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Abstract In this paper, we study optimal nonlinear pricing
policy design for a monopolistic network service provider
in the face of a large population of users of different types
described by a given probability distribution. In an earlier
work (Shen and Başar in IEEE J. Sel. Areas Commun.
25(6):1216–1223, 2007), we had considered games with
symmetric information, in the sense that either users’ true
types are public information available to all parties, or each
user’s true type is private information known only to that
user. In this paper, we study the intermediate case with in-
formation asymmetry; that is, users’ true types are shared in-
formation among the users themselves, but are not disclosed
to the service provider. The problem can be formulated as
an incentive-design problem, for which an ε-team optimal
incentive (pricing) policy has been obtained, which almost
achieves Pareto optimality for the service provider. A com-
parative study between games with information symmetry
and asymmetry are conducted as well to evaluate the service
provider’s game preferences.
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1 Introduction

In recent years, pricing has been increasingly studied for
communication networks, with one reason being that pric-
ing can help alleviate congestion. In such a context, prices
are essentially used as control signals from network service
providers to users for them to adjust their usage of band-
width (that is, their flows) accordingly. This can be referred
to as passive pricing, and the work in [2] has stimulated
much research in this direction, such as in [3, 4], and [5].
On the other hand, one can have strategic or active pricing,
as considered in this paper, where prices are charged by net-
work service providers to users in order to generate the max-
imal profits (which are equivalent to revenues here, since we
assume that the costs are negligible or fixed). Examples of
studies in this direction include [6] and [7].

In the context of active pricing, a hierarchical Stack-
elberg (leader-follower) game framework was proposed in
[8] to study the interaction between profit-maximizing ser-
vice providers and utility-maximizing users. Like most other
works in the communication network pricing literature, [8]
dealt with linear pricing, where what service providers an-
nounce to users are prices per unit flow which are fixed (i.e.,
without quantity discounts). In [9] and [1], we extended the
framework, with a monopolistic network service provider,
from linear pricing to general nonlinear pricing, where there
may exist quantity discounts, such that the charge to a user
may be a nonlinear function of the user’s flow. In this con-
text, the underlying game becomes a reverse Stackelberg
game, where the service provider first needs to obtain the
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team solution (i.e., the action outcomes of users that jointly
maximize the profit, under some realistic constraints), and
then solve the incentive-design problem for the optimal in-
centive policy (i.e., nonlinear pricing policy) such that the
team solution is achieved. Precise definitions and details of
the general approach can be found in these two references.
Particularly, in [9], a single user case was studied to illus-
trate the concept of nonlinear pricing, and in [1] the other
extreme case of a large number of users was considered. We
were interested in this asymptotic case because first, it al-
lows derivation of analytical results, and second, practical
communication networks generally feature a large user pop-
ulation.

Also, in [9] and [1], we assumed that each user may be
stochastically of different true types, each different type cor-
responding to a different utility function, and considered the
complete information game, where each user’s true type is
public information available to all parties, as well as the in-
complete information game, where each user’s true type is
private information known to that user only. For the case
of multiple users, we can of course also have the inter-
mediate game where there is information asymmetry be-
tween the service provider and the users, so that a user’s
true type is shared information available to all users, but
not to the service provider. The above assumption be-
comes reasonable when it is the case that the service
provider needs to announce his pricing policy at the be-
ginning of the game only with the knowledge of users’
distribution, while users are allowed to play the nonco-
operative game repeatedly to figure out each other’s true
type. This game was called the partially incomplete in-
formation game in [10], which is different from the com-
plete information game and the incomplete information
game (called totally incomplete information game, for dis-
tinction) studied in [1]. The work [10] considered lin-
ear pricing, and here we extend the study to nonlinear
pricing.

Specifically, we consider in this paper optimal nonlin-
ear pricing policy design for a monopolistic network ser-
vice provider in the face of a large number of users un-
der partially incomplete information, and compare the re-
sults with those obtained in [1] for the other two classes
of games with information symmetry. Comparison of non-
linear pricing with linear pricing for the three classes of
games is briefly discussed as well; full details can be found
in [11].

The rest of the paper is organized as follows. We first in-
troduce the problem and reproduce some results of [1] in
the next section. Then, in Sect. 3, which is the main part
of this work, we derive ε-optimal nonlinear pricing policies
under information asymmetry (i.e., under partially incom-
plete information). Following that, results are compared for
the three classes of games in Sect. 4, and finally the paper
concludes in Sect. 5.

2 Pricing under information symmetry

Denote the set of users by N := {1, . . . , n}. Following the
model of [8], we formulate the net utility of User i as

Fwi
(xi,x−i; ri) := wi log(1 + xi) − 1

n − xi − x−i

− ri , (1)

for 0 ≤ xi < n − x−i , i ∈ N , where xi is User i’s flow,
x−i := {xj }j∈N,j �=i is the set of all the other users’ flows,
x−i := ∑

j∈N xj − xi , and ri is the total charge to User i by
the service provider, which is allowed to depend nonlinearly
on xi . Also, let x̄ := ∑

j∈N xj = xi + x−i and x := {xj }j∈N .
In (1), the first term captures the user’s utility for flow, which
is taken to be logarithmic, with wi a user-specific parame-
ter, called the type of the user. The second term is the con-
gestion cost, which captures the delay in the framework of
an M/M/1 queue modeling of a link of capacity n.1 While
each user tries to maximize his net utility by choosing his
flow (taking the pricing policy and the other users’ flows as
given), the service provider needs to design optimal pricing
policies (whose structures are delineated below) such that
his profit, r̄ := ∑

j∈N rj , is maximized.
Let w := {wj }j∈N be the set of all the users’ true types,

and wav := ∑
j∈N wj/n. For user i, w−i := {wj }j∈N,j �=i

is the set of all the other users’ true types. In the complete
information game, w is public information available to all
parties, including the users and the service provider. In the
partially incomplete information game, w is known to the
users, but not to the service provider. In the totally incom-
plete information game, each user’s true type is private in-
formation to himself; thus, User i does not know w−i, for
i ∈ N , and the service provider does not know w. For all
cases, we assume that statistical information on w is avail-
able and is common information to all parties. Furthermore,
users are independently and identically distributed regarding
their types. Suppose that for any user, there are m possible
types, whose set is {wl}l∈M , where M := {1, . . . ,m}. The
user’s type is wl with probability ql for l ∈ M , where ql > 0
and

∑
l∈M ql = 1. Without loss of generality, assume that

w1 > · · · > wm > 0.

2.1 Complete information

In the complete information game, w is known to all the
players and hence no statistical information is necessary.
Since the service provider knows w, he can charge users
differentially according to their true types. In order to obtain

1We can see that the service provider increases the link capacity in
proportion to the number of users. In [8], a more general link capac-
ity nc, where c > 0 is the per user capacity, was considered. Here we
only study the special case with c = 1, and leave the extension to more
general c to future work.
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the optimal incentive policy, he needs to compute the team
solution first, which is the action outcome that maximizes
his profit:

{(xCt
i (w), rCt

i (w))}i∈N = arg max
{(xi ,ri )}i∈N

∑

j∈N

rj ,

subject to

Fwi
(xi,x−i; ri) ≥ Fwi

(0,x−i;0), i ∈ N;
xi ≥ 0, ri ≥ 0, i ∈ N;

∑

j∈N

xj < n.

(2)

Note that ri should be 0 for xi = 0, and (2) is the individ-
ual rationality constraint, which guarantees that the users are
not worse off by participating. It was obtained in [1] that
for finite but large n, the asymptotic team-optimal flows and
charges are

xCt
i (w)(n) ∼ 2wi

wav

− 1, rCt
i (w)(n) ∼ wi log

(
2wi

wav

)

,

for i ∈ N , if and only if

wi >
wav

2
, ∀i ∈ N, (3)

and the resulting team-optimal total profit is

r̄Ct (w)(n) ∼
∑

j∈N

wj log

(
2wj

wav

)

≥ wav(log 2)n, (4)

where the equality holds if and only if wi = wav for all
i ∈ N .

Having obtained the team solution, the next step would
be to design a pricing policy for each user, ri = γi(xi), that
solves the following incentive-design problem, under which
individual users’ utility maximizing responses lead to the
team solution computed above; that is, for i ∈ N ,

xCt
i (w) = arg max

xi :0≤xi<n−xCt−i (w)

Fwi
(xi,x−i

Ct (w);γi(xi)), (5)

γi(x
Ct
i (w)) = rCt

i (w), (6)

γi(0) = 0. (7)

If there exists a solution to (5)–(7), which is then denoted
by {γ Ct

i (w)}i∈N , we say that the incentive-design problem
is incentive controllable. It was shown in [1] that the prob-
lem is actually not incentive controllable; rather, we can find
{γ Ctε

i (w)}i∈N which makes the service provider come arbi-
trarily close to (within ε of) the team-optimal profit, and so
the problem is ε-incentive controllable.

2.2 Totally incomplete information

With totally incomplete information, the service provider
only has statistical information on w. Thus, his objective is
to maximize the expected total profit. Also, he cannot have
price discrimination for different users according to their
true types, which means that he should have the same pric-
ing policy for all users. As a result, the team solution is the
same for all the users, which consists of m optimal flow-
charge pairs, one pair for each possible user type, such that
the expected profit is maximized. Thus, we can formulate
the team problem as follows:

{(xlT t , rlT t )}l∈M = arg max
{(xl ,rl )}l∈M

n
∑

l∈M

qlr
l,

subject to

F (wl, xl, rl; {xli }) ≥ F (wl,0,0; {xli }), l ∈ M; (8)

F (wl, xl, rl; {xli }) ≥ F (wl, xk, rk; {xli }),
l, k ∈ M, l �= k; (9)

0 ≤ xl < 1, rl ≥ 0, l ∈ M,

where F (w,x, r; {yli }) is defined as

∑

{li }n−1
i=1 ∈Mn−1

{(
n−1∏

i=1

qli

)

Fw(x, {yli }n−1
i=1 ; r)

}

.

Here, we require xl < 1 for l ∈ M , because in any case the
total flow cannot exceed the total capacity n for the conges-
tion cost in (1) to be well defined. Constraint (8) is the in-
dividual rationality constraint, which again guarantees that
users are not worse off by participating. In addition, for in-
complete information, we need (9) to induce any user with
a certain type to choose the flow-charge pair desired for this
type, which is called “self selection” (see [12, p. 442], [13]).
Note that the individual rationality constraint is also a spe-
cial kind of self-selection constraint. Also, the constraints
(8) and (9) are based on the expected net utility for a user,
F , since he does not know the true types of the other n − 1
users. In [1], a near-optimal asymptotic team solution was
obtained as follows:

l ∈ MH : x̃lT t = 1 − δ, r̃ lT t = wlh log(2 − δ);
l ∈ ML: x̃lT t = 0, r̃ lT t = 0,

where

lh = min

{

arg max
k:k∈M

k∑

l=1

qlw
k

}

, (10)
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MH = {1, . . . , lh}, ML = {lh + 1, . . . ,m}, and δ = an−b for
some a > 0 and 0 < b < 1. For this near-optimal team so-
lution, the resulting expected profit for the service provider
approaches the team-optimal expected profit in the asymp-
totic case, which is2

r̄T t (n) = n
∑

l∈MH

qlw
lh log 2. (11)

Next, the incentive-design problem is to find a common
incentive function for all users, γ , such that

xlT t = arg max
x:x≥0

F (wl, x, γ (x); {xliT t }), l ∈ M; (12)

γ (xlT t ) = rlT t , l ∈ M; (13)

γ (0) = 0. (14)

If there exists a solution to (12)–(14), which we then denote
by γ T t , we say that the incentive-design problem is incen-
tive controllable. Again, we showed in [1] that the problem
is in fact ε-incentive controllable by obtaining an ε-team op-
timal incentive policy γ̃ T tε , which almost achieves the near-
optimal asymptotic team solution.

3 Pricing under partially incomplete information

Having reviewed the relevant solutions in the two extreme
cases with information symmetry, we now turn to the prob-
lem of optimal nonlinear pricing policy design for the par-
tially incomplete information game. We first formulate the
team problem and the incentive-design problem, and subse-
quently solve these two problems.

3.1 Incentive-design problem formulation

In the partially incomplete information game, the service
provider does not know w, which is however known to the
users. Thus, in order to find the team solution which maxi-
mizes the expected profit, the service provider needs to con-
sider all possible values of w. In other words, suppose that
User i’s type is wi = wli , where li ∈ M ; then l := {lj }j∈N

can take any value from Mn. Therefore, the team solution
consists of n × mn flow-charge pairs, with one pair for each
user, and totally n pairs for each possible value of l, such that
the expected profit is maximized. This team problem can be
formulated as follows:

{{(xlP t
i , r lP t

i )}i∈N }l∈Mn

= arg max
{{(xl

i ,r
l
i )}i∈N }l∈Mn

∑

l∈Mn

(∏

j∈N

qlj

) ∑

j∈N

r l
j , (15)

2For the asymptotic case where the number of users n gets large, the
expected number of users with the type wl is nql for l ∈ M .

subject to

Fwli (x
l
i ,xl

−i; r l
i ) ≥ Fwli (0,xl

−i;0), i ∈ N, l ∈ Mn; (16)

Fwli (x
l
i ,xl

−i; r l
i ) ≥ Fwli (x

k
j ,xl

−i; rk
j ), i, j ∈ N, l,k ∈ Mn;

(17)

xl
i ≥ 0, r l

i ≥ 0,
∑

j∈N

xl
j < n, i ∈ N, l ∈ Mn.

Note that (16) is the individual rationality constraint, which
guarantees that the users are not worse off by participating,
and (17) is the self-selection constraint, which means that
given a certain value of l, a user should choose the flow-
charge pair desired for him in this case.

Assume that a team-optimal solution exists. Then, the in-
centive-design problem is to find a common incentive func-
tion, γ , for all users, since the service provider cannot dif-
ferentiate between users according to their types, such that
for any l, any user’s net utility is maximized at the team so-
lution. This problem can be formulated as follows:

xlP t
i = arg max

x:0≤x<n−xlP t−i

Fwli (x, xlP t
−i ;γ (x)), i ∈ N, l ∈ Mn;

(18)

γ (xlP t
i ) = r lP t

i , i ∈ N, l ∈ Mn; (19)

γ (0) = 0. (20)

If there exists a solution to (18)–(20), which is then denoted
by γ P t , we say that the incentive-design problem is incen-
tive controllable.

We have thus completed the formulation of the team
problem, given by (15)–(17), and the incentive-design prob-
lem, given by (18)–(20), for the partially incomplete infor-
mation game. However, these two problems become intract-
able as n → ∞, for the asymptotic case which is of particu-
lar interest to us, since the dimension of the set of possible
l’s, Mn, approaches infinity in this case. Therefore, in the
following, we provide a simplified problem formulation for
the asymptotic case. Note that as n → ∞, since users are
independently and identically distributed in terms of their
types, by the Strong Law of Large Numbers [14, p. 48], with
probability 1, the fraction of those users whose types are wl

approaches ql for l ∈ M . In view of this, we make the fol-
lowing assumption:

Assumption 1 For the asymptotic case with partially in-
complete information, the service provider assumes that the
number of users whose types are wl is nql , for l ∈ M , and
can maximize his profit based on this assumption.

Then, under Assumption 1, the problem formulation for
the team solution can be simplified such that the service
provider only needs to find m flow-charge pairs, one pair
for each type, which maximize the total profit. Again, we
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take n as a parameter for the asymptotic case, and the team
solution can be expressed as follows:3

{(xlP t (n), rlP t (n))}l∈M = arg max
{(xl ,rl )}l∈M

n
∑

l∈M

qlr
l, (21)

subject to

Fwl

(

xl, n
∑

h∈M

qhx
h− xl; rl

)

≥ Fwl

(

0, n
∑

h∈M

qhx
h− xl;0

)

, l ∈ M; (22)

Fwl

(

xl, n
∑

h∈M

qhx
h− xl; rl

)

≥ Fwl

(

xk, n
∑

h∈M

qhx
h− xl; rk

)

, l, k ∈ M, l �= k; (23)

xl ≥ 0, rl ≥ 0, l ∈ M;
∑

l∈M

qlx
l < 1.

Assume that a solution to (21)–(23) exists. Then, the incen-
tive-design problem is to find a common incentive function,
γ , for all users, such that those users whose types are wl

get the maximal net utilities at (xlP t (n), rlP t (n)), for l ∈ M ,
which can be formulated as follows:

xlP t (n) = arg max
x:0≤x<n−x−lP t (n)

Fwl (x, x−lP t (n);γ (x)),

l ∈ M; (24)

γ (xlP t (n)) = rlP t (n), l ∈ M; (25)

γ (0) = 0, (26)

where x−lP t (n) := n
∑

h∈M qhx
hP t (n) − xlP t (n). If there

exists a solution to (24)–(26), which is then denoted by
γ P t (n), we say that the incentive-design problem is incen-
tive controllable.

Actually, we can further simplify the problem formula-
tion under the following assumption:

Assumption 2 As n → ∞, for (22), (23) and (24), assume
that

lim
n→∞

1

n − n
∑

h∈M qhxh + xl − xk
= 0, l, k ∈ M.

In other words, the congestion cost tends to zero, and thus
can be neglected, for the asymptotic case with partially in-
complete information.

3For the convenience of notation here, we have modified slightly the
form of F given in (1), such that Fwi

(xi , x−i; ri ) := wi log(1 + xi) −
(n − xi − x−i )

−1 − ri , for 0 ≤ xi < n − x−i .

Later, we will see in (74) that Assumption 2 is satisfied
by the solution obtained. Note that in our model, the ser-
vice provider increases the link capacity in proportion to the
number of users. Thus even though the population gets large
in the asymptotic case, a large network capacity would still
make the congestion cost tend to zero. Under Assumption 2,
the associated team problem, (21)–(23), can be further sim-
plified as

{(x̃lP t , r̃ lP t )}l∈M = arg max
{(xl ,rl )}l∈M

n
∑

l∈M

qlr
l, (27)

subject to

F̃wl (xl; rl) ≥ F̃wl (0;0), l ∈ M; (28)

F̃wl (x
l; rl) ≥ F̃wl (x

k; rk), l, k ∈ M, l �= k; (29)

xl ≥ 0, rl ≥ 0, l ∈ M;
∑

l∈M

qlx
l < 1, (30)

where F̃w(x; r) := w log(1 + x) − r. Then, the incentive-
design problem, (24)–(26), can be expressed as

x̃lP t = arg max
x:x≥0

F̃wl (x;γ (x)), l ∈ M; (31)

γ (x̃lP t ) = r̃ lP t , l ∈ M; (32)

γ (0) = 0. (33)

If the problem is incentive controllable, then the solution is
denoted by γ̃ P t .

3.2 Team solution

3.2.1 Optimization problem decomposition

Next, we solve (27)–(30) for the asymptotic team solution.
As in the case of the single user with incomplete informa-
tion, we decompose the problem such that the optimal flows
can be obtained first, followed by the optimal charges. First
we have the following two lemmas, followed by two propo-
sitions, leading to the main result captured in Theorem 1.

Lemma 1 x̃1P t ≥ · · · ≥ x̃mP t .

Proof Fix any l, k ∈ M such that l < k. By assump-
tion, wl > wk . From (29), F̃wl (xl; rl) ≥ F̃wl (xk; rk), and
F̃wk (xk; rk) ≥ F̃wk (xl; rl). By summing the two inequali-
ties and rearranging the terms, we obtain (wl −wk)[log(1 +
xl) − log(1 + xk)] ≥ 0, which implies xl ≥ xk . �

Lemma 2 Suppose that (29) holds. If (28) holds for l = m,
then it automatically holds for l ∈ M\{m}.
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Proof Fix any l, k ∈ M and l < k. By assumption, wl >

wk . Thus, F̃wl (xk; rk) ≥ F̃wk (xk; rk). Then, F̃wl (xl; rl) ≥
F̃wk (xk; rk) from (29). Note that F̃wl (0;0) = F̃wk (0;0) = 0.
Thus, if (28) holds for k, it also holds for l. Finally, we only
need (28) to hold for m. �

Proposition 1 The optimization problem for the asymptotic
team solution, (27)–(30), is equivalent to the following opti-
mization problem:

maxn
∑

l∈M

qlr
l

subject to

x1 ≥ · · · ≥ xm ≥ 0; (34)
∑

l∈M

qlx
l < 1; (35)

rl ≥ 0, l ∈ M; (36)

rm ≤ wm log(1 + xm); (37)

wl+1 log
1 + xl

1 + xl+1
≤ rl − rl+1 ≤ wl log

1 + xl

1 + xl+1
,

l ∈ M\{m}. (38)

Proof Expressions (34)–(36) come directly from (30) and
Lemma 1. By Lemma 2, (28) can be written as (37). Next,
we prove that (29) can be written as (38). Fix l, k and
h ∈ M such that l < k < h. By assumption, wl > wk >

wh. By (34), xl ≥ xk ≥ xh. Suppose that F̃wl (xl; rl) ≥
F̃wl (xk; rk) and F̃wk (xk; rk) ≥ F̃wk (xh; rh). Summing the
second inequality with (wl − wk) log(1 + xk) ≥ (wl −
wk) log(1 + xh), which comes from wl > wk and xk ≥ xh,
we get F̃wl (xk; rk) ≥ F̃wl (xh; rh). Therefore, F̃wl (xl; rl) ≥
F̃wl (xh; rh), which means that if (29) holds for the pairs
(l, k) and (k,h), then it is also satisfied for the pair (l, h).
One the other hand, suppose that F̃wh(xh; rh) ≥ F̃wh(xk; rk)

and F̃wk (xk; rk) ≥ F̃wk (xl; rl). Adding the second inequal-
ity with

−(wk − wh) log(1 + xk) ≥ −(wk − wh) log(1 + xl),

which comes from wk >wh and xk ≤xl , we get F̃wh(xk; rk)

≥ F̃wh(xl; rl). Therefore, F̃wh(xh; rh) ≥ F̃wh(xl; rl), which
means that if (29) holds for the pairs (h, k) and (k, l), then
it must also hold for the pair (h, l). In conclusion, (29) can
be reduced to

F̃wl (xl; rl) ≥ F̃wl (xl+1; rl+1);
F̃wl+1(x

l+1; rl+1) ≥ F̃wl+1(x
l; rl), l ∈ M\{m},

which can equivalently be written as (38). �

Obviously, to maximize n
∑

l∈M qlr
l , rm should equal

the upper bound in (37), and rl − rl−1 should equal the up-
per bound in (38), for l ∈ M\{m}, such that rl’s take the
largest possible values. It can be easily seen that these val-
ues satisfy (36). Thus, we have the following proposition as
a direct result of Proposition 1, whose proof is omitted here:

Proposition 2 The optimization problem for the asymptotic
team solution, (27)–(30), is equivalent to

maxn
∑

l∈M

qlr
l

subject to

x1 ≥ · · · ≥ xm ≥ 0; (39)
∑

l∈M

qlx
l < 1; (40)

rm = wm log(1 + xm); (41)

rl = wl log(1 + xl) −
m∑

k=l+1

(wk−1 − wk) log(1 + xk),

l ∈ M\{m}. (42)

Immediately from Proposition 2, the team solution can
be decomposed as follows:

Theorem 1 The optimization problem for the asymptotic t-
eam solution, (27)–(30), can be decomposed, such that the
optimal flows can be obtained from the following problem
first:

{x̃lP t }l∈M = arg max
{xl}l∈M :x1≥···≥xm≥0

nr̃P
av, (43)

s.t.
∑

l∈M

qlx
l < 1, (44)

where q̄l := ∑l
k=1 qk for l ∈ M , q̄0 := 0, w0 := 0, and

r̃P
av :=

∑

l∈M

(q̄lw
l − q̄l−1w

l−1) log(1 + xl).

Then, the optimal charges, {r̃ lP t }l∈M , can be calculated
from the optimal flows, {x̃lP t }l∈M , by (41) and (42).

3.2.2 Asymptotic optimal flows with relaxed constraint

We first solve (43) and (44) for the asymptotic optimal
flows. For the convenience of applying the Lagrange mul-
tiplier method [15][16], here we first relax the constraint
(44) to

∑
l∈M qlx

l ≤ 1 and it can be seen later that the at-
tained near-optimal solution actually satisfies the strict in-
equality in (44). Also, let ym = xm, and yl = xl − xl+1 for
l ∈ M\{m}, or equivalently, xl = ∑m

k=l y
k for l ∈ M . Then,
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the constraint x1 ≥ · · · ≥ xm ≥ 0 becomes yl ≥ 0 for l ∈ M ,
and (43) and (44) can be rewritten as

max
{yl :yl≥0}l∈M

nr̃P
av,

s.t.
∑

l∈M

q̄ly
l ≤ 1,

where

r̃P
av =

∑

l∈M

(q̄lw
l − q̄l−1w

l−1) log

(

1 +
m∑

k=l

yk

)

.

Now, for some λ ≥ 0, define the Lagrangian function

L(y1, . . . , ym;λ) := r̃P
av − λ

(∑

l∈M

q̄ly
l − 1

)

.

Then, we find that the optimal solution must satisfy

∂

∂yl
L(y1, . . . , ym;λ)

=
l∑

h=1

[
q̄hw

h − q̄h−1w
h−1

1 + ∑m
k=h yk

− λqh

]

≤ 0, l ∈ M; (45)

yl · ∂

∂yl
L(y1, . . . , ym;λ) = 0, l ∈ M; (46)

λ

(∑

l∈M

q̄ly
l − 1

)

= 0; (47)

∑

l∈M

q̄ly
l ≤ 1; yl ≥ 0, l ∈ M; λ ≥ 0. (48)

It can be easily seen that ∂L(y1, . . . , ym;λ)/∂y1 > 0 if λ =
0, which contradicts (45). Thus, we must have λ > 0, and
(47) and (48) can be revised to

∑

l∈M

q̄ly
l = 1; yl ≥ 0, l ∈ M; λ > 0. (49)

Let {l1, . . . , lK} be a subset of M , such that 1 ≤ l1 < · · · <

lK ≤ m, ylk > 0 for k = 1, . . . ,K , and yl = 0 for any other
l ∈ M . Note that {l1, . . . , lK} is the set of indices for strictly
positive yl’s and its determination will be discussed in more
detail in 3.2.3. Define l0 := 0. Then, for ylk , k = 1, . . . ,K ,
(45), (46) and (49) can be reduced to

q̄lkw
lk − q̄lk−1w

lk−1

1 + ∑K
h=k ylh

− λ(q̄lk − q̄lk−1) = 0, k = 1, . . . ,K;
(50)

K∑

k=1

q̄lk y
lk = 1; ylk > 0, k = 1, . . . ,K; λ > 0. (51)

By (50),

K∑

h=k

ylh = q̄lkw
lk − q̄lk−1w

lk−1

λ(q̄lk − q̄lk−1)
− 1, k = 1, . . . ,K, (52)

and thus

ylk = 1

λ

(
q̄lkw

lk − q̄lk−1w
lk−1

q̄lk − q̄lk−1

− q̄lk+1w
lk+1 − q̄lkw

lk

q̄lk+1 − q̄lk

)

,

k = 1, . . . ,K − 1; (53)

ylK = 1

λ
· q̄lK wlK − q̄lK−1w

lK−1

q̄lK − q̄lK−1

− 1. (54)

Also, by substituting (52) into (51), we get

1 =
K∑

k=1

q̄lk y
lk =

K∑

k=1

(
K∑

h=k

ylh

)

(q̄lk − q̄lk−1)

= 1

λ
q̄lK wlK − q̄lK ,

and thus

λ = q̄lK wlK

1 + q̄lK

. (55)

Obviously, λ > 0. From (53) and (54), we need the following
to hold for ylk > 0, k = 1, . . . ,K :

q̄lkw
lk − q̄lk−1w

lk−1

q̄lk − q̄lk−1

>
q̄lk+1w

lk+1 − q̄lkw
lk

q̄lk+1 − q̄lk

,

k = 1, . . . ,K − 1; (56)

q̄lK wlK

1 + q̄lK

>
q̄lK−1w

lK−1

1 + q̄lK−1

. (57)

Now for l ∈ M\{l1, . . . , lK}, yl = 0, and thus we only need
(45) to hold for these yl’s. Given the fact that the equal-
ity holds for (45) when l = lk−1 for k = 1, . . . ,K , then for
lk−1 < l < lk , (45) can be reduced to

l∑

h=lk−1+1

[
q̄hw

h − q̄h−1w
h−1

1 + ∑K
j=k ylj

− λqh

]

= q̄lw
l − q̄lk−1w

lk−1

1 + ∑K
j=k ylj

− λ(q̄l − q̄lk−1) ≤ 0.

Combining this with (52), we get

q̄lw
l − q̄lk−1w

lk−1

q̄l − q̄lk−1

≤ q̄lkw
lk − q̄lk−1w

lk−1

q̄lk − q̄lk−1

,

lk−1 < l < lk, k = 1, . . . ,K. (58)
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Also, since the equality holds for (45) when l = lK , for lK <

l ≤ m, (45) can be reduced to

l∑

h=lK+1

[
q̄hw

h − q̄h−1w
h−1 − λqh

]

= (q̄lw
l − q̄lK wlK ) − λ(q̄l − q̄lK ) ≤ 0.

Combining this with (55), we obtain

q̄lw
l

1 + q̄l

≤ q̄lK wlK

1 + q̄lK

, lK < l ≤ m. (59)

Now, having obtained the optimal yl’s, we go back to
compute xl’s. Recall that xl = ∑m

k=l y
k for l ∈ M . There-

fore, from (52) and (55),

xl = xlk = 1 + q̄lK

q̄lK wlK
· q̄lkw

lk − q̄lk−1w
lk−1

q̄lk − q̄lk−1

− 1,

lk−1 < l ≤ lk, k = 1, . . . ,K; (60)

xl = 0, lK < l ≤ m. (61)

In conclusion, the asymptotic optimal flows with the relaxed
constraint

∑
l∈M qlx

l ≤ 1 are given in (60) and (61), with
(56)–(59) being the necessary and sufficient condition for
optimality.

3.2.3 An inductive method for {l1, . . . , lK}

Now, we discuss the determination of the set {l1, . . . , lK}.
We first recap the necessary and sufficient conditions cap-
tured in (56)–(59) in the following proposition, and then
summarize the condition as (70) and (71) with clear mean-
ings that can be used to determine {l1, . . . , lK} inductively.

Proposition 3 The conditions for {l1, . . . , lK}, (56)–(59),
are equivalent to

q̄lw
l − q̄lk−1w

lk−1

q̄l − q̄lk−1

≤ q̄lkw
lk − q̄lk−1w

lk−1

q̄lk − q̄lk−1

,

lk−1 < l < lk, k = 1, . . . ,K; (62)

q̄lw
l − q̄lk−1w

lk−1

q̄l − q̄lk−1

<
q̄lkw

lk − q̄lk−1w
lk−1

q̄lk − q̄lk−1

,

lk < l ≤ m, k = 1, . . . ,K; (63)

q̄lK−1w
lK−1

1 + q̄lK−1

<
q̄lK wlK

1 + q̄lK

; (64)

q̄lw
l

1 + q̄l

≤ q̄lK wlK

1 + q̄lK

, lK < l ≤ m. (65)

Proof First, suppose that (56)–(59) hold. We want to prove
that (62)–(65) hold as well. Note that (62), (64) and (65) are
just (58), (57) and (59), respectively. Thus, we only need to
prove (63). For lk < l ≤ m, k = 1, . . . ,K , we discuss this for
different cases of l. If lh−1 < l ≤ lh for some h, k < h ≤ K ,
then from (56), we can deduce

q̄lj w
lj − q̄lj−1w

lj−1

q̄lj − q̄lj−1

<
q̄lkw

lk − q̄lk−1w
lk−1

q̄lk − q̄lk−1

, j > k.

Also, by (58),

q̄lw
l − q̄lh−1w

lh−1

q̄l − q̄lh−1

≤ q̄lhw
lh − q̄lh−1w

lh−1

q̄lh − q̄lh−1

<
q̄lkw

lk − q̄lk−1w
lk−1

q̄lk − q̄lk−1

.

Thus,

q̄lw
l − q̄lk−1w

lk−1

q̄l − q̄lk−1

= q̄lw
l − q̄lh−1w

lh−1 + ∑h−1
j=k(q̄lj w

lj − q̄lj−1w
lj−1)

q̄l − q̄lh−1 + ∑h−1
j=k(q̄lj − q̄lj−1)

<
q̄lkw

lk − q̄lk−1w
lk−1

q̄lk − q̄lk−1

.

The other possible case is lK < l ≤ m. By (59),

q̄lw
l − q̄lK wlK

q̄l − q̄lK

≤ q̄lK wlK

q̄lK

.

On the other hand, by (57),

q̄lw
l − q̄lK wlK

q̄l − q̄lK

≤ q̄lK wlK

q̄lK

<
q̄lK wlK − q̄lK−1w

lK−1

q̄lK − q̄lK−1

, (66)

which implies 4

q̄lw
l − q̄lk−1w

lk−1

q̄l − q̄lk−1

(67)

= q̄lw
l − q̄lK wlK + ∑K

j=k(q̄lj w
lj − q̄lj−1w

lj−1)

q̄l − q̄lK + ∑K
j=k(q̄lj − q̄lj−1)

(68)

<
q̄lkw

lk − q̄lk−1w
lk−1

q̄lk − q̄lk−1

. (69)

Finally, we conclude that (63) holds.

4The only exception happens when lK = 1. For this case, the last two
terms in (66) are actually equal. However, since w1 is larger than all
the other wl ’s by assumption, we can still verify (69).
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For the reverse direction, suppose that (62)–(65) hold.
Then, we only need to prove (56). By (63),

q̄lkw
lk − q̄lk−1w

lk−1

q̄lk − q̄lk−1

>
q̄lk+1w

lk+1 − q̄lk−1w
lk−1

q̄lk+1 − q̄lk−1

= q̄lk+1w
lk+1 − q̄lkw

lk + q̄lkw
lk − q̄lk−1w

lk−1

q̄lk+1 − q̄lk + q̄lk − q̄lk−1

,

for k = 1, . . . ,K − 1, which immediately implies (56). �

Based on Proposition 3, now we can determine lk’s in-
ductively. Recall that l0 = 0, q̄0 = 0 and w0 = 0. Then, given
lk−1, k = 1, . . . ,K , by (62) and (63),

lk = max

{

arg max
l:lk−1<l≤m

q̄lw
l − q̄lk−1w

lk−1

q̄l − q̄lk−1

}

,

k = 1, . . . ,K. (70)

We have one remark here: It can be easily seen that l1 = 1,
since w1 > · · · > wm > 0 by assumption. Next, we check
whether lk satisfies (64) and (65) or not. If that is the case,
then k = K and we stop; otherwise, we proceed to determine
lk+1 by (70). Actually, we have the following expression
for lK :

Proposition 4 lK can be determined as follows:

lK = min

{

arg max
l:l∈M

q̄lw
l

1 + q̄l

}

. (71)

Proof Let l̄ := min{arg maxl:l∈Mq̄lw
l/(1 + q̄l)}. Obviously,

we must have lK ≥ l̄, since otherwise (65) cannot be satis-
fied. Next, we show lK = l̄. First, suppose that l̄ = 1. Given
l0 = 0, we have verified that l1 = 1 by (62) and (63), or
equivalently, by (70). Since l̄ = 1, according to the defini-
tion of l̄, (64) and (65) also hold for l1 = 1. Therefore, K = 1
and lK = l1 = l̄ = 1. On the other hand, if l̄ > 1, then given
1 ≤ lk−1 < l̄, according to the definition of l̄,

0 <
q̄lk−1w

lk−1

1 + q̄lk−1

<
q̄l̄w

l̄

1 + q̄l̄

,

which implies

q̄l̄w
l̄ − q̄lk−1w

lk−1

q̄l̄ − q̄lk−1

>
q̄l̄w

l̄

1 + q̄l̄

.

Then for l > l̄, again by the definition of l̄,

q̄lw
l

1 + q̄l

≤ q̄l̄w
l̄

1 + q̄l̄

,

and thus

q̄lw
l − q̄l̄w

l̄

q̄l − q̄l̄

≤ q̄l̄w
l̄

1 + q̄l̄

<
q̄l̄w

l̄ − q̄lk−1w
lk−1

q̄l̄ − q̄lk−1

.

Therefore,

q̄lw
l − q̄lk−1w

lk−1

q̄l − q̄lk−
= q̄lw

l − q̄l̄w
l̄ + q̄l̄w

l̄ − q̄lk−1w
lk−1

q̄l − q̄l̄ + q̄l̄ − q̄lk−1

<
q̄l̄w

l̄ − q̄lk−1w
lk−1

q̄l̄ − q̄lk−1

.

This means lk ≤ l̄, since otherwise (63) cannot be satisfied.
Furthermore, from the fact that lK ≥ l̄, we do not stop if
lk < l̄. Finally, we can always proceed to some k, such that
lk = l̄. Then, by the definition of l̄, (64) and (65) are satisfied
for lk , and so k = K and lK = l̄. �

In conclusion, the set {l1, . . . , lK} can be determined by (70)
and (71) inductively.

3.2.4 Near-optimal asymptotic team solution

We have shown that with the relaxed constraint
∑

l∈M qlx
l ≤

1, the asymptotic optimal flows can be obtained by (60)
and (61). It can be seen from (49) that for these flows,
∑

l∈M qlx
l = 1. Also, the resulting maximal profit attain-

able with the relaxed constraint, divided by n, is

r̃P
av =

∑

l∈M

(q̄lw
l − q̄l−1w

l−1) log(1 + xl)

=
K∑

k=1

lk∑

l=lk−1+1

(q̄lw
l − q̄l−1w

l−1) log(1 + xlk )

=
K∑

k=1

(q̄lkw
lk − q̄lk−1w

lk−1)

× log

(
1 + q̄lK

q̄lK wlK
· q̄lkw

lk − q̄lk−1w
lk−1

q̄lk − q̄lk−1

)

=
K∑

k=1

(q̄lkw
lk − q̄lk−1w

lk−1) log
q̄lkw

lk − q̄lk−1w
lk−1

q̄lk − q̄lk−1

− q̄lK wlK log
q̄lK wlK

1 + q̄lK

.

Now, based on (60) and (61), let

x̃lP t = x̃lkP t = 1 + q̄lK

q̄lK wlK
· q̄lkw

lk − q̄lk−1w
lk−1

q̄lk − q̄lk−1

− 1 − δ,

lk−1 < l ≤ lk, k = 1, . . . ,K; (72)

x̃lP t = 0, lK < l ≤ m, (73)
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where δ = an−b for some a > 0 and 0 < b < 1. Next,
we show that x̃lP t ’s defined by (72) and (73) solve (43)
and (44) for the asymptotic case, and thus provide the
near-optimal flows for the asymptotic team solution. First,
∑

l∈M qlx̃
lP t = 1 − q̄lK δ < 1, which satisfies the origi-

nal constraint (44). Also, Assumption 2 holds, since for
l, k ∈ M ,

lim
n→∞

1

n − n
∑

h∈M qhx̃hP t + x̃lP t − x̃kP t

= lim
n→∞

1

q̄lK an1−b + x̃lP t − x̃kP t
= 0. (74)

Furthermore,

r̃P t
av :=

∑

l∈M

(q̄lw
l − q̄l−1w

l−1) log(1 + x̃lP t )

=
K∑

k=1

(q̄lkw
lk − q̄lk−1w

lk−1)

× [log(1 + x̃lkP t + δ) − (1 + x̃lkP t + δ)−1an−b]

∼
K∑

k=1

(q̄lkw
lk − q̄lk−1w

lk−1) log
q̄lkw

lk − q̄lk−1w
lk−1

q̄lk − q̄lk−1

− q̄lK wlK log
q̄lK wlK

1 + q̄lK

.

Therefore, for the asymptotic case, x̃lP t ’s almost achieve
the maximal profit attainable with the relaxed constraint, de-
fined by

r̄P t (n) := n

K∑

k=1

(q̄lkw
lk − q̄lk−1w

lk−1) log
q̄lkw

lk − q̄lk−1w
lk−1

q̄lk − q̄lk−1

− nq̄lK wlK log
q̄lK wlK

1 + q̄lK

, (75)

and so (72) and (73) provide the near-optimal flows
for the asymptotic team solution. Then, the near-optimal
charges for the asymptotic team solution, {r̃ lP t }l∈M , can
be obtained from {x̃lP t }l∈M by (41) and (42), and finally
we have

r̃ lP t = r̃ lkP t

= wlk log(1 + x̃lkP t )

−
K∑

h=k+1

(wlh−1 − wlh) log(1 + x̃lhP t ),

lk−1 < l ≤ lk, k = 1, . . . ,K; (76)

r̃ lP t = 0, lK < l ≤ m. (77)

3.3 Solution of the incentive-design problem

Having obtained the near-optimal asymptotic team solu-
tion {(x̃lP t , r̃ lP t )}l∈M , we now address the incentive-design
problem (31)–(33) for γ̃ P t . Note that {(x̃lP t , r̃ lP t )}l∈M sat-
isfies (41) and (42), or equivalently,

wm log(1 + x̃mP t ) − r̃mP t = 0;
wl log(1 + x̃lP t ) − r̃ lP t = wl log(1 + x̃(l+1)P t ) − r̃ (l+1)P t ,

l ∈ M\{m}.

In particular, this implies

F̃wlK (x̃lKP t ; r̃ lKP t ) = F̃wlK (0;0) = 0;
F̃wlk (x̃

lkP t ; r̃ lkP t ) = F̃wlk (x̃
lk+1P t ; r̃ lk+1P t ),

k = 1, . . . ,K − 1,

which means that a user with the type wlK may choose the
flow-charge pair (0,0) instead of (x̃lKP t , r̃ lKP t ), and a user
with the type wlk , k = 1, . . . ,K − 1, may choose the flow-
charge pair (x̃lk+1P t , r̃ lk+1P t ) instead of (x̃lkP t , r̃ lkP t ). Thus,
strictly speaking, the incentive-design problem (31)–(33) is
not incentive controllable.

Next, we show that the problem is ε-incentive control-
lable by obtaining an ε-team optimal incentive policy, γ̃ P tε .
First, let γ̃ P tε(0) = 0, and γ̃ P tε(x̃lKP t ) = r̃ lKP t −εK , where
εK is an arbitrarily small positive amount. Then,

F̃wlK (x̃lKP t ; γ̃ P tε(x̃lKP t )) = εK > 0,

which guarantees that a user with the type wlK will not
choose (0,0). On the other hand, for a user with the type
wl , lK < l ≤ m, to still stick to (0,0), we need

F̃wl (x̃
lKP t ; γ̃ P tε(x̃lKP t ))

= εK − (wlK − wl) log(1 + x̃lKP t ) < 0. (78)

Next, for k = K − 1, . . . ,1, let γ̃ P tε(x̃lkP t ) = r̃ lkP t − εk ,
where εk > εk+1 such that

F̃wlk (x̃
lkP t ; γ̃ P tε(x̃lkP t ))

= F̃wlk (x̃
lk+1P t ; γ̃ P tε(x̃lk+1P t )) + εk − εk+1

> F̃wlk (x̃
lk+1P t ; γ̃ P tε(x̃lk+1P t )).

On the other hand, for a user with the type wl , lk < l ≤ m,
to stick to their desired choices, similarly, we need

(wlk − wlk+1)[log(1 + x̃lkP t ) − log(1 + x̃lk+1P t )]
> εk − εk+1, k = 1, . . . ,K − 1. (79)
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Finally, for (31) to be satisfied, that is, for x̃lP t to be the
unique maximizing point of F̃wl (x; γ̃ P tε(x)) for x ≥ 0, we
need

γ̃ P tε(x) > wl log(1 + x) − [wl log(1 + x̃lP t ) − r̃ lP t ] − εl,

l ∈ M, (80)

for x ≥ 0 and x /∈ {0, x̃l1P t , . . . , x̃lKP t } (for instance, we can
let γ̃ P tε(x) = w1 log(1 + x)). In conclusion, a user with
the type wl , l ∈ M , chooses the pair (x̃lP t , γ̃ P tε(x̃lP t )), if
for the incentive policy γ̃ P tε , γ̃ P tε(0) = 0, γ̃ P tε(x̃lkP t ) =
r̃ lkP t − εk for k = 1, . . . ,K , where ε1, . . . , εK can be arbi-
trarily small subject to ε1 > · · · > εK > 0 and (78) to (80).
Then, the resulting profit is

r̄P t (n) − n
∑

l∈M

qlεl = r̄P t (n) − n

K∑

k=1

(q̄lk − q̄lk−1)εk,

which can come arbitrarily close to the team-optimal profit
r̄P t (n) by making εk’s arbitrarily small. Therefore, γ̃ P tε is
an ε-team optimal incentive policy.

4 Comparison of the three games

In the following, we compare results for the partially incom-
plete information game, given by (70), (71), and (75), with
those for the other two games, given by (3) and (4) for com-
plete information, and (10) and (11) for totally incomplete
information. Note that for the asymptotic case, it is stipu-
lated by Assumption 1 that with probability 1, the number
of users whose types are wl is nql , for l ∈ M . Then for the
complete information game, by (3) and (4), the asymptotic
optimal profit for this case is

r̄Ct (n) = n

lCt∑

l=1

qlw
l logwl − n

(
lCt∑

l=1

qlw
l

)

log

∑lCt

l=1 qlw
l

2q̄ lCt
,

where lCt for the smallest admissible type satisfies

wlCt >

∑lCt

l=1 qlw
l

2q̄ lCt
.

We first compare the partially incomplete information
game with the totally incomplete one. From the definition
of lh, for l > lh, we must have q̄lw

l ≤ q̄lhw
lh , which implies

q̄lw
l

1 + q̄l

<
q̄lhw

lh

1 + q̄lh

, l > lh.

Thus, lh ≥ lK , which means that more users can be possi-
bly admitted for the totally incomplete information game.

Next, we compare r̄P t (n) with r̄T t (n), and discuss several
possible cases. First, if lK = lh = 1, then

r̄P t (n) = nq1w
1 log

1 + q1

q1
≥ nq1w

l log 2 = r̄T t (n).

If lK = lh > 1, then we have the following proposition for
r̄P t (n), the proof of which is provided in the Appendix:

Proposition 5 If lK > 1, then

r̄P t (n) > nq̄lK wlK log
1 + q̄lK

q̄lK

. (81)

Thus,

r̄P t (n) > nq̄lK wlK log 2 = nq̄lhw
lh log 2 = r̄T t (n).

If lK < lh, then from the definitions of lK and lh, we must
have

q̄lK wlK < q̄lhw
lh ≤ (1 + q̄lh )

q̄lK wlK

1 + q̄lK

,

and so

nq̄lK wlK log 2 < r̄T t (n) = nq̄lhw
lh log 2

≤ n(1 + q̄lh )
q̄lK wlK

1 + q̄lK

log 2,

which, combined with (81), implies

r̄T t (n)

r̄P t (n)
≤ (1 + q̄lh ) log 2

[

(1 + q̄lK ) log
1 + q̄lK

q̄lK

]−1

.

We can easily verify that (1 + q̄lK ) log[(1 + q̄lK )/q̄lK ] is
strictly convex and strictly decreasing for 0 < q̄lK < 1 (since
lK < lh), and so it is larger than the infimum, 2 log 2. Thus,

r̄T t (n)

r̄P t (n)
<

1 + q̄lh

2
≤ 1.

In conclusion, even though more users can possibly be ad-
mitted for the totally incomplete information game, we al-
ways have r̄P t (n) > r̄T t (n), except that the equality may
hold when lK = lh = 1.

Next, for comparison with the complete information ga-
me, we first know that all being team-optimal with corre-
spondingly inferior information, we have r̄Ct (n) ≥ r̄P t (n) ≥
r̄T t (n). However, the relative differences are difficult to ex-
press in any useful analytic form, and hence we resort to
numerical analysis to evaluate the profit loss due to the two
different types of incomplete information. From Table 1,
we can see that for the scenarios picked (rather arbitrarily),
compared with the complete information game, the profit
loss due to partially incomplete information is always less
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Table 1 Numerical results for
comparison of asymptotic
optimal profits for the three
classes of games for nonlinear
pricing

ql’s wl

wav
’s lCt

r̄Ct (n)
nwav

lK
r̄P t (n)
nwav

lh
r̄T t (n)
nwav

1 − r̄P t (n)

r̄Ct (n)
1 − r̄T t (n)

r̄Ct (n)

1 1 1 log 2 1 log 2 1 log 2 0 0

1
3

5
4 , 1, 3

4 3 0.7142 2 0.6319 3 0.5199 11.52% 27.21%

1
2

5
4 , 3

4 2 0.7247 1 0.6866 2 0.5199 5.26% 28.26%

1
3

4
3 , 1, 2

3 3 0.7309 2 0.6486 2 0.4621 11.26% 36.78%

1
2

4
3 , 2

3 2 0.7498 1 0.7324 1 0.4621 2.32% 38.37%

1
3 ↑ 3

2 ,1,↓ 1
2 3 ↑ 0.7804 2 ↑ 0.6981 2 0.4621 10.55% 40.79%

1
2 ↑ 3

2 ,↓ 1
2 2 ↑ 0.8240 1 ↑ 0.8240 1 ↑ 0.5199 0 36.91%

Table 2 Asymptotic profit
improvement by nonlinear
pricing over linear pricing for
the three classes of games

ql’s wl

wav
’s Complete Partially incomplete Totally incomplete

1 1 38.63% 38.63% 38.63%

1
3

5
4 , 1, 3

4 41.34% 26.38% 38.63%

1
2

5
4 , 3

4 42.69% 37.33% 38.63%

1
3

4
3 , 1, 2

3 43.43% 29.72% 38.63%

1
2

4
3 , 2

3 45.79% 46.48% 38.63%

1
3 ↑ 3

2 ,1,↓ 1
2 ↑ 49.36% ↑ 39.61% ↑ 38.63%

1
2 ↑ 3

2 ,↓ 1
2 ↑ 54.45% ↑ 64.79% ↑ 38.63%

(and rather substantially) than the profit loss due to totally
incomplete information, which confirms our previous con-
clusion. The table also shows the extent of the drop in profit
due to loss of information. The bottom line is that the ser-
vice provider makes the most profit with complete infor-
mation, while if he cannot obtain information on the users’
true types, he prefers partially incomplete information for a
higher profit, and it is beneficial for him to encourage users
to share this information among themselves when possible.
In other words, as leader in the game, the service provider is
better off with better informed users (followers).

Remark on linear pricing: Note that the above conclu-
sion is made for general nonlinear pricing policies. One re-
mark here is that if we restrict pricing policies to be lin-
ear, the same relationship holds; that is, the service provider
makes the highest profit under complete information, fol-
lowed by the profit under partially, and finally the profit
under totally incomplete information. However, by turning
from linear pricing policies to nonlinear ones, the service
provider achieves a higher profit for all three games, with
Table 2 showing the profit improvement by nonlinear pric-

ing over linear pricing for the arbitrarily picked scenarios.
For details, readers are referred to [11].

5 Conclusion

In this paper, we have obtained an ε-team optimal incentive
policy, which almost achieves Pareto optimality for a mo-
nopolistic network service provider facing a large popula-
tion of users, for the partially incomplete information game.
Comparison with results obtained in [1] for the complete and
totally incomplete information games indicates that if the
service provider is not able to obtain information on users’
true types, then it is beneficial for him to encourage infor-
mation sharing among users on each other’s true types when
possible. The same conclusion holds even if we restrict pric-
ing policies to be linear, though nonlinear pricing improves
the service provider’s profit over linear pricing. A thorough
study of linear and nonlinear pricing under the three infor-
mation scenarios can be found in [11].

This paper has looked at provisioning for a single link,
considered in isolation. Interesting extensions of the analy-
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sis here would be to multiple links as part of a general topol-
ogy network (as in the model of [17] which deals with the
complete information case with linear pricing) as well as to
general networks such as oligopolistic networks with mul-
tiple service providers who can be viewed as multiple lead-
ers in a Stackelberg game within a non-cooperative mode of
play.

We have considered in this paper pure strategies for users
and the service provider. The model can be further extended
to include mixed strategies by allowing randomization in
users’ and the service provider’s choices. Dynamic games
framework would also be interesting avenue for extension,
to apply in the setting where user characteristics or the in-
formation set available to the service provider change over
time; then the optimal pricing policy would be time variant
and information dependent. Given that the service provider
would rather have complete information (as one of the con-
clusions we arrive at), how he can manage to know the users’
true types through a learning process remains a challenging
issue to investigate in the future.

Appendix

Given q̄lk ’s and qlK wlK as fixed, such that 0 < q̄l1 < · · · <

q̄lK ≤ 1 and wlK > 0, we study how to choose wlk , k =
1, . . . ,K − 1, such that r̄P t (n) is minimized. Let

zk := q̄lkw
lk − q̄lk−1w

lk−1

q̄lk − q̄lk−1

, k = 1, . . . ,K,

and ak := q̄lk − q̄lk−1 , k = 1, . . . ,K . Then by assumption,
ak’s are fixed, and S := qlK wlK = ∑K

k=1 akzk is specified as
well. Thus, the above problem is equivalent to minimizing

Z(z1, . . . , zK−1)

:=
K∑

k=1

(q̄lkw
lk − q̄lk−1w

lk−1) log
q̄lkw

lk − q̄lk−1w
lk−1

q̄lk − q̄lk−1

=
K∑

k=1

akzk log zk

=
K−1∑

k=1

akzk log zk +
(

S −
K−1∑

k=1

akzk

)

× log
S − ∑K−1

k=1 akzk

aK

by choosing zk , k = 1, . . . ,K − 1, such that zk > 0 for k =
1, . . . ,K . Now,

∂

∂zk

Z(z1, . . . , zK−1) = ak log zk − ak log
S − ∑K−1

h=1 ahzh

aK

for k = 1, . . . ,K − 1, and

∂2

∂z2
k

Z(z1, . . . , zK−1) = ak

zk

+ a2
k

S − ∑k−1
h=1 ahzh

;

∂2

∂zk∂zl

Z(z1, . . . , zK−1) = akal

S − ∑k−1
h=1 ahzh

, k �= l.

It can be easily verified that the Hessian matrix of Z is pos-
itive definite, and so Z is strictly convex. Thus, the unique
minimizing solution can be obtained by solving the first or-
der condition, which implies zk = (S − ∑K−1

h=1 ahzh)/aK =
zK for k = 1, . . . ,K − 1. Therefore, to minimize r̄P t (n),
zk’s should all be the same. As a result, wlk = wlK for
k = 1, . . . ,K − 1, and the infimum of r̄P t (n) is as given
on the right side of (81). However, by assumption, we must
have wl1 > · · · > wlK . That means we cannot obtain this in-
fimum, but can come arbitrarily close to it. Note that this
can be achieved without violating (70) and (71). Finally, we
conclude that (81) holds.
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4. Maheswaran, R., & Başar, T. (2006). Efficient signal proportional
allocation (ESPA) mechanisms: Decentralized social welfare max-
imization for divisible resources. IEEE Journal on Selected Areas
in Communications, 24(5), 1000–1009.
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