information about the
2(0) = z(0). system, which leads to performance improvement.
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The system response under the UPFSI controller is depicteahsient performance is made possible by utilizingaipeiori
in Fig. 4. The closed-loop system has a very good transiénformation of the excitation level of the system. The choice of
performance because of the fast convergence rate and robthst-parametefy also limits the set of admissible uncertainties.
ness of the identifier. It is important to note that this desirablehe performance of the controller is very similar to that in
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Fig. 4. System response under the UPFSI controller. (a) System outp(lf) control inputw; (c) parameter estimaté; and (d) error covariance&.
Solid line for noise-free case; dash line for noisy case.

the UPFSDI case in steady state, which validates the singulaR) utilization of robust parameter identification schemes as
perturbations analysis of Theorem IlI.1. basic building blocks;

This example clearly illustrates the effectiveness of the 3) attenuation of exogenous disturbance inputs to desired
controller design tool developed in this paper. In the face of an  performance levels over the time interjal oc).

open-loop unstable plant (with possibility of a finite escapeje design procedure developed is based on worst case
the controller designed achieves both asymptotic tracking agflification, the integrator backstepping methodology, and
disturbance attenuation with a moderate control effort. [ singular perturbations analysis. The closed-loop system is
shown to admit a closed-form value function that satisfies

V. CONCLUSIONS an associated HJI inequality, thereby guaranteeing a desired

For a class of SISO nonlinear systems described in noid@vel of performance for the adaptive controller. We have
prone parametric strict-feedback form, we have developgfown that the certainty-equivalence principle holds in the
design tools that lead to an explicit construction for a clas#rict sense only for first-order systems, whereas for higher
of (robust adaptive) controllers that asymptotically track @rder nonlinear systems it holds only asymptotically, as the
given reference signal and achieve prespecified disturbaesfidence in the parameter estimates reaches infinity. A nu-
attenuation levels with respect to exogenous system inpurerical example, included in Section 1V, clearly demonstrates
We have presented an explicit design paradigm that leadsttie superior performance of the controller designed.
robust adaptive controllers with the following three appealing Viewed as anH “°-control problem, we have here one of
features: the rare situations where there exists an explicit solution to

1) asymptotic convergence to certainty-equivalent com-genuine nonlinear problem with partial information (note

trollers as the identification error covariance approach#sat, the parameters, which also constitute state, are not
zero (in the UPFSDI case); directly measurable). The controllers are nonlinear and are
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parametrically defined with one of these parameters being theVhen both the state and its derivative are available for

prespecified level of disturbance attenuation. feedback, we viewd = 0 as the dynamic equation and
An immediate extension of the results developed here woult) as the set of measurements. Then following ¢bet-to-

be to the class of input-output linearizable systems whose zetine function analysis that led to [33, Th. 1], it is rather

dynamics are bounded-input/bounded-state stable with respsgsightforward to derive (9) as the worst case identifier

to control, disturbance, and the state variables---,x,, minimizing (23). It should be noted that the worst case

wherer is the relative degree. This includes, in particulagovariance matrices;’s here correspond t&—! in the

the minimum phase parametric uncertain linear systems. notation of [33]. We also note that, in the present case, we have

The general results of this paper can also be immediatge following counterpart of [33, eq. (11)] as the cost-to-come
extended to the time-varying parameter case. In this caggsction:

the parameter vectat would, for example, be generated by

dynamics such as W (t,0,270.9, #1047 O0.41+ Upo.17)

9:6, 9(0)290 = —722 |9—é|;:1(t)+m(t)

=1
whereé is an» dimensional unknown exogenous input to the
system. The performance criterion (2) would then include

6 = N7 i (hihe) M@ — i — xi) + SiQi(6; — ;)
negative cost penalty associated with the disturbaice =90,

(0) :
m I’}/Q Z |éz — éz
i=1

. o . . wherey;’s are defined by (7), ani;’s satisfy the differential
A parameter identifier appropriate for this case can be fougquations (92). The choice 6f — 6; then yields the identifier
in [33], which again facilitates a backstepping design for a@ ' ¢

1$)-

asymptotically tracking and disturbance attenuating controller . -
for the system. In the UPFSI case, on the other hand, the identifier (6)

Future research on this topic lies in several directions. ofe ob_t_alngd by t_he foIIowmg_ process. First, we study the
of these is the generalization of these results to the Outﬁg@ntlﬂcatlon design under noise perturbed full state measure-

feedback measurements scheme. Two possible subcases Jpents—a measurement scheme that is informationally inferior
. : . . to the UPFSI measurement. In other words, we first assume
1) only the output trajectory is available for feedback;

2) only noisy measurements are available. that we have the measurement equation

Another direction would be the investigation of the case when
there is an additional prescribed weighting with respect to the

control input in the performance criterion (2), as in [40] bu\;vherew is a scalar measurement noise affectingdhestate
with the special nonlinear structure of the model adopted here. . i .

L variable. Under the UPFSI measurement scheme, we simply
Yet a further direction of study would be to study robustne:?]s

. avew; =0, ¢ = 1,---,n. This observation then allows us
of these controllers to unmodeled dynamics. . .
to rewrite the system dynamics as

a
6 i=1,-.n

o =V Y i — 6 — XilGrny -1
im1

t
—72/ |(5('r)|2 dr.
0

Yi = T + ewy, L:L,TL

APPENDIX A &y =y2 + filyr) + 1 (y1)61 + A (y1)wr
DERIVATION OF WORST CASE IDENTIFIERS

In this Appendix, we present the derivations that lead to the '
UPFSI and UPFSDI identifiers used in Section Ill, as well as Tp—1 =Yn + fac1(¥1, 1 Yn—1)
those used in the next section (Appendix B). + ¢l (1 Yne1)Bnn

First, we derive the identifier in the UPFSDI case, that
is when both state and derivative information are available.
For the nonlinear system (1), we consider the following cost o = fulyrs o yn) + (s Y )b
function (to be minimized): + 0y, yn)u R (Y1, Yn )Wy

+ h;L—l(ylv R yn—l)wn—l

t ” - - where we have replaced;’s by y;’s on the right-hand side
Sup / VO 18— 8ily, — A wf* ) dr (RHS) of the state equation (1). We associate with this system
(2(0),6,w0,00))EW | JO i=1 i
the cost function

— 72|9 _§|2QO } (23) t , n - bt
sup / ¥ Z 6; — 0ilo, — v~ |wl
0 i=1

(2(0),6,1w(0,00) )JEW
where §;’s are the parameter estimates to be designetd
a positive scalar, and};'s are the positive-definite design —72|w|2> dr —72|9—§|2QO}
parameter matrices.
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where w := (w1, --,w,)", and the weighting matrix?; which is exactly the identifier under the UPFSDI measurement
depends onyy, - - - ,y; rather thanzy,---,2;, ¢ =1,---,n. scheme.

The solution to this worst case identification problem can Because of the simplified structure of the above quasi-
be obtained from [33], as a special case of Remark 4 of threteady-state dynamics of the identifier, the controller design
reference, under the correspondence will be based on these dynamics. After such a controller is
obtained, the estimaté and the covarianc& are replaced
by those generated by the UPFSI identifier (24), to form an
: implementable UPFSI adaptive controller. The performance
¢'/ Yn + fn-1 and robustness of this UPFSI adaptive controller can then be

" Jn+bu established by using a singular perturbations analysis.
I Under the UPFSDI identifier, the identification errér

C — I, Q — ~2Q, De | |. satisfies the following dynamics:

! .
i 6= —S(Wh)" v
This is referred to in [33] as the full-order identifier. To arrive
at a reduced-order identifier, we follow the development Qfherev := w + h(h'h)2¢/6.
[33] and replace the worst case covariance matrix with its |ntroduce a candidate value function associated with the
limiting solution ase — 0. We work here with the inverse jgentifier
of the worst case covariance matrix. First partition it into
2 x 2 subblocks, compatible with the partitioning @, =')’, W(é, %) = fy2|9”'|§_1
to reveal the two-time-scale property as in [33, eq. (37)].
Settinge = 0 in the resulting equations yields the quasi-steadyhe derivative of which is given by
state dynamics for the worst case covariance matrix. Using
this quasi-steady-state dynamics with the state and parameter W = —72|9~|2Q + 72 w]? = A% )2
estimate dynamics yields the identifier (6).

A line of reasoning similar to the above yields the identifierSsing this, we can (as in Section Ill) convert the attenuation
(24) and (25), under UPFSI and UPFSDI measuremenggoblem with respect tav to one with respect ta. In terms
respectively, for the special class of nonlinear systems cast-», dynamics (22) can be rewritten as
sidered in Remark 111.4.

+
d)ll Y2 . fl

Fc_>0n><na Ac_> : ’ bc_>

i=x4¢0+hv.

APPENDIX B
DERIVATION UNDER CORRELATED DISTURBANCES Hence, a backstepping design process, which is similar to the
WITHOUT OVERPARAMETERIZATION one introduced in Section Ill, can be carried out here without

In this appendix, we present explicit design equations for tﬁ%ﬁhot\;]erp?rirgertder;z?rt];onlan_?h(i)verco;sar\\//alt\llvenress afsc(j)uated
special class of nonlinear systems considered in Remark III. e standard form (1). This aga olves repeated use

. T of' Lemma IlI.1.
We start by noting that in view of [33, Th. 7], and the Fix n nonnegative functionB,, i = 1, -+ -, n, which are the

discussion of Appendix A, a relevant identifier in this casges. N parameters:
is given by 'gn p '

. 1 ~ _ 3 ) (i-1) .
:E(f)(h/h)_(l/”_ (]}—i‘), 9(0):9 (24a) ﬁi(zlv"'vzmydv"'vyd 7972)7 L—].,"',TL.
€

é

Y= —X(p(Mh)" — Q)X ¥(0) =@y (24b) We can then define the following functions recursively, for
t=1,---,n, wherezy = 0 and@, = 0 are introduced for
notational consistency

~ 1
P=x+¢0+ - (MW 2(x — &)
X

#(0) = (0) (240) .
2 =X Y v m
where Y '
P(zr) =[p(z1) - dalz)] oD 4
h(.’l’l) = [hl(l'l) hn(l'l)]/ ﬁi(zlv"'vzivydv"'vyd 7972)
) = o bl R N 1 91—
x(@,w) = fi 42 Jn bl =g hit Y, S g (R R) R
Q is anr x r dimensional positive-definite matrix to be chosen v = 9% 790
by the designer, and> 0 is a small design parameter.
The quasi-steady-state dynamics of the identifierg as B . _
0t, are given by ki(z1,94,0) := 148, + 7’77

b=Sp(h'h) M@ —x—¢0), 60)=8 (25a)
2 = _E(d)(h/h)_ld)/ - Q)Ea E(O) :CJO_1 (25b) Ei(zla'"aziayda"'ay((iiil)aéﬂz) = /_37 +r72]_/:l_/77 1 Z 2
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ai(zlv"'vzivydv” 7yd v 9 E)
(1]

(2]

aaz—l
8zj

(J)
25— Zj_1 +Z o9 (J 1)

=Rz 4 21 + +¢9+Z

(241 — Ky (3]

(4]

i—1 i—1
e, o,
2 1—1 — — 1—1
+ 2y Z o7, 1/}21/;21 s
j=1 =y
= (5]
S(@(RR) I - Q)%
i—1 [6]
+ <h; + _(E/E)lﬁl> Z l7ij.
=1 [71
Then, the adaptive controller is given by (8]
. [9]
u = [i(t, T(0,1), Tjo,) = 7 (w5 — @) (26)  [10]
[11]
and the value function for the closed-loop system becomes

[12]

(23]

n
1 E : 2
W+§ Z;
i=1

[14]
which satisfies a corresponding HJI equality.

The implementable adaptive controller is formed by corrl
bining the control law (26) with the UPFSI identifier (24).
As in Section lll, we will make some structural assump-
tions on the weighting matrix) to guarantee the robustnesg®!
of the closed-loop adaptive system. The parameter matrix
Q(z1,0,%) is selected to be of the form [17]

(18]

Q(1,0,%) = S Az, ) + Q(z1, §)

) [19]
where A(z1,8) > kol,.
Using this structure, the dynamics for the covariance matrix
¥ can be rewritten as [20]
Y= -N((h'h)H — QX+ A
which is again recognized to be the identifier for the timgy;
varying parameter case (see [33, Th. 9]).
The admissible uncertainty set is then defined as follow&?!
for an arbitrary constant’ > 0:
[23]
We = {(2(0), 0, wio,e0)): [3()| < C, |2(0)] < €,
6] < C,lw(t)| < C,Vte[0,00),¥i=1,---,n}. [
The counterpart of Theorem lIl.1 here can be establishéd!
for this controller (as in the earlier case) under additional
smoothness assumptions on the nonlinear functibasid h, [26]
as delineated in Remark I111.4.

This completes the derivation of the disturbance—attenuati@g
adaptive controllers for the class of nonlinear systems (22).
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